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Abstract. We prove that in any C∞-neighborhood of an analytic Cauchy datum,
there exists a smooth function such that the corresponding initial value problem
does not have any classical solution for a class of first-order non-linear systems.
We use a method initiated by G. Métivier [16] for elliptic systems based on the
representation of solutions and on the FBI transform; in our case the system can
be hyperbolic at initial time, but the characteristic roots leave the real line at
positive times.
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1. Introduction

We consider the Cauchy problem for a class of quasi-linear scalar equations of the

following type

(1.1)






∂tu +
∑

1≤j≤d

aj(t, x, u)∂xju = b(t, x, u), 0 < t < T, x ∈ Ω,

u|t=0 = ω(x), x ∈ Ω,

where Ω is an open set of Rd and T > 0. The functions aj, b, j = 1, · · · , d are the

restrictions on [0, T [×Ω × V3 of some holomorphic functions defined on a complex

open domain V = V1 × V2 × V3 ⊂ C1+d+1.

If the Cauchy datum ω : Ω → V3 is an analytic function, the Cauchy-Kovalevskaya

theorem gives the existence and uniqueness of a local analytic solution for the Cauchy

problem (1.1). Since (1.1) involves a complex-valued solution u, it can also be seen as

the 2× 2 system (see in particular the example (1.4) below). In this work, we study

the stability of this Cauchy-Kovalevskaya solution with respect to a non-analytic

perturbation of the initial datum.

In the hyperbolic case, that is when

(1.2) Im a(t, x, v) =
(
Im a1(t, x, v), · · · , Im ad(t, x, v)

)
≡ 0

for t ≥ 0, x ∈ Ω and v ∈ V3 ∩ R, the equation (1.1) is a quasi-linear hyperbolic

equation, and the Cauchy problem is well-posed for any real-valued C∞ initial data

ω, provided b(t, x, v) ∈ R for v ∈ V3 ∩ R.

On the other hand, some analyticity properties of the initial datum are neces-

sary for the mere existence of a solution of the Cauchy problem in the elliptic case

Im a(0, x0, ω(x0)) (= 0 by a result of Métivier [16]. As a matter of fact, Hadamard’s
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pioneering discussion [6] shows that the Cauchy problem is ill-posed for an elliptic

second order linear equation by proving some analytic hypoellipticity result which

was extended to the non-linear case by Morrey [18, 19]. For linear equations, it was

shown by several authors (Lax [13], Mizohata [17], Ivrii & Petkov [12], Hörmander

[9]), that the well-posedness of the Cauchy problem implies the hyperbolicity of

the operator. The papers of Wakabayashi [22] and Yagdjian ([23, 24]) tackled the

non-linear case and proved that even a quite weak notion of stability implies the

hyperbolicity. The recent preprint [2] by Berhanu is addressing the closely related

question of microlocal analyticity of solutions of first-order non-linear PDE: the

study of [2] is mainly concerned with propagation on an open set, whereas we focus

our attention here on the Cauchy problem. The paper [2] is dealing with a more

general class of equations of type ut = f(t, x, u, ux), but his Theorem 2.1, Theorem

2.2 are involving only brackets of order less than 3, although his one-dimensional

Theorem 2.3 takes into account all the brackets. In a review of a couple of examples

below in section 2, we compare in more details some of the results of [2] and ours.

To illustrate the result obtained by Métivier in [15], we may check the following

elementary semi-linear elliptic example

(1.3) ∂tu + i∂xu = u2, t > 0, u|t=0 = ω(x),

where ω is a C0 function on a neighborhood of x0 in R, such that ω(x0) (= 0.

Assuming that u is continuous up to t = 0, we know that u does not vanish near

(0, x0) and we may consider the continuous function 1/u; we get from the Cauchy-

Riemann equation

(∂t + i∂x)
(1

u
+ t

)
= 0, t > 0,

so that there exists an holomorphic function φ defined on

W = {x− it ∈ C, T0 > t > 0, |x− x0| < r0}

such that for x − it ∈ W , u(t, x) = 1
φ(x−it)−t . If moreover ω is real valued, the

holomorphic function 1/φ a priori defined for z in W is continuous up to Im z = 0

and real there. By the Schwarz’ reflection principle, φ is an holomorphic function

near x0 and thus ω must be analytic near x0. As a consequence, for “most” smooth

initial data, the Cauchy problem (1.3) has no continuous solutions.

N.B. The reader may have noticed that we have used very little regularity for u and that
this explicit argument based on the Schwarz’ reflection principle can be extended to the
integrable case and to many non-elliptic semi-linear examples. Also we have used that
if u is continuous on an open set Ω of R2 with ∂̄u continuous, then for f holomorphic,
∂̄(f(u)) = f ′(u)∂̄(u). That “obvious” result may be obtained by regularization of u. Using
that chain rule formula for more general vector fields than the constant ∂̄ may also lead
to analogous results for non-elliptic equations.

The result of Métivier in [16] proves the non-existence of solutions of (1.1) for

most initial data under an ellipticity assumption. The main purpose of the present

article is to extend that result to a class of non-elliptic equations, even for a system
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which is hyperbolic at t = 0, provided the hyperbolicity is violated nearby. Let us

give an example of application of our theorem. We consider the 2×2 Burgers system

in one dimension

(1.4) ∂t

(
u1

u2

)
+

(
u1 −u2

u2 u1

)
∂x

(
u1

u2

)
=

(
0
1

)
.

where u1, u2 are real-valued with u1, u2 of class C2 up to t = 0. The initial condition

reads, with a real-valued ω1,
(

u1

u2

)

|t=0

=

(
ω1

0

)
.

The characteristic roots of the matrix above are u1 ± iu2 and are real at t = 0 since

u2(0, x) ≡ 0. Note that the function u2 cannot be identically zero because of the

rhs in (1.4). Although we do not have an elementary argument in this case, we

shall see, as a consequence of our main result below, that the function ω1 must be

real-analytic if the problem (1.4) has a C2 solution, proving as well that for most

initial data, the Cauchy problem has no solution.

In some sense, the non-existence of a solution is the utmost form of instability

and we are in fact able to prove (e.g. for the equation (1.4)) that for an analytic

datum ω0, there exists a smooth function ω with the same Taylor expansion as ω0

at a given point x0 such that the equation (1.4) has no C2 solution equal to ω at

t = 0, although the CK solution exists with datum ω0.

N.B. In the paper [14], the authors study the closely related system with viscosity (equa-
tion (1.2) in their paper) ∂t(u1 + iu2) + ((u2 + iu1)2)x/2 = ∂2

x(u1 + iu2) for which they
prove some stability result. Naturally the rôle of the viscosity terms is of key importance
in their paper, whereas in the present article, there is no viscosity term. In the article [20],
the author studies the analogous equation (equation (1.1) in [20])

∂t(u1 − iu2) + ((u2 + iu1)2)x/2 = 0

for which he proves the development of a singularity.
Let us now describe a first version of our results in more details. We go back to

(1.1). We consider the following (a priori complex-valued) vector field

(1.5) L = ∂t +
d∑

j=1

aj(t, x, v)∂xj + b(t, x, v)∂v,

defined on V1 × V2 × V3, open set of C1+d+1. We define the vector νk for k ∈ N by

(1.6)

ν0 = (a1, . . . , ad), ν1 =
(
L(a1), . . . ,L(ad)

)
= L(ν0), νk = L(νk−1) = Lk(ν0).

We are able to prove the following result.

Theorem 1.1. Assume that, for some (x0, v0) ∈ Ω × V3, there exists k ∈ N such

that

(1.7) Im νk(0, x0, v0) (= 0.
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Then for any analytic function ω0 such that ω0(x0) = v0, the Cauchy-Kovalevskaya

solution of the Cauchy problem (1.1) with Cauchy datum ω0 is strongly instable with

respect to a C∞ perturbation.

(1) Here, strongly instable means that, for any neighborhood W of x0 and any

neighborhood W of ω0 in C∞(W ), there exists ω ∈ W such that the Cauchy

problem (1.1) with initial datum ω does not have a solution Ck+1 up to t = 0.

(2) Moreover, for any analytic function ω0 such that ω0(x0) = v0, there exists

a C∞ function ω with the same Taylor expansion at x0 as ω0 such that the

Cauchy problem (1.1) with initial datum ω does not have a solution Ck+1 up

to t = 0.

We can note that the assumption (1.7) when k = 0 is precisely the ellipticity

hypothesis of Métivier in [16] whose Theorem 2.1 implies our result in that case.

In section 2, we give a more precise version of our instability result, involving

the analytic wave-front-set. We recall also in the appendix some basic facts on this

notion of wave-front-set as well as on the FBI transform, which turns out to be

well-suited to the type of problem tackled in this article. The end of section 2 is

devoted to the proof of the theorem 1.1, using our sharp versions. In section 3,

we give the proof of the more precise versions involving the analytic wave-front-

set; we follow there very closely the paper of Métivier [16], using in particular his

representation formula which appears first in [15], as well as his method based on

the FBI transform. Section 4 is the appendix, devised in such a way that the article

is essentially self-contained.
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2. A more precise version involving the analytic wave-front-set

Let us first recall a result of Métivier in [16].

Theorem 2.1. If the Cauchy problem (1.1) has a C1 solution for t ≥ 0 on a neigh-

borhood of (0, x0), then for all ξ ∈ Sd−1 such that Im a(0, x0, ω(x0)) · ξ > 0, the point

(x0, ξ) does not belong to the analytic wave-front-set of ω.

Let us show that this allows us to get our Theorem 1.1 in the case k = 0 and

also in the case where the ellipticity hypothesis is satisfied nearby. Let ω0 : Ω → V3

be an analytic function such that ω0(x0) = v0. Using the function Φ0 given by the

lemma 4.3, we consider the function

(2.1) ω(x) = Φ0(x− x0) + ω0(x)
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and we note that ω is C∞, with the same Taylor expansion as ω0 at x0 but is such

that WFA(ω) = Ṫ (Ω). We assume first that Im a(0, x0, ω(x0)) (= 0. As a result, the

Cauchy problem (1.1) with initial datum ω cannot have a C1 solution up to t = 0,

since the theorem 2.1 implies that the complement of WFA(ω) is not empty. We

have thus proven the second statement in the theorem 1.1 for k = 0. Now a simple

modification of the previous argument gives right away the first statement of the

theorem 1.1 for k = 0: considering a neighborhood in C∞ of the analytic function

ω0 amounts to look at the C∞ functions ν such that

(2.2) sup
|x−x0|≤r0

|α|! N0

|∂α
x (ν − ω0)(x)| ≤ ρ0, for some positive r0, ρ0 and N0 ∈ N.

We can modify slightly (2.1) and take ν(x) = εΦ0(x − x0) + ω0(x) with a suitably

chosen positive ε (depending on r0, N0, ρ0, Φ0) so that (2.2) is satisfied. We note that

ν is C∞, in the required C∞ neighborhood of ω0, but is such that WFA(ν) = Ṫ (Ω).

If Im a(0, x0, ω(x0)) (= 0, the Cauchy problem (1.1) with initial datum ν cannot have

a C1 solution up to t = 0, since the theorem 2.1 implies that the complement of

WFA(ω) is not empty. The same type of argument can be given for the other values

of k and we shall prove only in the sequel the second part of the statement of the

theorem 1.1, dealing with the existence of a smooth function with the same Taylor

expansion as ω0.

Let us now assume that the ellipticity hypothesis is violated, i.e.

Im a(0, x0, ω(x0)) = 0,

but, for any neighborhood W of x0, there exists a point x ∈ W such that

Im a(0, x, ω(x)) (= 0.

As a consequence, one can find a sequence (xk, ξk)k≥1 ∈ Rd × Sd−1 such that

ξk · Im a(0, xk, ω(xk)) > 0 with lim xk = x0. The Cauchy problem (1.1) with ini-

tial datum ω cannot have a C1 solution on t ≥ 0 near (0, x0), since the theorem

2.1 implies that (xk, ξk) ∈ (WFA(ω))c = ∅. We may thus assume that for x in a

neighborhood of x0,

(2.3) Im ν0(0, x, ω(x)) = 0.

We have with L, ν1 defined in (1.6),

(2.4) ν1(t, x, v) = (∂ta)(t, x, v) + a(t, x, v) · ∂xa(t, x, v) + b(t, x, v)a′v(t, x, v)

and Im
(
ν1(t, x, ω(x))

)
=

(
Im a′t + Re a · Im a′x + Im(ba′v)

)
(t, x, ω(x)). We shall now

use the following result, whose proof is given in the next section.

Theorem 2.2. If the Cauchy problem (1.1) has a C2 solution for t ≥ 0 on a neigh-

borhood of (0, x0), and

(2.5) ∀x ∈ Ω, Im a(0, x, ω(x)) = 0, with Im ν1

(
0, x0, ω(x0)

)
(= 0,

then, for all ξ ∈ Sd−1 such that Im ν1(0, x0, ω(x0)) · ξ > 0, the point (x0, ξ) does not

belong to the analytic wave-front-set of ω.



6 LERNER, MORIMOTO, XU

Let us show that this allows us to get our Theorem 1.1 in the case k = 1 and also

in the case where the ellipticity hypothesis of ν1 is satisfied nearby. Let ω0 : Ω → V3

be an analytic function such that ω0(x0) = v0 and ω be given by (2.1). According

to the prior discussion, we may assume that for x in a neighborhood of x0, (2.3)

is satisfied. We assume first that Im ν1(0, x0, ω(x0)) (= 0. As a result, the Cauchy

problem (1.1) with initial datum ω cannot have a C2 solution up to t = 0, since

the theorem 2.2 implies that the complement of WFA(ω) is not empty. Let us now

assume that the ellipticity hypothesis of ν1 is violated, i.e. Im ν1(0, x0, ω(x0)) = 0,

but, for any neighborhood W of x0, there exists a point x ∈ W such that

Im ν1(0, x, ω(x)) (= 0.

As a consequence, one can find a sequence (xk, ξk)k≥1 ∈ Rd × Sd−1 such that

ξk · Im ν1(0, xk, ω(xk)) > 0 with lim xk = x0. The Cauchy problem (1.1) with ini-

tial datum ω cannot have a C2 solution on t ≥ 0 near (0, x0), since the theorem

2.2 implies that (xk, ξk) ∈ (WFA(ω))c = ∅. We may thus assume that for x in a

neighborhood of x0,

(2.6) Im ν0(0, x, ω(x)) = Im ν1(0, x, ω(x)) = 0.

Inductively, we see that our theorem 1.1 is a consequence of the following result.

Theorem 2.3. Let k ∈ N. If the Cauchy problem (1.1) has a Ck+1 solution for

t ≥ 0 on a neighborhood of (0, x0), and

(2.7) ∀x ∈ Ω, ∀j with 0 ≤ j < k, Im νj(0, x, ω(x)) = 0, Im νk

(
0, x0, ω(x0)

)
(= 0,

then, for all ξ ∈ Sd−1 such that Im νk(0, x0, ω(x0)) · ξ > 0, the point (x0, ξ) does not

belong to the analytic wave-front-set of ω.

A couple of examples. Let us now go back to our example (1.4), which can be

written, with u = u1 + iu2, as

(2.8) ∂tu + u∂xu = i, u|t=0 = ω1 (where ω1 is real-valued).

We have ν0 = u, ν1 = i and Im ν0(0, x, ω1(x)) = Im ω1(x) ≡ 0 since ω1 is real-valued,

Im ν1 = 1 (= 0 so that the assumption of the theorem 2.2 is satisfied, implying that

when ξ > 0, (x, ξ) /∈ WFAω1 and since ω1 is real-valued (x,−ξ) /∈ WFAω1, the

function ω1 must be real analytic.

Another example is

(2.9) ∂tu + itu∂xu = b(t, x, u), u|t=0 = ω.

We have Im a(t, x, u) = t Re u, Im a(0, x, u) ≡ 0 and ν1(0, x, ω(x)) = iω(x). If

Re ω(x) (= 0, the theorem 2.2 implies that ω must to be microlocally analytic at

the points (x, ξ) for any ξ such that ξ Re ω(x) > 0.

Some other variations are possible such as the study of the semi-linear equations

(2.10) ∂tu + itk∂xu = b(t, x, u)
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to which the theorem 2.3 can be applied. This example is also interesting for a

comparison with the results of [2], in particular with the Example 2.2 and the one-

dimensional Theorem 2.3 in that paper. For the operator (2.10), when k is even,

the author is able to prove that the solution u is real-analytic (say for b satisfying

our assumptions) and when k is odd, the Theorem 2.3 of [2] shows an analyticity

property of u which implies our result on the trace ω at t = 0. However, both

results in [2] are obtained under the assumption that the equation is satisfied in a

neighborhood of (0, x0) in Rt × Rd
x and not only in a half-space R+

t × Rd
x as is our

assumption in the present paper.

The theorem 2.3 can also be used to tackle the autonomous multidimensional

(2.11) ∂tu +
∑

1≤j≤d

aj(u)∂xju = b(u), u(0, x) = ω(x)

provided the vector Im
[(

b(v) d
dv

)k
(a(v))

]
(= 0 at v = ω(x0).

N.B. The paper by Eastwood and Graham [5] is tackling a linear equation satisfying
a bracket hypothesis (up to three brackets) and the authors get the same result in this
particular case about the analytic wave-front-set as in our theorem 2.3.

3. Proof of the main result

We are given an integer k ≥ 0, T0 > 0, r0 > 0, and a Ck+1 solution u(t, x) of (1.1)

on [0, T0)× B(x0, r0), where B(x0, r0) is the open ball with center x0 and radius r0

in Rd. We consider the holomorphic vector field L defined by

(3.1) L = ∂t +
d∑

j=1

aj(t, x, v)∂xj + b(t, x, v)∂v,

on a neighborhood V = V1 × V2 × V3 ⊂ C1+d+1 of (0, x0, v0), v0 = ω(x0) and we

assume, with positive T0, r0, ρ0, that

V1 = {t ∈ C; |t| < T0}, V2 = {x ∈ Cd; |x− x0| < r0}, V3 = {v ∈ C; |v − v0| < ρ0}.

Let Z1, · · · , Zd, V be the (holomorphic) first integrals

(3.2)

{
LZj = 0, Zj(0, x, v) = xj, j = 1, · · · , d,
LV = 0, V (0, x, v) = v,

which may assumed to be defined on V . We may also assume that the function u is

valued in V3.

Lemma 3.1. Let u ∈ Ck+1(W0) with W0 = [0, T0)×B(x0, r0) be a solution of (1.1).

Let F be an holomorphic function defined on V; we define the function F̃ on by

(3.3) F̃ (t, x) = F
(
t, x, u(t, x)

)
.

Then we have the following identity on W0,

(3.4)
(
∂t +

∑

1≤j≤d

ãj∂xj

)
F̃ = L̃F .
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Proof. We have by the chain rule and the equation (1.1),

(
∂t +

∑

1≤j≤d

ãj∂xj

)
F̃ = ∂̃tF + ∂̃vF (̃b−

∑

j

ãj∂xju) +
∑

j

ãj

(
∂̃xjF + ∂̃vF∂xju

)
= L̃F .

!

Lemma 3.2. For each integer k ≥ 0, there exist some polynomial Rk+1 with real

coefficients depending on the scalar variables

sα, Sβ,r,l with |α|, |β| ≤ k + 1, 0 ≤ r ≤ k − 1, 1 ≤ l ≤ d,

such that, for Zj, u as above,

(3.5) ∂k+1
t Z̃j = −

∑

1≤l≤d

L̃kal ∂xl
Z̃j + Rk+1

(
∂α

x Z̃, ∂β
x L̃ral

)
.

Proof. Note that the formula is true for k = 0 from the previous lemma since it gives

∂tZ̃j = −
∑

l

ãl ∂xl
Z̃j.

For the convenience of the reader, we check directly the formula for k = 1: u is a

C2 function solution of (1.1) and the previous equation along with the lemma 3.1

induces that

∂2
t Z̃j = −

∑

l

∂tãl ∂xl
Z̃j −

∑

l

ãl ∂t∂xl
Z̃j

= −
∑

l

[(
∂t +

∑

m

ãm∂xm

)
ãl

]
∂xl

Z̃j +
∑

l

(( ∑

m

ãm∂xm

)
ãl

)
∂xl

Z̃j

+
∑

l,m

ãl ∂xl

(∑

m

ãm∂xmZ̃j

)

= −
∑

l

L̃al ∂xl
Z̃j + 2

∑

l,m

(
ãm∂xm ãl

)
∂xl

Z̃j +
∑

l,m

ãmãl ∂xm∂xl
Z̃j,

which corresponds to (3.5) for k = 1 (with |α|+ |β| = 2, r = 0). Let us now proceed

with our induction proof and assume that (3.5) holds true for some k ≥ 1. From
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(3.4), (3.5), we get

∂k+2
t Z̃j = −

∑

1≤l≤d

(∂t + ã · ∂x)
(
L̃kal

)
∂xl

Z̃j +
∑

1≤l≤d

(ã · ∂x)
(
L̃kal

)
∂xl

Z̃j

−
∑

1≤l≤d

L̃kal ∂t∂xl
Z̃j

+
∑

|α|≤k+1
(recall: |β|≤k+1, 1≤l≤d, r≤k−1)

(∂sαRk+1

)
(∂α

x Z̃j, ∂
β
x L̃ral

)
∂t∂

α
x Z̃j

+
∑

|β|≤k+1, 1≤l≤d, r≤k−1
(recall: |α|≤k+1)

(∂Sβ,r,l
Rk+1

)
(∂α

x Z̃j, ∂
β
x L̃ral

)
∂t∂

β
x L̃ral

= −
∑

1≤l≤d

(
L̃k+1al

)
∂xl

Z̃j +
∑

1≤l≤d

(ã · ∂x)
(
L̃kal

)
∂xl

Z̃j

−
∑

1≤l≤d

L̃kal ∂xl
(∂t + ã · ∂x)Z̃j +

∑

1≤l≤d

L̃kal ∂xl
(ã · ∂xZ̃j)

+
∑

|α|,|β|≤k+1, 1≤l≤d
r≤k−1

(∂sαRk+1

)
(∂α

x Z̃j, ∂
β
x L̃ral

)
∂α

x ∂tZ̃j,

+
∑

|α|,|β|≤k+1, 1≤l≤d
r≤k−1

(∂Sβ,r,l
Rk+1

)(
∂α

x Z̃j, ∂
β
x L̃ral

)
∂β

x∂tL̃ral.

Here we have considered the real polynomial Rk+1 as a polynomial of the variables

sα, Sβ,r,l; we can note right now that the polynomials involved in the new expression

are with real coefficients. The first sum in the above expression is indeed the first

term expected, the second sum goes in the new remainder Rk+2, the third sum is

−
∑

1≤l≤d

L̃kal ∂xl
(∂t + ã · ∂x)Z̃j = −

∑

1≤l≤d

L̃kal ∂xl
(̃LZj) = 0,

the fourth sum
∑

1≤l≤d L̃kal ∂xl
(ã · ∂xZ̃j) goes in the new remainder Rk+2, the fifth

sum is ∑

|α|,|β|≤k+1
r≤k−1

(∂sαRk+1

)(
∂α

x Z̃j, ∂
β
x L̃ral

)
∂α

x

(
−ã · ∂xZ̃j

)

and goes in the new remainder R (note that |α|+1 ≤ k +2), the sixth sum involves

(∂Sβ,r
Rk+1

)(
∂α

x Z̃j, ∂
β
x L̃ral

)(
∂β

x (∂t + ã · ∂x − ã · ∂x)L̃ral

)
,

which is (∂sβ,r
Rk+1

)(
∂α

x Z̃j, ∂β
x L̃ral

)(
∂β

x (L̃r+1al)−∂β
x (ã ·∂xL̃ral)

)
and goes in the new

remainder (note that r + 1 ≤ k = k + 2− 2 and |β| + 1 ≤ k + 1 + 1 = k + 2). The

proof of the lemma is complete. !

Lemma 3.3. Let Z, u be as above and k ∈ N. We consider the function ω defined

by ω(x) = u(0, x) and we recall that the holomorphic function νl defined on V and

valued in Cd is given by νl(t, x, v) = (Lla)(t, x, v). We assume that

∀l ∈ [0, k[, Im
(
νl

(
0, x, ω(x)

))
≡ 0 on V2 ∩ Rd = B(x0, r0).



10 LERNER, MORIMOTO, XU

Then we have the following identities,

∀l ∈ [0, k],∀x ∈ B(x0, r0),
(
∂l

t Im Z̃
)
(0, x) = 0,

and for all x ∈ B(x0, r0),
(
∂k+1

t Im Z̃
)
(0, x) = − Im

(
(Lka)

(
0, x, ω(x)

))
= − Im

(
νk

(
0, x, ω(x)

))
.

Proof. This is a direct consequence of the previous lemma. In fact, we have for

x ∈ B(x0, r0),

Z̃(0, x) = Z(0, x, ω(x)) ≡ x, so that Im(Z̃(0, x)) = 0.

Moreover the formula (3.5) implies

(3.6) (∂k+1
t Z̃j)(0, x) = −

∑

1≤l≤d

(Lkal)(0, x, ω(x))

identity matrix δl,j︷ ︸︸ ︷
(∂xl

Z̃j)(0, x)

+ Rk+1

(
(∂α

x Z̃)(0, x)︸ ︷︷ ︸
real-valued

, ∂β
x

[
(Lral)(0, x, ω(x))︸ ︷︷ ︸

real-valued
since r < k

])
,

so that (∂k+1
t Im Z̃)(0, x) = − Im

(
(Lka)(0, x, ω(x))

)
and the same (3.5) gives for

k′ < k,

(3.7) (∂k"+1
t Z̃j)(0, x) = −

∑

1≤l≤d

real-valued
since k" < k︷ ︸︸ ︷

(Lk"
al)(0, x, ω(x))

identity matrix δl,j︷ ︸︸ ︷
(∂xl

Z̃j)(0, x)

+ Rk"+1

(
(∂α

x Z̃)(0, x)︸ ︷︷ ︸
real-valued

, ∂β
x

[
(Lral)(0, x, ω(x))︸ ︷︷ ︸

real-valued
since r < k" < k

])
,

providing (∂k"+1
t Im Z̃)(0, x) = 0. The proof of the lemma is complete. !

We give now the proof of the theorem 2.3. Let q be a positive-definite quadratic

form on Rd defined by q(y) = 〈Qy, y〉, where Q is a positive-definite matrix. We

shall use also the same notation q(z) for z ∈ Cd for the holomorphic polynomial

〈Qz, z〉. We have Re
(
q(z)

)
= q(Re z)− q(Im z) and for z′, z′′ ∈ Cd the inequality

(3.8) Re
(
q(z′ + z′′)

)
≥ 1

2
q(Re z′)− q(Re z′′)− q(Im(z′ + z′′)).

For χ ∈ C∞
c (Ω), λ ≥ 1, z ∈ Cd, ω ∈ L1

loc(Ω), we define

(3.9) (Tχ,qω)(z, λ) =

∫

Rd

e−λq(z−x)ω(x)χ(x)dx.

The main step to obtain our theorem 2.3 is the following proposition.

Proposition 3.4. Let q be a positive-definite quadratic form on Rd. Under the

hypothesis of the theorem 2.3, there exist:

a function χ ∈ C∞
c (Ω) equal to 1 on a neighborhood of x0,

t0 > 0 and a neighborhood W0 of x0 − i tk+1
0

(k+1)! Im νk(0, x0, ω(x0)) in Cd,
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ε0 > 0 and C > 0,

such that

(3.10) ∀λ ≥ 1,∀z ∈ W0, |(Tχ,qω)(z, λ)|e−λq(Im z) ≤ C0e
−ε0λ.

Let us first check that this proposition implies the theorem 2.3. From the proposition

4.2, setting q(y) = 〈Qy, y〉 with a positive definite d×d matrix Q, the estimate (3.10)

implies that
(
x0, Q Im νk(0, x0, ω(x0))

)
does not belong to the analytic wave set of ω

(the assumption (2.7) ensures that Im νk(0, x0, ω(x0)) (= 0). If ξ0 ∈ Rd is such that

Im νk(0, x0, ω(x0)) · ξ0 > 0,

we can choose a positive definite matrix Q0 such that Q0

(
Im ν1(0, x0, ω(x0))

)
= ξ0,

proving that (x0, ξ0) does not belong to the analytic wave front set of ω. !

Proof of the proposition. We consider the holomorphic vector field L defined in (3.1)

and its first integrals defined in (3.2). Let G(t, x, v) be a holomorphic solution of

LG = 0 on V and let u ∈ Ck+1([0, T0)×Ω0; V3) be a solution of the Cauchy problem

(1.1) (here Ω0 stands for B(x0, r0). By the lemma 2.2.2 of [15], we have the following

representation formula (for the convenience of the reader, we give in the appendix a

short proof of the formula (3.11) below). In fact, the statement of this lemma 2.2.2

in [15] is somewhat more general than what is actually needed for our purpose. For

all s ∈ [0, T0) and any χ ∈ C∞
c (Ω0), we have

(3.11)

∫

Ω0

G
(
0, x, ω(x)

)
χ(x)dx =

∫

Ω0

G
(
s, x, u(s, x)

)
χ(x)J(s, x)dx

−
∫ s

0

∫

Ω0

a
(
t, x, u(t, x)

)
· dχ(x)G

(
t, x, u(t, x)

)
J(t, x)dtdx,

where

(3.12) J(t, x) = det
((

∂xk
Zj

)
(t, x, u(t, x)) +

(
∂vZj

)
(t, x, u(t, x))

(
∂xk

u
)
(t, x)

)
.

For λ ≥ 1, z ∈ Cd, we define the holomorphic function (which is also a first integral

of L),

(3.13) Gz,λ(t, x, v) = V (t, x, v)e−λq(Z(t,x,v)−z)

where q is a given positive-definite quadratic form and z = (z1, . . . , zd) in Cd and

Z(t, x, v) =
(
Z1(t, x, v), . . . , Zd(t, x, v)

)
, where the Zj are given by (3.2).

Since for all x ∈ Ω0, we have

V (0, x, ω(x)) = ω(x), Z(0, x, ω(x)) = x,
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we obtain
∫

Ω0
Gz,λ(0, x, ω(x))χ(x)dx = (Tχ,qω)(z, λ), and (3.11) reads, for all s ∈

[0, T0),

(3.14) (Tχ,qω)(z, λ) =

=I1(z,λ)︷ ︸︸ ︷∫

Ω0

Ṽ (s, x) exp
[
−λq

(
Z̃(s, x)− z

)]
χ(x)J(s, x)dx

−
∫ s

0

∫

Ω0

ã(t, x) · dχ(x) exp
[
−λq

(
Z̃(t, x)− z

)]
Ṽ (t, x)J(t, x)dtdx

︸ ︷︷ ︸
I2(s,z,λ)

,

with Ṽ (t, x) = V (t, x, u(t, x)), Z̃(t, x) = Z
(
t, x, u(t, x)

)
, ã(t, x) = a

(
t, x, u(t, x)

)
.

We obtain from the lemma 3.3, Taylor’s formula and the hypothesis (2.7),

(3.15) Im Z̃(t, x) = − tk+1

(k + 1)!
Im νk(0, x, ω(x)) + tk+1κ(t, x),

with

(3.16) lim
t→0+

sup
x∈B(x0,r0/2)

|κ(t, x)| = 0.

We suppose now that χ ∈ C∞
c (Ω0) is such that, for some positive r ≤ r0/2,

supp χ = {x ∈ Rd; |x− x0| ≤ r}, χ(x) = 1 for |x− x0| ≤ r/2.

We consider the function F defined on [0, T0)× Ω0 × Cd by

(3.17) F (t, x, ζ) = Re
(
q
(
Z̃(t, x)−ζ

))
= q

(
Re Z̃(t, x)−Re ζ

)
−q

(
Im Z̃(t, x)−Im ζ

)
,

and we note that F (0, x, x0) = q(x− x0) ≥ µ0|x− x0|2, where µ0 = inf Q > 0. Since

∇F is continuous on the compact set K0 = [0, T0/2]× B̄Rd(x0, r0/2)× B̄Cd(x0, r0/2),

we get, with a positive C0,

inf
x∈supp∇χ
(t,x,ζ)∈K0

F (t, x, ζ) ≥ µ0
r2

4
− C0(t + |ζ − x0|)

and thus, from (3.17), with c1 = µ0

40C0
(which is positive),

(3.18) inf
x∈supp∇χ,ζ∈Cd,|ζ−x0|≤min(c1r2,r0/2)

0≤t≤min(c1r2,T0/2)

Re q
(
Z̃(t, x)− ζ

)
≥ µ0

r2

5
.

Going back to the formula (3.14) and assuming

(3.19) c1r
2 ≤ 1

2
min(r0, T0), r ≤ r0/2,

we get the estimate (for λ ≥ 0),

(3.20) sup
z∈Cd,|z−x0|≤c1r2

0≤s≤c1r2

|I2(s, z, λ)| ≤ c1r
2+d2d sup

0≤t≤c1r2

r
2≤|x−x0|≤r

|ã · dχṼ J |e−λ
µ0r2

5
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and since the functions ã, dχ, Ṽ , J are continuous on the compact set [0, T0/2] ×
B̄Rd(x0, r0/2), we obtain, with some constant C1 and for all r satisfying (3.19),

(3.21) sup
z∈Cd,|z−x0|≤c1r2

0≤s≤c1r2

|I2(s, z, λ)| ≤ C1e
−λ

µ0r2

5 .

We check now I1(z, λ) in (3.14) and we see from (3.15)that

Re
(
q
(
Z̃(s, x)− z

))
+ q(Im z)

= q
(
Re Z̃(s, x)− Re z

)
− q

(
Im Z̃(s, x)− Im z

)
+ q(Im z)

≥ −q
(
Im Z̃(s, x)− Im z

)
+ q(Im z)

= −q
( sk+1

(k + 1)!
Im νk(0, x, ω(x)) + Im z − κ(s, x)sk+1

)
+ q(Im z).

︸ ︷︷ ︸
F1(s,x,Im z)

We have

(3.22) q
( sk+1

(k + 1)!
Im νk(0, x, ω(x)) + Im z − κ(s, x)sk+1

)

≤ 3s2k+2

(k + 1)!2
q
(
Im νk(0, x, ω(x))− Im νk(0, x0, ω(x0))

)

+ 3q
( sk+1

(k + 1)!
Im νk(0, x0, ω(x0)) + Im z

)
+ 3s2k+2q

(
κ(s, x)

)

so that, with a constant C2, µ1 = sup Q, for (s, x) ∈ [0, c1r2]× B̄(x0, r),

(3.23) F1(s, x, Im z) ≥

q(Im z)− 3s2k+2

(k + 1)!2
C2|x− x0|2 − 3µ1

∣∣∣∣
sk+1

(k + 1)!
Im νk(0, x0, ω(x0)) + Im z

∣∣∣∣
2

− 3s2k+2µ1|κ(s, x)|2.

We choose s = s0 ∈ (0, c1r2] and we suppose now that

(3.24) | sk+1
0

(k + 1)!
Im νk(0, x0, ω(x0)) + Im z| ≤ ρsk+1

0 ,

with a positive ρ to be chosen (soon). We get

F1(s0, x, Im z)

≥ 1

2
q
( sk+1

0

(k + 1)!
Im νk

(
0, x0, ω(x0)

))
− µ1ρ

2s2k+2
0 − 3s2k+2

0

(k + 1)!2
C2|x− x0|2

− 3µ1ρ
2s2k+2

0 − 3s2k+2
0 µ1|κ(s0, x)|2.

≥ s2k+2
0

2(k + 1)!2

[
q
(
Im νk(0, x0, ω(x0))

)
︸ ︷︷ ︸
>0 from the hypothesis (2.7)

− 8(k + 1)!2µ1ρ
2 − 6C2|x− x0|2 − 6(k + 1)!2µ1|κ(s0, x)|2

]
.
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As a result we obtain, with y0 = − sk+1
0

(k+1)! Im νk(0, x0, ω(x0)), that

(3.25) inf
x∈Rd,|x−x0|≤r

z∈Cd,| Im z−y0|≤ρsk+1
0

[
Re

(
q(Z̃(s, x)− z)

)
+ q(Im z)

]
≥

s2k+2
0

2(k + 1)!2

[
q
(
Im νk(0, x0, ω(x0))

)
− 8(k + 1)!2µ1ρ

2

− 6C2|x− x0|2 − 6(k + 1)!2µ1|κ(s0, x)|2
]
.

Since the quantity q
(
Im νk(0, x0, ω(x0))

)
is positive, µ1, C2 are fixed constants, we

can choose ρ, r positive so that the rhs of (3.25) is larger than

s2k+2
0

2(k + 1)!2

[1

2
q
(
Im νk(0, x0, ω(x0))

)
− 6(k + 1)!2µ1|κ(s0, x)|2

]
.

Since (3.16) shows that κ(s0, x) = o(s0) in a fixed neighborhood of x0, and s0 ∈
(0, c1r2], we can also choose r positive small enough to ensure

(3.26)

inf
x∈Rd,|x−x0|≤r

z∈Cd,| Im z−y0|≤ρsk+1
0

[
Re

(
q(Z̃(s, x)− z)

)
+ q(Im z)

]
≥ s2k+2

0

8(k + 1)!2
q
(
Im νk(0, x0, ω(x0))

)
.

The identity (3.14), the estimates (3.21), (3.26) give the estimate (3.10). The proof

of the proposition 3.4 is complete. !

Remark 3.5. Considering a Ck+1 solution u of the non-linear equation (1.1), so that

the assumption (2.7) is fulfilled, the characteristic curves t 0→ Z̃(t, x) = Z
(
t, x, u(t, x)

)
,

(Z = (Zj)1≤j≤d are the first integrals of (3.2)) satisfy (3.15), thus are leaving Rd

at the order k + 1. On the other hand, one may formulate a geometric statement,

suggested by one of the referees of that paper. For a C∞ solution u of (1.1), as soon

as the characteristic curve issued from (x, u(0, x)) is leaving Rd at a finite order, the

analytic wave-front-set of the initial data ω should not be all the cotangent bundle:

if Im(∂k+1
t Z̃)(t, x) = γk(x)tk+1 + o(tk+1), γk(x) (= 0,

then, {(x, ξ) ∈ Ω× Sd−1, ξ · γk(x) < 0} ⊂
(
WFA(ω)

)c
.

Checking the details of the proof of that statement seems to require more than a

simple inspection of the above arguments.

4. Appendix

The analytic wave-front-set and its characterizations. Let v ∈ E ′(Rd). We

define the Fourier-Bros-Iagolnitzer transform Tv of v by the following formula, where

the integral is in fact a bracket of duality,

(4.1) (Tv)(z, λ) =

∫

Rd

e−πλ(z−x)2v(x)dx, z ∈ C, λ > 0.
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Let Ω be an open subset of Rd; let us note Ω × (Rd\{0}) by Ṫ ∗(Ω) and by dL(z)

the Lebesgue measure on Cd. The following definitions are given in the section I.2

of [4] (see also the proposition 7.2 in [21] and the section 9.6 in [10]).

Definition 4.1. Let Ω be an open subset of Rd and u ∈ D′(Ω).

(1) Let s ∈ R. The Hs-wave-front-set of u, denoted by WFs(u), is the comple-

ment in Ṫ ∗(Ω) of the set of points (x0, ξ0) such that

∃W0 ∈ Vx0−iξ0 ,∃χ0 ∈ C∞
c (Ω), χ0(x0) = 1 with

∫ +∞

1

λ
3d
2

∫

W0

|(Tχ0u)(z, λ)|2e−2πλ(Im z)2dL(z)λ2s dλ

λ
< +∞.

(2) The C∞-wave-front-set of u, denoted by WF∞(u), is the complement in

Ṫ ∗(Ω) of the set of points (x0, ξ0) such that

∃W0 ∈ Vx0−iξ0 ,∃χ0 ∈ C∞
c (Ω), χ0(x0) = 1 with

∀N ∈ N, sup
λ≥1,z∈W0

λN |(Tχ0u)(z, λ)|e−πλ(Im z)2 < +∞.

(3) The analytic wave-front-set of u, denoted by WFA(u), is the complement in

Ṫ ∗(Ω) of the set of points (x0, ξ0) such that

∃W0 ∈ Vx0−iξ0 ,∃χ0 ∈ C∞
c (Ω), χ0(x) = 1 near x0,∃ε0 > 0 with

sup
λ≥1,z∈W0

eε0λ|(Tχ0u)(z, λ)|e−πλ(Im z)2 < +∞.

(4) For σ ∈ R, the Gσ wave-front-set, denoted by WFGσ(u), is the complement

in Ṫ ∗(Ω) of the set of points (x0, ξ0) such that

∃W0 ∈ Vx0−iξ0 ,∃χ0 ∈ C∞
c (Ω), χ0(x) = 1 near x0,∃ε0 > 0 with

sup
λ≥1,z∈W0

eε0λ1/σ |(Tχ0u)(z, λ)|e−πλ(Im z)2 < +∞.

Note that for σ1 ≥ σ2 we have Gσ2(Ω) ⊂ Gσ1(Ω) and WFGσ1 (u) ⊂ WFGσ2 (u).

The above WFu are closed conic subsets of Ṫ ∗(Ω) and the projection onto Ω of these

WFu are respectively the Hs-singular support, the C∞ singular support, the analytic

singular support and the Gσ singular support. For s1 ≤ s2, σ ≥ 1 real numbers, we

have

WFs1(u) ⊂ WFs2(u) ⊂ WF∞(u) ⊂ WFGσ(u) ⊂ WFG1(u) = WFA(u).

The wave-front-sets can be defined for distributions on a manifold and depend

only on the differentiable structure of the open set Ω; the next proposition is only

using the invariance with respect to a linear transformation.

Proposition 4.2. Let Ω be an open subset of Rd and u ∈ D′(Ω). Let Q be a positive

definite d × d matrix and set q(y) = 〈Qy, y〉. A point (x0, ξ0) ∈ Ṫ ∗(Ω) does not
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belong to WFA(u) if and only if

∃W0 ∈ Vx0−iQ# 1ξ0 ,∃χ0 ∈ C∞
c (Ω), χ0(x) = 1 near x0,∃ε0 > 0 with

sup
λ≥1,z∈W0

eε0λ|
∫

e−πλq(z−x)χ0(x)u(x)dx|e−πλq(Im z) < +∞.

Proof. The condition in the proposition is equivalent to the fact that

(Q1/2x0, Q
−1/2ξ0)

does not belong to the analytic wave-front-set of (χ0u)(Q−1/2·), which is equivalent

to (Q−1/2Q1/2x0, tQ1/2Q−1/2ξ0) = (x0, ξ0) /∈ WFA(u). !

A non-negative C∞ function with a maximal analytic wave-front-set. The

existence of distributions with prescribed WF∞ set is given by the theorem 8.1.4

in [10]. The next lemma deals with the analytic wave-front-set and its result is

certainly a standard fact. Since we were not able to find a simple reference in the

literature, we provide a proof.

Lemma 4.3. There exists a function Φ0 ∈ C∞(Rd) such that for all multi-indices

α, (∂αΦ0)(0) = 0 and WFAΦ0 = Ṫ (Rd).

Proof. We define first for s > 1 the C∞ function ψs given by

(4.2) ψs(x) = e−|x|#
1

s# 1
.

Let [s1, s0] ⊂ (1, +∞). Let us first prove that

(4.3) ∃C0 > 0,∀s ∈ [s1, s0],∀j ∈ N, |ψ(j)
s (x)| ≤ Cj

0Γ(j + 1)Γ(j(s− 1) + 1).

In fact, on C\R−, we may consider for ν > 0 the holomorphic function z 0→ z−ν =

exp−ν Log z, Log z =
∫

[1,z]
dζ
ζ , Arg z = Im Log z. The Cauchy formula gives for t >

0, ρ = tr, choosing r ∈ (0, 1),

(4.4) (
d

dt
)j(e−t# ν

) =
j!

ρj

∫ 1

0

e−(t+ρe2iπθ)# ν
e−2iπjθdθ,

yielding if ∀θ ∈ R, Arg(1 + reiθ) ≤ π
3ν , using

Re
(
(t + ρeiθ)−ν

)
= t−ν |1 + reiθ|−ν cos(ν Arg(1 + reiθ)) ≥ 1

2
t−ν(1 + r)−ν ,

(4.5) |( d

dt
)j(e−t# ν

)| ≤ j!t−jr−je−
1
2 t# ν(1+r)# ν ≤ j!2j/ν(1 + r)jr−jΓ(1 +

j

ν
)

which implies (4.3) in one dimension since the choice of r can be done continuously

with respect to ν ∈ (0, +∞): when π
3ν < π

2 , one can take r = sin π
3ν . If ν ∈ (0, 2/3],

one may take r = 1/2 so that r = min(sin π
3ν , 1/2) will do. We have assumed

0 < ν0 =
1

s0 − 1
≤ 1

s− 1
= ν ≤ ν1 =

1

s1 − 1
.

The multi-dimensional version comes from the identity ψs(x) = f2s−1(|x|2), where

f2s−1 is the one dimensional version of ψ2s−1. We get thus the identity of j-th
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multilinear forms (the jth-linear form x2k−j must be understood as x2k−jT j =

〈x, T 〉2k−j‖T‖2j−2k),

ψ(j)
s (x)

j!
=

∑

j
2≤k≤j

f (k)
2s−1(|x|2)

k!
(2x)2k−jC2k−j

k

so that, using the first inequality of (4.5), we obtain with some r ∈ (0, 1) depending

continuously on s,

(4.6) |ψ
(j)
s (x)

j!
| ≤

∑

j
2≤k≤j

(|x|2)−kr−ke−
1
2 (|x|2)

# 1
2s# 2 (1+r)

# 1
2s# 2

22k−j(|x|)2k−jC2k−j
k

≤ e−
1
2 |x|#

1
s# 1 (1+r)

# 1
2s# 2 |x|−j2j

∑

j
2≤k≤j

C2k−j
k r−k

≤ e−
1
2 |x|#

1
s# 1 (1+r)

# 1
2s# 2 |x|−jr−j22j

which gives the same estimate than in (4.5). The function ψs is analytic outside 0

and the estimates above prove that it belongs to the Gevrey class Gs. Let us prove

that ψs does not belong to Gs"
for any s′ < s: assuming that ψs belongs to Gs"

for

some s′ < s implies the existence of r0 > 0, C0 > 0 such that

∀j ∈ N, sup
0<t<r0

∣∣∣∣(
d

dt
)j(e−t

# 1
s# 1

)

∣∣∣∣ ≤ Cj+1
0 (j)js"

.

Taylor’s formula implies then

sup
0≤t<r0

e−t
# 1

s# 1 ≤ tj

j!
Cj+1

0 (j)js"
,

so that with t = j−(s−1) (which goes to zero when j goes to infinity)

e−j ≤ 1

j!
j−js+j+js"

Cj+1
0 =⇒ e−jjje−j

√
2πjj−jj(s−s")jC−j−1

0 bounded

which is impossible since taking the j-th root implies j(s−s") bounded whereas s > s′.

As a result, since ψs is radial and analytic outside 0, we have proven

(4.7) ∀s′ ∈ (1, s), WFGs" ψs = {0} × Sd−1, ψs ∈ Gs.

Let us now consider a sequence (xk)k≥1 dense in Rd and a strictly decreasing sequence

(σk)k≥1 in an interval [s1, s0] ⊂ (1, +∞). We define

(4.8) Ψ(x) =
∑

k≥1

2−kψσk
(x− xk).

From the estimates (4.3), we get that the function Ψ belongs to Gs0 and in particular

is C∞ on Rd. On the other hand, we have for any integer n ≥ 1

Ψ(x) =
∑

1≤k≤n−1

2−kψσk
(x− xk) +

∑

k≥n

2−kψσk
(x− xk).

The second sum belongs to Gσn , thanks to the estimates (4.3) and to the fact that

for k ≥ n, σk ≤ σn; as a result WFGσn (Ψ) is equal to the Gσn wave front set of the
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first sum; from (4.7) and the fact that for k < n, σk > σn, we obtain that the Gσn

wave front set of this first sum is {x1, . . . , xn−1} × Sd−1, entailing that

∀n ≥ 1, {x1, . . . , xn−1} × Sd−1 ⊂ WFGσn (Ψ) ⊂ WFGs1 (Ψ) ⊂ WFAΨ,

which proves, by density of the sequence (xk), that Ψ is a C∞ function on Rd with

WFGs1 (Ψ) = WFAΨ = Rd × Sd−1. Let us now choose s2 > s0 and let us define

(4.9) Φ0(x) = ψs2(x)Ψ(x).

The function Φ0 is in Gs2 (thus C∞), flat at x = 0, and since ψs2 is non-vanishing

and analytic outside 0, we have

WFA(Φ0) ⊃ (Rd\{0})× Sd−1.

On the other hand, from (4.8) and (4.2), we see that, for all x ∈ Rd, Ψ(x) > 0, so

that, since Ψ ∈ Gs0 ,

WFA(Φ0) ⊃ WFGs0Φ0 = WFGs0ψs2 = {0} × Sd−1 from (4.7).

The function (4.9) fulfills the requirements of the lemma, whose proof is now com-

plete. !

A proof of the formula (3.11). We use the notations of the section 3 and we

consider the holomorphic vector field L defined in (3.1) and its first integrals defined

in (3.2). Let G(t, x, v) be a holomorphic solution of LG = 0 on V and let u ∈
Ck+1([0, T0) × Ω0; V3) be a solution of the Cauchy problem (1.1). We start with

noticing that the scalar quantity J defined in (3.12) is such that

(4.10) J(t, x) = det
(∂Z̃j

∂xk

)
=

∂Z̃

∂x1
∧ · · · ∧ ∂Z̃

∂xd
, Z = (Z1, . . . , Zd).

where the ˜ is defined by the lemma 3.1. Moreover we have, assuming first that

u ∈ C2 (so that ã ∈ C2, J ∈ C1),

∂J

∂t
=

∂

∂t

(
∂Z̃

∂x1
∧ · · · ∧ ∂Z̃

∂xd

)
=

∑

1≤j≤d

∂Z̃

∂x1
∧ · · · ∧

position j︷ ︸︸ ︷
∂2Z̃

∂xj∂t
∧ · · · ∧ ∂Z̃

∂xd
(4.11)

so that, using (3.4), we get

(4.12)
∂J

∂t
=

∑

1≤j≤d

∂Z̃

∂x1
∧ · · · ∧ ∂

∂xj
(−ã · ∂xZ̃) ∧ · · · ∧ ∂Z̃

∂xd
,

which gives

(4.13)
∂J

∂t
= −

∑

1≤j,l≤d

∂Z̃

∂x1
∧ · · · ∧ ∂ãl

∂xj
∂xl

Z̃ ∧ · · · ∧ ∂Z̃

∂xd

−
∑

1≤j,l≤d

ãl
∂Z̃

∂x1
∧ · · · ∧ ∂

∂xj
∂xl

Z̃ ∧ · · · ∧ ∂Z̃

∂xd
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and finally

(4.14)
∂J

∂t
= −J div ã− ã · ∂xJ = − div Jã.

The formula (4.14) is proven whenever u ∈ C2(e.g. for k ≥ 1); if u is only C1, we

have J ∈ C0, ã ∈ C1. We can regularize J in the variable x by convoluting (after

some cut-off) each Z̃j by a standard smoothing convolution operator ∗ρε = ρ̂(εDx).

The formula (4.11) for ∂Jε/∂t becomes a sum of exterior products of continuous

vectors with Z̃ replaced by Z̃ ∗ ρε. Since ∂t commutes with ρ̂(εDx), the formula

(4.12) holds with ã · ∂xZ̃ replaced by (ã · ∂xZ̃) ∗ ρε. The first terms in (4.13) are

easy to handle since they converge to a product of continuous functions. The term

−ã · ∂xJ (which makes sense as the product of a C1 function and the derivative of a

C0 function) can be obtained via the standard Friedrichs’ lemma (see e.g. Lemma

17.1.5 in [11]), commuting ã · ∂x with ρ̂(εDx): we have
∑

j,l

∂x1(Z̃ ∗ ρε) ∧ · · · ∧ (ãl∂xl
∂xj Z̃) ∗ ρε ∧ · · · ∧ ∂xd

(Z̃ ∗ ρε)

=
∑

l

ãl∂xl
Jε +

∑

j,l

∂x1(Z̃ ∗ ρε) ∧ · · · ∧ [ρ̂(εD), ãl∂xl
]∂xj Z̃ ∧ · · · ∧ ∂xd

(Z̃ ∗ ρε)

and the first sum converges (as a distribution) to ã · ∂xJ whereas

[ρ̂(εD), ãl∂xl
]∂xj Z̃

goes to zero in L1 when ε → 0 since ãl is Lipschitz continuous, completing the

proof of (4.14). As a consequence, we have, applying the Leibniz formula (note that

J ∈ C0, ã, G̃ ∈ C1),

∂t(JG̃) = −G̃ div(Jã)− Jã · ∂xG̃

so that with χ(x), ϕ(t) C1 functions supported in Ω0, (0, T0), we obtain
∫∫

ϕ′(t)χ(x)J(t, x)G̃(t, x)dtdx = −〈∂t

(
JG̃

)
, ϕχ〉 = 〈G̃ div(Jã) + Jã · ∂xG̃, ϕχ〉

= −
∫∫

Jã · ∂x(G̃ϕχ)dtdx +

∫∫
J(ã · ∂xG̃)ϕχdtdx = −

∫∫
G̃J(ã · ∂xχ)ϕdtdx.

Let s ∈ (0, T0) be given; we choose ε ∈ (0, s/2) and a C1 function ϕε such that

ϕε(t) =

{
1 for t ∈ [2ε, s− 2ε],

0 for t /∈ (ε, s− ε).

Using the continuity of JG̃ and J(0, x) ≡ 1, we obtain when ε → 0+,
∫

Ω0

G
(
0, x, u(s, x)

)
χ(x)J(s, x)dx−

∫

Ω0

G
(
s, x, ω(x)

)
χ(x)dx

= −
∫∫ s

0

G̃J(ã · ∂xχ)dtdx,

which is (3.11).
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