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ABSTRACT. We prove that in any C*°-neighborhood of an analytic Cauchy datum,
there exists a smooth function such that the corresponding initial value problem
does not have any classical solution for a class of first-order non-linear systems.
We use a method initiated by G. Métivier [16] for elliptic systems based on the
representation of solutions and on the FBI transform; in our case the system can
be hyperbolic at initial time, but the characteristic roots leave the real line at
positive times.
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1. INTRODUCTION

We consider the Cauchy problem for a class of quasi-linear scalar equations of the
following type
O + Z aj(t,r,u)0,,u=0b(t,z,u), 0<t<T, v€,
(1.1) 1<j<d
Uli—o = w(x),z € Q,

where ) is an open set of R? and 7' > 0. The functions a;,b,j = 1,--- ,d are the
restrictions on [0, 7[x§2 x V3 of some holomorphic functions defined on a complex
open domain V = V; x V, x V3 C C!Hd+,

If the Cauchy datum w : Q — V3 is an analytic function, the Cauchy-Kovalevskaya
theorem gives the existence and uniqueness of a local analytic solution for the Cauchy
problem (1.1). Since (1.1) involves a complex-valued solution u, it can also be seen as
the 2 x 2 system (see in particular the example (1.4) below). In this work, we study
the stability of this Cauchy-Kovalevskaya solution with respect to a non-analytic
perturbation of the initial datum.

In the hyperbolic case, that is when

(1.2) Ima(t,z,v) = (Imai(t,z,v), -, Imaq(t, z,v)) =0

for t > 0,z € Q and v € V3N R, the equation (1.1) is a quasi-linear hyperbolic
equation, and the Cauchy problem is well-posed for any real-valued C'* initial data
w, provided b(t,z,v) € R for v € V3N R.

On the other hand, some analyticity properties of the initial datum are neces-
sary for the mere existence of a solution of the Cauchy problem in the elliptic case
Im a(0, zg, w(zo)) # 0 by a result of Métivier [16]. As a matter of fact, Hadamard’s
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pioneering discussion [6] shows that the Cauchy problem is ill-posed for an elliptic
second order linear equation by proving some analytic hypoellipticity result which
was extended to the non-linear case by Morrey [18, 19]. For linear equations, it was
shown by several authors (Lax [13], Mizohata [17], Ivrii & Petkov [12], Hormander
[9]), that the well-posedness of the Cauchy problem implies the hyperbolicity of
the operator. The papers of Wakabayashi [22] and Yagdjian (23, 24]) tackled the
non-linear case and proved that even a quite weak notion of stability implies the
hyperbolicity. The recent preprint [2] by Berhanu is addressing the closely related
question of microlocal analyticity of solutions of first-order non-linear PDE: the
study of [2] is mainly concerned with propagation on an open set, whereas we focus
our attention here on the Cauchy problem. The paper [2] is dealing with a more
general class of equations of type u, = f (¢, x,u, u,), but his Theorem 2.1, Theorem
2.2 are involving only brackets of order less than 3, although his one-dimensional
Theorem 2.3 takes into account all the brackets. In a review of a couple of examples
below in section 2, we compare in more details some of the results of [2] and ours.

To illustrate the result obtained by Métivier in [15], we may check the following
elementary semi-linear elliptic example

(1.3) O+ i0,u = u?, t >0, ul—o = w(x),

where w is a CY function on a neighborhood of zy in R, such that w(zg) # 0.
Assuming that u is continuous up to t = 0, we know that u does not vanish near
(0, z9) and we may consider the continuous function 1/u; we get from the Cauchy-
Riemann equation

1
(O +1i0;) (—+1) =0, >0,
u
so that there exists an holomorphic function ¢ defined on
W={x—-iteC,Ty >t >0, |z — x| < 1o}

such that for x —it € W, u(t,z) = m If moreover w is real valued, the
holomorphic function 1/¢ a priori defined for z in W is continuous up to Im z = 0
and real there. By the Schwarz’ reflection principle, ¢ is an holomorphic function
near zo and thus w must be analytic near xo. As a consequence, for “most” smooth
initial data, the Cauchy problem (1.3) has no continuous solutions.
N.B. The reader may have noticed that we have used very little regularity for v and that
this explicit argument based on the Schwarz’ reflection principle can be extended to the
integrable case and to many non-elliptic semi-linear examples. Also we have used that
if u is continuous on an open set Q of R? with Ou continuous, then for f holomorphic,
O(f(u)) = f'(u)0(u). That “obvious” result may be obtained by regularization of u. Using
that chain rule formula for more general vector fields than the constant d may also lead
to analogous results for non-elliptic equations.

The result of Métivier in [16] proves the non-existence of solutions of (1.1) for
most initial data under an ellipticity assumption. The main purpose of the present
article is to extend that result to a class of non-elliptic equations, even for a system
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which is hyperbolic at ¢ = 0, provided the hyperbolicity is violated nearby. Let us
give an example of application of our theorem. We consider the 2 x 2 Burgers system
in one dimension

ny o)+ ) ()= ()

where u;, up are real-valued with w1, us of class C? up to t = 0. The initial condition

(), (3):

The characteristic roots of the matrix above are u; £ iuy and are real at t = 0 since

reads, with a real-valued wy,

u2(0,z) = 0. Note that the function uy cannot be identically zero because of the
rhs in (1.4). Although we do not have an elementary argument in this case, we
shall see, as a consequence of our main result below, that the function w; must be
real-analytic if the problem (1.4) has a C? solution, proving as well that for most
initial data, the Cauchy problem has no solution.

In some sense, the non-existence of a solution is the utmost form of instability
and we are in fact able to prove (e.g. for the equation (1.4)) that for an analytic
datum wy, there exists a smooth function w with the same Taylor expansion as wy
at a given point zg such that the equation (1.4) has no C? solution equal to w at
t = 0, although the CK solution exists with datum wy.

N.B. In the paper [14], the authors study the closely related system with viscosity (equa-
tion (1.2) in their paper) 0y(u1 + iug) + ((ug + iu1)?)./2 = 0%(u1 + uz) for which they
prove some stability result. Naturally the role of the viscosity terms is of key importance

in their paper, whereas in the present article, there is no viscosity term. In the article [20],
the author studies the analogous equation (equation (1.1) in [20])

Ay (ur — iug) + ((ug + iug)?y/2 =0

for which he proves the development of a singularity.
Let us now describe a first version of our results in more details. We go back to
(1.1). We consider the following (a priori complex-valued) vector field

d
(1.5) L=0+ Y aj(t,z,0)0,, + b(t,,v)d,,

j=1

defined on V; x V4 x Vi, open set of C*9*1. We define the vector v, for k € N by
(1.6)
vo = (a1,...,aq), ¥ = (ﬁ(@1)7 e 7£(ad)) = L(1o), v, = L(vg-1) = ﬁk(Vo)-

We are able to prove the following result.

Theorem 1.1. Assume that, for some (xg,v) € Q X V3, there exists k € N such
that

(17) Iml/k(o,.’lfo,vo) 7£ 0.
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Then for any analytic function wy such that wy(zg) = vo, the Cauchy-Kovalevskaya
solution of the Cauchy problem (1.1) with Cauchy datum wy is strongly instable with
respect to a C'*° perturbation.

(1) Here, strongly instable means that, for any neighborhood W of xo and any
neighborhood W of wy in C°(W), there exists w € # such that the Cauchy
problem (1.1) with initial datum w does not have a solution C**' up to t = 0.

(2) Moreover, for any analytic function wy such that wy(zg) = vo, there exists
a C* function w with the same Taylor expansion at xy as wy such that the
Cauchy problem (1.1) with initial datum w does not have a solution C*1 up
tot =0.

We can note that the assumption (1.7) when k& = 0 is precisely the ellipticity
hypothesis of Métivier in [16] whose Theorem 2.1 implies our result in that case.

In section 2, we give a more precise version of our instability result, involving
the analytic wave-front-set. We recall also in the appendix some basic facts on this
notion of wave-front-set as well as on the FBI transform, which turns out to be
well-suited to the type of problem tackled in this article. The end of section 2 is
devoted to the proof of the theorem 1.1, using our sharp versions. In section 3,
we give the proof of the more precise versions involving the analytic wave-front-
set; we follow there very closely the paper of Métivier [16], using in particular his
representation formula which appears first in [15], as well as his method based on
the FBI transform. Section 4 is the appendix, devised in such a way that the article
is essentially self-contained.
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supported in part by a Grant-in Aid for Scientific Research #18540213, Japan So-
ciety of the Promotion of Science, and also by the invitation program between the
Universities of Rouen and Kyoto; these two authors wish to thank these institutions
for their support. Part of this work was completed at Kyoto University during a stay
of the three authors who wish to express their gratitude to Kyoto University for its
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2. A MORE PRECISE VERSION INVOLVING THE ANALYTIC WAVE-FRONT-SET

Let us first recall a result of Métivier in [16].

Theorem 2.1. If the Cauchy problem (1.1) has a C' solution for t > 0 on a neigh-
borhood of (0, x¢), then for all ¢ € S¥1 such that Im a(0, zg,w(xo)) - € > 0, the point
(0,&) does not belong to the analytic wave-front-set of w.

Let us show that this allows us to get our Theorem 1.1 in the case £ = 0 and
also in the case where the ellipticity hypothesis is satisfied nearby. Let wqy : 2 — V3
be an analytic function such that wy(xg) = vo. Using the function ®, given by the
lemma 4.3, we consider the function

(2.1) w(z) = ®o(x — x0) + wo(x)
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and we note that w is C*°, with the same Taylor expansion as wg at xy but is such
that W F4(w) = T(Q). We assume first that Im a(0, zo, w(zg)) # 0. As a result, the
Cauchy problem (1.1) with initial datum w cannot have a C* solution up to t = 0,
since the theorem 2.1 implies that the complement of W F4(w) is not empty. We
have thus proven the second statement in the theorem 1.1 for £ = 0. Now a simple
modification of the previous argument gives right away the first statement of the
theorem 1.1 for £ = 0: considering a neighborhood in C'*° of the analytic function
wp amounts to look at the C'°° functions v such that
(2.2) sup |02 (v — wp)(z)| < po, for some positive rg, pg and Ny € N.
|:c|—a|a!30 \Ngom

We can modify slightly (2.1) and take v(x) = e®y(z — z¢) + wo(z) with a suitably
chosen positive € (depending on g, Ny, po, Do) so that (2.2) is satisfied. We note that
v is C*, in the required C* neighborhood of wy, but is such that WF,(v) = T(1).
If Im a(0, zo, w(zg)) # 0, the Cauchy problem (1.1) with initial datum v cannot have
a O! solution up to t = 0, since the theorem 2.1 implies that the complement of
W F4(w) is not empty. The same type of argument can be given for the other values
of k and we shall prove only in the sequel the second part of the statement of the
theorem 1.1, dealing with the existence of a smooth function with the same Taylor
expansion as wy.

Let us now assume that the ellipticity hypothesis is violated, i.e.

Ima(0, xg, w(zg)) = 0,
but, for any neighborhood W of xg, there exists a point x € W such that
Ima(0, z,w(x)) # 0.

As a consequence, one can find a sequence (zy,&)r>1 € R? x S such that
&k - Ima(0, xy, w(xy)) > 0 with limazy, = xy. The Cauchy problem (1.1) with ini-
tial datum w cannot have a C' solution on ¢ > 0 near (0, ), since the theorem
2.1 implies that (xy, &) € (WFa(w))® = 0. We may thus assume that for z in a
neighborhood of x,

(2.3) Im 1(0, z,w(x)) = 0.

We have with £, v, defined in (1.6),

(2.4) v (t,z,v) = (0a)(t, x,v) + a(t, z,v) - Opalt, x,v) + b(t, x,v)a,(t, ,v)

and Im (v (¢, z,w(z))) = (Ima; + Rea - Ima), + Im(ba),)) (¢, z,w(z)). We shall now

use the following result, whose proof is given in the next section.

Theorem 2.2. If the Cauchy problem (1.1) has a C? solution for t > 0 on a neigh-
borhood of (0,x), and

(2.5) Vo e Q, Ima(0,z,w(x)) =0, with Imuv(0,z0,w(z0)) # 0,

then, for all € € S™! such that Tm v, (0, g, w(xg)) - € > 0, the point (z, &) does not
belong to the analytic wave-front-set of w.
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Let us show that this allows us to get our Theorem 1.1 in the case k = 1 and also
in the case where the ellipticity hypothesis of 14 is satisfied nearby. Let wy : 2 — V3
be an analytic function such that wy(zo) = vo and w be given by (2.1). According
to the prior discussion, we may assume that for x in a neighborhood of xy, (2.3)
is satisfied. We assume first that Im 14 (0,z¢,w(zo)) # 0. As a result, the Cauchy
problem (1.1) with initial datum w cannot have a C? solution up to t = 0, since
the theorem 2.2 implies that the complement of W Fy4(w) is not empty. Let us now
assume that the ellipticity hypothesis of v; is violated, i.e. Imv4(0, 2o, w(zo)) = 0,
but, for any neighborhood W of x(, there exists a point x € W such that

Im (0, 2z, w(x)) # 0.

As a consequence, one can find a sequence (zy,&)r>1 € R? x S such that
& - Im vy (0, g, w(zg)) > 0 with limx, = xy. The Cauchy problem (1.1) with ini-
tial datum w cannot have a C? solution on ¢ > 0 near (0, zg), since the theorem
2.2 implies that (xy, &) € (WFa(w))® = 0. We may thus assume that for = in a
neighborhood of x,

(2.6) Im (0, z,w(x)) = Imwy (0, z,w(x)) = 0.
Inductively, we see that our theorem 1.1 is a consequence of the following result.

Theorem 2.3. Let k € N. If the Cauchy problem (1.1) has a C**' solution for
t > 0 on a neighborhood of (0,zo), and

(2.7) Vz e Q, Vj with0<j <k, Imv;(0,z,w(z)) =0, Imwy(0, 20, w(x0)) # 0,

then, for all £ € ST such that Tm vy (0, g, w(xo)) - € > 0, the point (zo,&) does not
belong to the analytic wave-front-set of w.

A couple of examples. Let us now go back to our example (1.4), which can be
written, with u = uq + ius, as

(2.8) O+ udyu =1, up—o =w; (where wy is real-valued).

We have vy = u,v; =i and Im v4(0, z,w;(x)) = Imw; () = 0 since w; is real-valued,
Imwv; =1 # 0 so that the assumption of the theorem 2.2 is satisfied, implying that
when & > 0, (x,&) ¢ WFjw; and since wy is real-valued (z,—§) ¢ W Fw,, the
function w; must be real analytic.

Another example is

(2.9) Oyu + itudu = b(t, x,u), uj,_, = w.

We have Ima(t,z,u) = tRewu, Ima(0,z,u) = 0 and 11(0,z,w(x)) = iw(x). If
Rew(z) # 0, the theorem 2.2 implies that w must to be microlocally analytic at
the points (z,§) for any £ such that { Rew(z) > 0.

Some other variations are possible such as the study of the semi-linear equations

(2.10) Opu + it"Opu = b(t, v, u)
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to which the theorem 2.3 can be applied. This example is also interesting for a
comparison with the results of [2], in particular with the Ezample 2.2 and the one-
dimensional Theorem 2.3 in that paper. For the operator (2.10), when k is even,
the author is able to prove that the solution u is real-analytic (say for b satisfying
our assumptions) and when k is odd, the Theorem 2.3 of [2] shows an analyticity
property of u which implies our result on the trace w at ¢t = 0. However, both
results in [2] are obtained under the assumption that the equation is satisfied in a
neighborhood of (0,7¢) in R; x R and not only in a half-space R x R? as is our
assumption in the present paper.
The theorem 2.3 can also be used to tackle the autonomous multidimensional

(2.11) Oru + Z aj(u)0y,u = b(u), u(0,r)=w(x)

1<j<d

provided the vector Im[(b(v)%)k(a(v))] # 0 at v =w(zy).

N.B. The paper by Eastwood and Graham [5] is tackling a linear equation satisfying
a bracket hypothesis (up to three brackets) and the authors get the same result in this

particular case about the analytic wave-front-set as in our theorem 2.3.

3. PROOF OF THE MAIN RESULT

We are given an integer k > 0, Ty > 0,7 > 0, and a C*1 solution u(t,z) of (1.1)
on [0,Ty) x B(xg,ro), where B(xzg,7¢) is the open ball with center xy and radius ro
in R%. We consider the holomorphic vector field £ defined by

d
(3.1) L=0,+ Z a;(t,,v)0,, + b(t, z,v)0,,

j=1
on a neighborhood V = Vi x Vo x V5 € CH4+L of (0,20,v0),v0 = w(xg) and we
assume, with positive Tg, 7o, po, that

Vi={teC;|t| < Ty}, Vo={x € C% |z — x| <ro}, Va={veC;|v—ul <po}.
Let Z1,--+,Z4,V be the (holomorphic) first integrals

LZ; =0, Zj(0,x,v)=xj, j=1,---.,d,
LV =0, V(0,z,v)=w,

which may assumed to be defined on V. We may also assume that the function u is

(3.2)

valued in V3.

Lemma 3.1. Let u € C*1(W,) with Wy = [0, Ty) x B(zg,70) be a solution of (1.1).
Let F' be an holomorphic function defined on V; we define the function F on by

(3.3) F(t,z) = F(t,z,u(t,z)).
Then we have the following identity on W,
(3.4) @+ Y G0.,)F =LF.

1<j<d
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Proof. We have by the chain rule and the equation (1.1),

@+ Y @0.,)F = (3tF+8Fb—ZaJ8 u +Za] (0, F + 0,F0,,u) = LF.

1<5<d

Lemma 3.2. For each integer k > 0, there exist some polynomial Ry, 1 with real
coefficients depending on the scalar variables

Sy B with |af, || <k+1, 0<r<k-1 1<I1<d,
such that, for Z;,u as above,

(3.5) O Zy=— N Lray 057Z;+ Ry (02,0 L7ay).

1<I<d

Proof. Note that the formula is true for £ = 0 from the previous lemma since it gives
Yaa,
I

For the convenience of the reader, we check directly the formula for £ = 1: v is a
C? function solution of (1.1) and the previous equation along with the lemma 3.1
induces that

_ Z Oy 00 Z; — Z a1 0,04, 7;
:_Z[ 8t—|—Zam )| 07, +Z( Zam 1)) 0
+Y @1 05, 0., Z))
— S La 0,75 +2 Z(a;axmal)ax,% +y &;@ 0o, 0u, 2,
, o =

which corresponds to (3.5) for k = 1 (with |a|+ |3] = 2,7 = 0). Let us now proceed
with our induction proof and assume that (3.5) holds true for some k£ > 1. From
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(3.4), (3.5), we get
O Zy=— 3 (0 +a-0,)(Lra)0nZ; + Y (@-8,)(LFar)dn Z,

1<I<d 1<I<d
~ 3" Lhay 0,047,
1<i<d
+ > (D5 Ries1 ) (022,00 Lray) 8,0°Z,
|| <k+1
(recall: |B|<k+1, 1<I<d, r<k—1)
+ > (0, Ris1) (05 Z;, 02 L) 0,02 L7 ay

|B<k+1, 1<i<d, r<k-1
(recall: |a|<k+1)

— = 3 (£a)0, 2+ Y (@ 0,) (L) Z,

1<i<d 1<i<d
N LR 0,80+ a-0)Z;+ Y Lra 8,,(a- 0,Z)
1<i<d 1<i<d

+ > (De Rir ) (092, 0° LT ) 090, Z;,

lal,|8|<k+1, 1<i<d
r<k—1

- S (s, Rin) (002,00 L7 ) 000, L7,

lal,|8|<k+1, 1<i<d
r<k-—1

Here we have considered the real polynomial Ry, as a polynomial of the variables
54, 98,,1; We can note right now that the polynomials involved in the new expression
are with real coefficients. The first sum in the above expression is indeed the first
term expected, the second sum goes in the new remainder Ry o, the third sum is

" Lk 0,0+ a0, Z; =~ Y Lra 8,(£2;) =0,

1<i<d 1<I<d

the fourth sum zlgzgd E’“\c;l O, (@ - 8x2j) goes in the new remainder Ry, the fifth
sum is

> (0u,Rinr) (0225, 00L7a)) 08 (—a - 0,Z))

o], | B|<k+1
r<k—1

and goes in the new remainder R (note that |a|+1 < k+2), the sixth sum involves
(856 rRk-i—l) (8a i 850‘@) (OB(@ +a-0,—a-0 ),C al)

which is (s, , Ry11) (8"‘ZJ, 850" ) (8§(£T+1al) — 8f(a~8zﬁral)) and goes in the new
remainder (note that r+1<k=k+2—2and |[f|+1<k+1+1=%k+2). The
proof of the lemma is complete. !

Lemma 3.3. Let Z,u be as above and k € N. We consider the function w defined
by w(x) = u(0,x) and we recall that the holomorphic function v, defined on V and
valued in C¢ is given by vy(t,z,v) = (Lla)(t,z,v). We assume that

Ve [0k, Im(y(0,z,w(z))) =0 onVoaNR?= B(x,m).
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Then we have the following identities,
Vi € [0,k],Yz € B(zo, 7o), (8Im Z)(0,x) =0,
and for all x € B(xo,70),
(9! Im 2)(0,x) = —Im((ﬁ%)((),x,w(x))) = —Im (v (0, z, w(2))).

Proof. This is a direct consequence of the previous lemma. In fact, we have for
x € B(xo,10),
Z(0,z) = Z(0,z,w(z)) =z, so that Im(Z(0,z)) = 0.

Moreover the formula (3.5) implies

identity matrix d;, ;

- —_—
(3.6) (9571 Z)(0,0) == Y (Lra)(0,2,w(2)) (9:,2;)(0, )
1<i<d
+ Ry (\(3;*2)(0, 2), 02[(L7a)(0, 7, 0(x))] )
real—?fglued real—?fglued
since r < k
so that (9F*'Im Z2)(0,z) = —Im((£*a)(0,z,w(x))) and the same (3.5) gives for
kK <k,
Sriiaél(;v’?,lusi identity Eatrix 01,
B.7) (OF ' Z)(0,2) = = Y (£Xa)(0,2,0(x)) (9.,7)(0,x)
1<i<d

+ By (022)(0,2), 02 [(£7a) 0,2,0(x))] ).

TV TV
real-valued real-valued
sincer <k <k

providing (8;3"Jrl Im Z)(0,2) = 0. The proof of the lemma is complete. !

We give now the proof of the theorem 2.3. Let g be a positive-definite quadratic
form on R? defined by q(y) = (Qy,y), where Q is a positive-definite matrix. We
shall use also the same notation ¢(z) for 2 € C¢ for the holomorphic polynomial
(Qz,z). We have Re(q(z)) = q(Re z) — ¢(Im 2) and for z/,2" € C? the inequality

1
(3.8) Re(q(z' +2")) > §q(Re 2) — q(Rez") — q(Im(2' + 2")).
For x € C*(Q), A > 1, 2 € C% w € Ll _(Q), we define
(3.9) (Teg)(z:3) = [ Dz (o)
Rd

The main step to obtain our theorem 2.3 is the following proposition.

Proposition 3.4. Let ¢ be a positive-definite quadratic form on R?. Under the
hypothesis of the theorem 2.3, there exist:

a function x € C(Q) equal to 1 on a neighborhood of xo,

k+1
to > 0 and a neighborhood Wy of xq — Z(ZOTJ;), Im v (0, 29, w(zg)) in C,
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€0 >0 and C >0,

such that
(3.10) VA>1,Vz € Wy,  |(Thqw)(z, A)|e 2Im2) < Che=*,

Let us first check that this proposition implies the theorem 2.3. From the proposition
4.2, setting q(y) = (Qy, y) with a positive definite d x d matrix @), the estimate (3.10)
implies that (zo, @ Im (0, 2o, w(xo))) does not belong to the analytic wave set of w
(the assumption (2.7) ensures that Im v(0, 2o, w(zo)) # 0). If & € R? is such that

Im v, (0, 2o, w(xo)) - & > 0,

we can choose a positive definite matrix Qg such that Qo(Im 11(0, x, w(xo))) = &,
proving that (xg, &) does not belong to the analytic wave front set of w. !

Proof of the proposition. We consider the holomorphic vector field £ defined in (3.1)
and its first integrals defined in (3.2). Let G(t,z,v) be a holomorphic solution of
LG =0onV and let u € C*1([0, Tp) x Qp; V3) be a solution of the Cauchy problem
(1.1) (here Qg stands for B(z,79). By the lemma 2.2.2 of [15], we have the following
representation formula (for the convenience of the reader, we give in the appendix a
short proof of the formula (3.11) below). In fact, the statement of this lemma 2.2.2
in [15] is somewhat more general than what is actually needed for our purpose. For
all s € [0,Tp) and any x € C°(€y), we have

(3.11) /QOG(O,J:,w(x))X(x)dx:/QOG(s,a:,u(s,x))x(x)J(s,x)dx

—/Os /Qoa(t,x,u(t,x)) ~dx(2)G(t, z,u(t,x)) J(t, z)dtdz,
where
(312)  J(t,2) = det (90 Z,) (2, ult, ) + (8,7) (13, ult, 2)) (Or,0) (1,2) )

For A > 1,z € C¢, we define the holomorphic function (which is also a first integral
of £),

(3.13) Goa(t,z,v) = V(t,z,v)e M Ee0)=2)

where ¢ is a given positive-definite quadratic form and z = (zy, ..., 24) in C? and
Z(t,x,v) = (Zl(t, z,v), ..., Zq(t, x, v)), where the Z; are given by (3.2).

Since for all x € )y, we have

V(0,z,w(x)) =w(z), Z(0,z,w(x)) =z,



12 LERNER, MORIMOTO, XU

we obtain fﬂo G20, z,w(z))x(z)de = (T\ qw)(z,A), and (3.11) reads, for all s €
[OaTO)a

=I (Z,)\)

(3.14) (Tyw)(z,A) = /Q ‘7(5,33) exp [—Aq(?(s, x) — Z)]X(ZB)J(S, x)dx

_ /OS/Q a(t,x) - dx(z)exp [—)\q(Z(t,x) - z)}?(t, x)J(t,x)dtdx,

J/

-~
IQ(S,Z,)\)

with V(t,z) = V(t,z,u(t,z)), Z(t,x) = Z(t,z,ult,z)), a(t,z)=a(t,z,u(t,z)).
We obtain from the lemma 3.3, Taylor’s formula and the hypothesis (2.7),

~ k+1
(3.15) Im Z(t,z) = RTES Im 140, 7, w(x)) + k(¢ 1),
with
(3.16) lim sup |k(t,z)| =0.

t—04 :EEB((EQ,TQ/2)

We suppose now that y € C2°() is such that, for some positive r < 1(/2,
suppx = {7 € R% |z —mo| <7}, x(z) =1 for |z — x| < 7/2.

We consider the function F' defined on [0, Tp) x €y x C?¢ by

(3.17) F(t,z,¢) = Re(q(Z(t,x)—C)) = q(Re Z(t,x)—ReC)—q(ImZ(t,m)—Img),
and we note that F(0,z,z0) = q(x — z¢) > polr — x0|?, where o = inf @ > 0. Since
VF is continuous on the compact set Ky = [0, Ty/2] X Bra(z,70/2) X Bea(xo,70/2),
we get, with a positive Cj,

2
. T
inf _ F(t,2,() ZNOZ—CO(t‘i‘K—xoD

resupp Vy

(t,a),C)EKO
and thus, from (3.17), with ¢; = gf&- (which is positive),
(3.15) Z .
3.18 inf Req(Z(t,x) — () > po—-.

xz€supp Vx,(€C?,|¢—zo|<min(c172,70/2) ( ( ) ) Ho 5
0<t<min(c172,Tp/2)
Going back to the formula (3.14) and assuming
1
(3.19) cr? < §min(r0,T0), r<r19/2,
we get the estimate (for A > 0),
~ 7-2

(3.20) sup 1I(s, 2, \)| < ar?t92? sup @ dyVJ|e M5

zECd,|z—xo\§clr2 0<t<cyr?
0<s<cir? %§|x710|§r
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and since the functions a, dy;, V., J are continuous on the compact set [0,Th/2] x
Bga(z9,70/2), we obtain, with some constant C; and for all r satisfying (3.19),

2
(3.21) sup 1I(s, 2, )| < Cre 5
2€C% | z—xg|<cir?
0<s<cir?

We check now I1(z, A) in (3.14) and we see from (3.15)that
Re(q(?(s, T) — z)) + ¢(Im 2)
= q(ReZ(s,x) —Rez) — q(Im Z(s,x) — Imz) + ¢(Im 2)

> —q(Im Z(s,z) — Im z) + q(Im z)

k+1
= (g T (0. () + Tz — (s )51 - glIm2)
FI(S:ZTIH’IZ)
We have
gkl
(3.22) Q(m Im v (0, 2, w(x)) + Im 2z — K(s, x)sk“)
3S2k+2
S (k + 1)|2q<1m Vk(O,fE,(U(I’)) —Im Vk(O,l’(),CU(ZL'())))
k41
+ 3Q<(k 1) Im v (0, xg, w(xo)) + Im z) + 35 2q(k(s,z))

so that, with a constant Cy, 1 = sup Q, for (s, ) € [0, c;r?] x B(wg, 1),

(3.23) Fi(s,z,Imz) >
352k+2

k+1 2

S
CQ|I — ZL‘()|2 — 3[1,1 m

q(Imz) —

Im v (0, zg, w(zo)) + Im 2

2

= 3" (s, )]

We choose s = sy € (0, ;7% and we suppose now that

k+1

s
(3.24) ]m Im v, (0, 2o, w(wo)) + Im 2| < psg™,

with a positive p to be chosen (soon). We get
Fi(sg, x,Im z)

> 1 SISH I 0 2 2k+2 333k+2 C 2
_§Q<m ka( 7x07w(x0))> — H1pP " Sy —m 2|$—$0|

2

252k t2 3 1|k (80, )%

— 3pap syt

2k-+2
S0

> it om0, (a0)

>0 from the hypothesis (2.7)

—8(k + 1)1 p* — 6Cs|w — 20|* — 6(k + 1)!2u1|ﬁ(so,x)|2].
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As a result we obtain, with yy = —% Im (0, xg, w(zp)), that
(3.25) inf [Re(q(f(s, z) — z)) + ¢(Im z)] >
2€R%, |z —x0|<r

2€C%,| Im zfy0|§psg+1

2k-+2
So

2(k +1)12 [Q(Im vi(0, 29, w(o))) — 8(k + 1)1 11 p°
— 6Cy|x — x0)* — 6(k + 1)!2[L1|/€(80,:B)|2],

Since the quantity q(Im (0, mo,w(mo))) is positive, i, Co are fixed constants, we
can choose p,r positive so that the rhs of (3.25) is larger than

2k+2

S om0, ) — 66+ o, ]

Since (3.16) shows that k(sg,z) = o(sp) in a fixed neighborhood of zy, and sy €
(0, ¢17?], we can also choose r positive small enough to ensure

(3.26) k
xeRd,i\QIclfxdgr [Re(q(?(s,x} —2)) 4+ ¢(Im z)] > mq(lm Vi (0, 29, w(o))).

2€C%| Im zfy0|§ps§+1

The identity (3.14), the estimates (3.21), (3.26) give the estimate (3.10). The proof
of the proposition 3.4 is complete. !

Remark 3.5. Considering a C**! solution u of the non-linear equation (1.1), so that
the assumption (2.7) is fulfilled, the characteristic curves t — Z(t, x) = Z(t, x, u(t, x)),
(Z = (Z;)1<j<a are the first integrals of (3.2)) satisfy (3.15), thus are leaving R?
at the order k£ + 1. On the other hand, one may formulate a geometric statement,
suggested by one of the referees of that paper. For a C* solution u of (1.1), as soon
as the characteristic curve issued from (z,u(0, x)) is leaving R¢ at a finite order, the
analytic wave-front-set of the initial data w should not be all the cotangent bundle:

it Im(8F2)(t, x) = (@)t + oY), (x) £ 0,
then,  {(z,£) € QxS ¢ y(z) <0} C (WFa(w))".

Checking the details of the proof of that statement seems to require more than a
simple inspection of the above arguments.

4. APPENDIX

The analytic wave-front-set and its characterizations. Let v € £&'(R?). We
define the Fourier-Bros-lagolnitzer transform 7w of v by the following formula, where
the integral is in fact a bracket of duality,

(4.1) (Tv)(z,\) = / ey (1) d, 2e€ C,A>0.

Rd
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Let  be an open subset of R% let us note Q x (R¥\{0}) by 7*(Q) and by dL(z)
the Lebesgue measure on C?. The following definitions are given in the section 1.2
of [4] (see also the proposition 7.2 in [21] and the section 9.6 in [10]).

Definition 4.1. Let Q be an open subset of R? and u € D'(Q).
(1) Let s € R. The H*-wave-front-set of u, denoted by W Fs(u), is the comple-
ment in T*(Q) of the set of points (o, &) such that

AW € Vag—ico, X0 € C (), Xo(T0) =1 with

T ’ X
/ ,\2/ |(TX0U)(Z,)\)|26_2W)‘(IH1Z) dL(Z))\ZST < 400.
1 Wo

(2) The C*-wave-front-set of u, denoted by WFy(u), is the complement in
T*(Q) of the set of points (xo,&) such that
HWO S /7/360*1'507 ElXO € C?(Q), Xo(.]?()) =1 wth

VN e N, sup  AN|(Txou)(z, A)|e ™2 < 400
A>1,zeWy

(3) The analytic wave-front-set of u, denoted by W Fa(u), is the complement in
T*(Q) of the set of points (xo,&) such that
Wy € Yao—icy, X0 € C°(2), x0(z) = 1 near xy,3Ieg >0 with

sup e (Txou)(z,\)]e ™™ < 4o,
A>1,26Wp

(4) For o € R, the G° wave-front-set, denoted by W Fgo(u), is the complement
in T*(Q) of the set of points (zo,&) such that

AWy € Yag—ito, Ix0 € C°(Q), xo(x) = 1 near xo, Ieg >0 with

sup 660/\1/0|(TX()U)(Z, A)|e ™2 < oo,
A>1,zeWy

Note that for o1 > o9 we have G72(Q) C G (Q) and W Fgo: (u) C W Fgos (u).

The above W Fu are closed conic subsets ofT*(Q) and the projection onto §2 of these
W Fu are respectively the H®-singular support, the C'* singular support, the analytic
singular support and the G° singular support. For s; < so, 0 > 1 real numbers, we
have

WFs, (u) C WF,(u) C WF(u) C WFgo(u) C WFg(u) =WFEa(u).

The wave-front-sets can be defined for distributions on a manifold and depend
only on the differentiable structure of the open set {2; the next proposition is only
using the invariance with respect to a linear transformation.

Proposition 4.2. Let Q be an open subset of R and u € D'(Q). Let Q be a positive
definite d x d matriz and set q(y) = (Qy,y). A point (x¢,&) € T*(Q) does not
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belong to W F4(u) if and only if

AWy € YVo—io# 160, Ix0 € C° (), xo(z) = 1 near xo,Ieg > 0 with
sup 660’\|/e_”)‘Q(Z_x)XO(x)u(a:)dm|e_“>‘qamz) < ~00.
A>1,zeWy

Proof. The condition in the proposition is equivalent to the fact that

(Q"?x0,Q71/%&))
does not belong to the analytic wave-front-set of (xou)(Q~/2-), which is equivalent

to (Q2QY2x0,'Q'?Q712&)) = (z0,&) ¢ WFa(u). !

A non-negative '™ function with a maximal analytic wave-front-set. The
existence of distributions with prescribed W F,, set is given by the theorem 8.1.4
in [10]. The next lemma deals with the analytic wave-front-set and its result is
certainly a standard fact. Since we were not able to find a simple reference in the
literature, we provide a proof.

Lemma 4.3. There ezists a function &y € C*®(R?) such that for all multi-indices
a, (0°®0)(0) = 0 and WF,®, = T(R?).

Proof. We define first for s > 1 the C* function 1, given by

(4.2) bo(w) = et T,

Let [s1, s0] C (1,4+00). Let us first prove that

(4.3) 3Cy>0,Ys € [s1,50],Vi €N, [V (2)| <TG+ DTG(s — 1) +1).

In fact, on C\R_, we may consider for v > 0 the holomorphic function z — 27" =

exp —v Log z, Log z = f[l %,Argz = Im Log z. The Cauchy formula gives for t >

72}
0, p = tr, choosing r € (0, 1)

d . # v j' 1 2imO\# v %730
(44) (E)] (e_t ) — E 6—(t+ﬂe ) e 2im] d@,
0
yielding if VO € R, Arg(1 + re'?) < 3, using

, . , 1
Re((t+ pe)™) =t7"|1 + re”| ™ cos(v Arg(1 + re)) > Et_”(l +r)7",
J
)

d.. v . ” . , o
V(e Y| < I dem s O < 199/ (1 4 )T (1 4 >

(=
which implies (4.3) in one dimension since the choice of  can be done continuously
with respect to v € (0, 4+00): when - < 7, one can take r = sin 3. If v € (0,2/3],
one may take r = 1/2 so that » = min(sin g, 1/2) will do. We have assumed
1 1 1
< =v<uy=
so—1 " s—1

(4.5)

0<V0: S 1
11—

The multi-dimensional version comes from the identity 1,(z) = fos_1(|z|?), where
fos—1 is the one dimensional version of y,_;. We get thus the identity of j-th



INSTABILITY OF THE CK SOLUTION FOR NON-LINEAR SYSTEMS 17

multilinear forms (the jth-linear form 2%~/ must be understood as z**=9T7 =
(@, T)*||T|2~2F),

(7) (k) 2
st (l') _ Z f2371<|x’ )<2x)2kfjcf£k*j

so that, using the first inequality of (4.5), we obtain with some r € (0,1) depending
continuously on s,

gj)(:v) Nk —k —L(el2) T2 (1) THT Hok 2k—j ~2k—j
(4.6) |[== < Y (Jaf?)Frhem 2 (D BT g2 () 2hmd Ok
- I<kh<
Laff (1) T 1o S ot
<e 2 2|72 Cp o

J .
§§k§]

_l|x|#ﬁlﬁ(1+7)#ﬁ}¥? i in2i
<e? || /727

which gives the same estimate than in (4.5). The function v is analytic outside 0
and the estimates above prove that it belongs to the Gevrey class G°. Let us prove
that 1, does not belong to G* for any s’ < s: assuming that 1, belongs to G* for
some s’ < s implies the existence of ry > 0,Cy > 0 such that

d

V€N, sup |(GP e | < TP

0<t<rg

Taylor’s formula implies then

N

ft#g#lil t/ J+1/ \js
sup e # < oy
0<t<rg .

so that with ¢t = j=(*=Y (which goes to zero when j goes to infinity)

N o o
e < 7j*33+ﬂ+33 Cg“ — e TjleTI /om0 )JCOJ "bounded
4!

which is impossible since taking the j-th root implies j (s=5) hounded whereas s > §'.
As a result, since 9, is radial and analytic outside 0, we have proven

(4.7) Vs' € (1,5), WE v, ={0} x ST o, € G*.
Let us now consider a sequence (xy);>1 dense in R? and a strictly decreasing sequence
(0k)k>1 in an interval [sy, so] C (1,4+00). We define
(4.8) U(x) =Y 2%, (x — ).

k>1
From the estimates (4.3), we get that the function ¥ belongs to G*° and in particular
is C* on R?. On the other hand, we have for any integer n > 1

U(z) = Z 2 by (v — x1) + Z 2 Ky, (7 — 7).
1<k<n-—1 k>n
The second sum belongs to G, thanks to the estimates (4.3) and to the fact that
for k > n, op < o,; as a result W Fgon (V) is equal to the G wave front set of the
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first sum; from (4.7) and the fact that for & < n, o, > 0, we obtain that the G
wave front set of this first sum is {z1,..., 7, 1} X S, entailing that

Vo >1, {x,..., 000} x ST C WEgew (V) C WEgs (¥) C WEAY,

which proves, by density of the sequence (z}), that ¥ is a C* function on R? with
W Fgs: (0) = WF U = RY x S41. Let us now choose sy > sy and let us define

The function ®q is in G2 (thus C*), flat at x = 0, and since 1,, is non-vanishing
and analytic outside 0, we have

WE4(®g) D (RU\{0}) x S

On the other hand, from (4.8) and (4.2), we see that, for all x € R% ¥(z) > 0, so
that, since ¥ € G*°,

WEA(®g) D W Egso®y = W Fgsoths, = {0} x S from (4.7).

The function (4.9) fulfills the requirements of the lemma, whose proof is now com-
plete. I

A proof of the formula (3.11). We use the notations of the section 3 and we
consider the holomorphic vector field £ defined in (3.1) and its first integrals defined
in (3.2). Let G(t,z,v) be a holomorphic solution of LG = 0 on V and let u €
CHL([0,Ty) x Qo; V3) be a solution of the Cauchy problem (1.1). We start with
noticing that the scalar quantity J defined in (3.12) is such that

0Z; 0Z 0Z
(4.10) J(t,x):det(a—mk) :8_;51/\'”/\8_%’ Z=(2Zy,..., 7).

where the ~ is defined by the lemma 3.1. Moreover we have, assuming first that

u € C? (so that @ € C?%,J € C1),

position j
aJ o oz 07 YA P27 0z
4.11 Lo ZEAoa2 ) = iy el N 2
I 5 = (3x1/\ Af)xd> 2 o N o N o
1<j<d
so that, using (3.4), we get
8.J 07 o, — . = 0z
4.12 2 gz 9 F.8.7 oz
(4.12) 5t = 2 A R DR
1<j<d
which gives
8.J 0z i, 0z
(413) = =- Z Ere Aaxjale/\ A os
1<5,l<d

Z ~ Z
— Z gla_/\.../\iale/\.../\a_
Oz x; 04
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and finally

(4.14) %t]:—Jdlva—a 0,J = —div Ja.

The formula (4.14) is proven whenever u € C?*(e.g. for k > 1); if u is only C', we
have J € C° a € C'. We can regularize J in the variable z by convoluting (after
some cut-off) each Z by a standard smoothing convolution operator xp. = p(eD,.).
The formula (4 11) for 0J /Gt becomes a sum of exterior products of continuous
vectors with Z replaced by 7 x pe. Since 0; commutes with p(eD,), the formula
(4.12) holds with @ - 8,2 replaced by (@ - 8,Z) % p.. The first terms in (4.13) are
easy to handle since they converge to a product of continuous functions. The term
—a - 0,J (which makes sense as the product of a C! function and the derivative of a
C" function) can be obtained via the standard Friedrichs’ lemma (see e.g. Lemma
17.1.5 in [11]), commuting a - 0, with p(eD,): we have

Zam Z5p) Ao AN@103y 00, Z) % pe A+ Ny (Z % po)
= Zalazlj +Z&m Zxp) A N[p(eD), @000, Z N+ N Dyy(Z  pe)

and the first sum converges (as a distribution) to @ - 9,J whereas
A(eD), 00, 7

goes to zero in L' when € — 0 since a; is Lipschitz continuous, completing the
proof of (4.14). As a consequence, we have, applying the Leibniz formula (note that
JeC a,Gelh),

O (JG) = —G div(Ja) — Ja - 9,G
so that with (), p(t) C* functions supported in €, (0,7T}), we obtain

/ / ¢ (t)x(x)J (t, 2)G(t, x)dtdr = —(9,(JG), px) = (G div(Ja) + Ja - 0.G, px)

—/ Ja - 8,(Gox)dtd + // J(@- 8,G)pxdtdr = — // GJ(a - 8, x)pdtda.
Let s € (0,Tp) be given; we choose € € (0,5/2) and a C* function ¢, such that

1 fort € |2 s — 2¢,

pell) = 0 forté (e,5—c¢€).

Using the continuity of JG and J(0,z) = 1, we obtain when ¢ — 0,

/Q G(0,z,u(s, ) x()J(s,x)dx — | G(s,z,w(z))x(z)dx

Qo
- / G.J(a - 0,x)dtdz,
0

which is (3.11).
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