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Hypoellipticity for a class of kinetic equations

By

Yoshinori Morimoto* and and Chao-Jiang Xu **

Abstract
In this work, we study a class of operators coming from the lineariza-
tion of some kinetic equations such as Boltzmann equations and Vlasov-
Fokker-Planck equations. Since it is not a standard class of pseudo-
differential operators, we obtain hypoelliptic estimates in some weight
functions space and show the regularity of weak solutions for linear and
semilinear equations.

1. Introduction

Recently the mathematical study of Boltzmann equation without Grad’s
angular cut-off has been developed from a new point of view in [1, 5, 6, 7],
where it is stressed that the nonlinear collision term Q(f, f) behaves essentially
as a fractional power of the Laplacian (—A)2“f if the collision kernel has a
singularity 1N —2% at the angular § = 0, where 0 < a < 1 and N is the
number of space dimension ( physically equal to 3). The smoothness of the
solution for the spatially homogeneous case was fairly well discussed ([6, 7]
for example), on the other hand, there seems to be no result in the spatially
inhomogeneous case. As an attempt linking to the way to the complete research
in the smoothness of solutions to the Cauchy problem for Boltzmann equation,
we consider the following kinetic equations

(1.1) Puzatu+x~vyu+a(—ﬁz)au =,

where (z,y) € R2® and 0 < 0o < 0,0 € C° Here (=A,)* = |Dy[>* is
a Fourier multiplier with a smooth symbol [£]|?®, which is equal to |£]?® if
|€] > 2 and to |¢[% if [€] < 1. If @ = 1, this is a linear Vlasov-Fokker-Planck
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equation(see [8, 9], cf.[2, 11]), and F. Bouchut [4] has proved the maximal
hypoellipticity of operators P with a gain of 2/3 (see Theorem 1.5 of [4]).
When 0 < o < 1, as stated above, the equation (1.1) is a linearlized model of
Boltzmann equation without angular cutoff. Some regularity results ( which
are restrictive comparing to the case a = 1) are also given in [4], for the weak
solution of equation (1.1) with a supplemental partial regularity with respect
to x variable (see Proposition 1.1 and Corollary 1.2 of [4]).

In the present paper, we study the equation (1.1) from the pure analysis
point of view, noting that the equation (1.1) is not a classical (pseudo-) partial
differential equation because the coefficient z is unbounded and (—A,) is not
pseudodifferential operator with respect to variables t,y. We first state the
existence of the weak solution to the Cauchy problem for equation (1.1) with
initial data u|;—g = ug, before considering the hypoellipticity which means the
smoothness of a weak solution.

Theorem 1.1.  Assume that f € L(]0,T[; H*(R?")) for some 0 < T <
00,5 >0 andug € H*(R?"). If0 < a < 1, then the Cauchy problem of equation
(1.1) with indtial data u|i—g = ug admits a unique weak solution

we L0, T[; H*(R*™)), (—A,)*?u e L*(J0,T[; H*(R*™)).
For the regularity of weak solution, we have a gain of order i(a — %) with
a weight < z >= (1 + |z|)1/2 as follows:

Theorem 1.2. Let1/3 < a <1 and f € H*(Ja,b[xR?*™)) for s > 0. If
u € L?(Ja, b|xR?™) is a weak solution of equation Pu = f on ]a,b[xR?", then
there exists kg € N such that
<z >Ry e g (jd, b [xR?™),
for any a < o' <V < b. In particular, if f € H>®(|a,b[xR?")), then u €
C>(Ja, b[xR?™)).

We remark that ko is in order of [4s(av — 3)7] + 1.

Using this linear theorem, we can get the following results for semi-linear
Cauchy problems

12) { Pu = F(u)

U\tzo = Uo
with F' € C*°(R) and F'(0) = 0.

Theorem 1.3. Ifs > n,1/3 < a < 1 and ug € H*(R?™), then there
exists a T > 0 such that the Cauchy problem (1.2) has a solution.

uwe OO0, T H*(R*)), (—A,)**u € L2(J0,T[; H* (R*™"),
and

u € H ()0, T[xR?™) € C>°(]0, T[xR?").

loc
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More precisely, for the regularity we see that for any m € N there exists an
mo € N such that
<z >"" y € H™(Ja, b[xR?"),

forany0<a<b<T.

This paper is organized as follows: In section 2, we prove the existence
of weak solutions for linear and non linear Cauchy problems. In section 3, we
study the subellipticity of operators P, and get the sub-elliptic regularity for
weak solution in section 4. Finally in section 5, we prove the smoothness of
weak solutions for linear and non linear Cauchy problems.

2. Existence for Cauchy problems

2.1. Linear Cauchy problems

We consider now the linear Cauchy problem (1.1). For the existence of
weak solution for linear equation, we follow the idea of proof of Theorem 23.1.2
in [10].

We give now the precise definition of the operator (—A,)® = |13;|2°‘ for

a € R, where |l3;\a is a Fourier multiplier of symbol |£]*x(&) + [€](1 — x(&)),
with x € C%(R"),0 < y < L,x(§) = 1 i |¢| > 2 and x(€) = 0 if |¢[ < 1.
We first study the commutators of this operator with functions in Cp° and
unbounded function (the coefficients of our operators P) zp, k= 1,--- ,n. We
give the following technical lemma.

Lemma 2.1.  Let Q be an open (unbounded) domain of |Ty, To[xR?*",
a € C°(R),8 € R. Then there exists C > 0 depending only on the boundedness
of a and their derivation such that

(2.1) la, 1D21%10]l 2 () < CUNIDL P~V oll 20y + 0]l 220 s
for any v € C§°(Q).

Moreover, we have that [y, |D,|°] is a Fourier multiplier and
(22) [k 1Dl Joll 2@y < 18111D21P D0l (@) + Clol 22,
foranyv e C§°(Q),k=1,--- ,n.

Proof. Now |D.|°x(D.) € Op(SfO(}RZ))7 then [a, | D, |?x(D.)] is a pseudo-
differential operators of order (3 — 1), its principal symbol is

n

D (@) (BIEN72 (i€k) X(€) + €]%i0g, x(€)),

k=1

which deduces that

l[a. 1Dl X (D)ol 2 < CllIDL| Vol 12 + D2 l(1 = X(Da)) (0) ] 2.
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For the terms |D,|?(1 — x(D,)), we just use the boundedness of a and |£]%(1 —
x(€)) to get the L? boundedness. This is the reason why we give (2.2) for
unbounded function z. Direct calculation gives

21(1D,17) () = F~* (D, ((1617x(€) + IEl(1 = x(©)))(€)))
= 71 ((De, (1€1°x(&) + 1611 = x(€))) ) 9(€)
+ (IE1X(€) + €11 = x(€))) De, 0(6))
=7 ((De, (I x(©) + 16101 = x(€) ) (©)) + (1Dl (1 0) ) ().
But, for |¢] > 1,
|De, [€1°] < 1811177,
and for || < 2, | D, €]] < C. We get that
Iz, 1Dal?Jolzz < 18I1D2 1PVl 2 + Cllollze.
We have proved Lemma 2.1. O

Proposition 2.1.  Assume that s > 0, f € L*(]0, T[; H*(R?*")) for some
0<T < oo and ug € H*(R?*™). Suppose that u is a regular solution of Cauchy

problem of equation (1.1) with initial data u|i—=o = wug. Then there exists a
C > 0 such that

(2.3) 143 ullZe qorpr2geny) + 00l AGAS yullTzqo.rpz2 m2ny)
< C{HA;y-fH%l(]O,T[;L?(RZ")) + ||Ai,yU0||2L2(R2n)} )
where
Ae = (L4 D)2 Ay = (L4 D)2, Apy = (L+|Daf* + Dy )12,

Now as in the proof of Theorem 23.1.2 in [10], The “energy estimate”
(2.3) and Hahn-Banach theorem give the existence of solution for the Cauchy
problem (1.1):

€ L0, T[ HY(R*")), Agu € L2(J0,T[; H*(R*")),

we have proved Theorem 1.1.

Proof of Proposition 2.1. If u is a regular solution of Cauchy problem, we
have

(2.4) < Opu, Ayu > + < x- Vyu, A2 u > + < o(—A,)%u, A2, u >
=< f,AZu >,
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where < -, >=<-,- >L2(Rp xRD)- Noting that
Re <z -VyA; ju, AL ju>p2geny=0
and
%H|‘5$‘QA;,yu(t)”%2(R2”) << o(=Ag)"AG yu A yu > +OIIAS ()72 geny.
we study the commutator terms

| <[AZ 4> - Vy]u, AL ju >p2(geny

z,y?

< CJIA; yut)[1 2 gzny
since

(AL, ©- V] =sAS 2V, -V, € Op(S*(R™)).

Then, the integration by parts in (2.4) and Cauchy-Schwarz inequality deduce
that

1d

2dt

< 1AL, FO) |2 @any A5 yu(®) | L2(rany + ClIAL yu(®)]| 22 gen)-

1A% yu() 72 @eny + 00l Dal “AZ yu(®) 122 gen)

We have also
(2.5) D] *AS u(t) |72 @zny < IAGAS u(t)]|72(g2n)

< 22 (|10, 1A% yu(®) 32 geny + A3y u(®) [F2am) | -
Integrating on [0, ¢] for any ¢ €]0, 7], we have that,

||A§;,yu(t) ||2L2(]R2") + 09 ”AgAi,yuH%2(]O,t[;L2(R2"))

< 2e*TNAS , FIF 1 o.rpz2 (ren)

1

""_5HA;,yuH%00(]07T[;L2(R2")) +e2T| A

2
7yu0HL2(R2")'
We have proved Proposition 2.1. O

We can also prove the following results.

Proposition 2.2.  Assume that s > 0, < x > f € L'(]0,T[; H*(R*"))
for some 0 < T < oo and < x > ug € H*(R?*"). Suppose that u is a regular
solution of Cauchy problem (1.1). Then there exist C > 0 such that for k =
1, DRI ’n "

HAi,y(zku)||%00(]0,T[;L2(]R2")) + ‘TOHA%Ai,y(x’fU)”%2(]07T[;L2(R2”))
(2.6) < CUIAL y @rDITrgo,remeny) 185 yull o, L2 wan))

HIAS (o) 22 gany b-
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In fact, the combination of (2.3) and (2.6) give
[AZ (<2 > U)||2Loo(]o,T[;L2(R2n)) +ool|[AZAZ (<2 > “)H%z(]o,T[;L?(R%))
(2.7) < O{HA;,y(< 2> P71 gorpre@eny) + 145yl 7<qo,rp 2 r2n))
+HA;7y(< xr > Uo)”%z(]}pn)}.

We will use this estimate in the proof of regularity. The proof of this
proposition is similar to that of Proposition 2.1. We can use (2.2) to get

| < [zn, |Dal?Ju, A28, (zu) > |
< OIAS yul)|| 2 qeny (|AS AL, (24w) (6)]| 2 reny + AL u(®)]| 2 (any)-

2.2. Semi-linear Cauchy problems
We suppose now s > n and ug € H*(R?"). We consider the following

linearization problems of Cauchy problems (1.2) for £k = 1,2,--+ and u; =
Sl (Uo)

Ortp+1 + - Vyup1 + U(—Ax)auk_ﬂ = F(ug)
(2.8)

Up+1]t=0 = Sk+1(uo),

where Sy (uo) = ¥(27%D,. ) (ug) with ¢ € C§°(B(0,2)),% = 1 on B(0,1). This
is regularization of initial data, and we point out the following properties (for
example, see [14] for more detail of this regularizations)

Sk(uo) € H; ||Sk(uo) e < lluollme;  Sk(uo) — uo in H*(R*™),
and
[Sk+1(u0) — Sk(uo)| 2(reny < k27", with [[{ck}le < [luol|s--

By nonlinear microlocal analysis, we have the following nonlinear compo-
sition results (see for example [14]).

Lemma 2.2. Let F € C®(R),F(0) = 0,s > 0, ifu € H*RY) N
L>®(RY), then F(u) € H*(RN) with

| P < Ol

where the constant Cyy; depends only on HF(J')||LO<>([_M7M]),MJ',O <j<[s]+1
with ||ul|p~ < M. The same result is true for u € L>(]0,T[; H*(RN)) N
L>(0, T[xRN) .

Theorem 1.1 gives the existence of this sequence {u;} C L* (]0,T[; H™

(R2")) for any T > 0 and m > n, since Sy (ug)€HT>°(R?").

We prove now the convergence of this sequence by the following two propo-
sitions.
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Proposition 2.3.  For s > n, there exist Ty > 0 and My > 0 such that
forany k>1,

(2.9) ||Uk||%oo(]o,T1[;Hs(R2n)) + HAguk||2L2(]0,T1[;HS(]R2")) < M7

Proof. We denote by Cs the Sobolev embedding constant:

||UHLoo S Cs||u||Hs(R2n),

since s > n. Denote by My = |lug||gs, Ms = CsMy. We prove now (2.9) by
induction.

For k = 2, we first use Lemma, 2.2,

I1F"(w1) | 2x o, o (r2my < Car, M.

Then Proposition 2.1 gives
||Ai,y“2||2Loc(]o,T[;L2(R2n)) + 00||A$Ai,yu2||2L2(]o,T[;L2(R2n)) < C{Tzcﬁzfﬁ + 1}M3~
It is enough to take My, Ty such that C{T7C}, +1}Mg < M.

Suppose now (2.9) is true for 2 < j < k. We shall prove (2.9) for k + 1.
Since uy41 is a regular solution of equation (2.8), (2.3) gives

[AZ gt H%oc(]o,T[;B(R%)) + UOHAZA;,yuk-‘rlH%2(]0,T[;L2(R2"))
< C {11, Pl gorpze e + 1A% St (w0) [32gan | -
From the induction hypothesis,
lukllLos qo,rixren) < Csl|AL yukllLoeqo, 72 ®eny) < CsMy = M,

with MS > M, independent of k& which implies Cfv?. > Ch,. We get that,
thanks to Lemma 2.2,

IAS o F (ui)ll L2 o, rsr2@eny) < Cip I1AG ()l go,rpL2 weny)
< O TIAZ y (wr) | Lo, rp2(eny) < Cgp TMi.

We get finally

||Ai:,yu’k+1 H%oc(]o,T[;w(R%)) + 00 ||AgAi,yuk?+1 ||2L2(]0,T[;L2(]R2"))

<c{(cy )" + M3},
so that it is enough to take
1
M?=20M2, 0<T<T, = 5CI:V;C*W.

We have proved Proposition 2.3. O



8 Yoshinori Morimoto and Chao-Jiang Xu

Proposition 2.4.  There exists a 0 < Ty < Ty such that {ug} is con-
vergent in L*°(]0, To[; L2(R?™)), {A%(ug)} is convergent in L?(]0, Tx[; L2(R?")),
and the limit u € L*°(]0, Tx[; H*(R*")) is a solution of Cauchy problem (1.2)
with

A2 (w) € L2(0, Tof; H* (R2").

Proof. We prove that there exists 0 < T3 < T7 and M5 > 0 such that for
any k> 1

(2.10) Jlurt1 — wllF e qomopr2@eny) + 1S (urrs — wi) 1320 75 L2 (R2nY)
< MZ272ks,
We have in fact, from equation (2.8),
Oy (1 — up) + - Vy(urpr — ug) + o(—A0)* (upr1 — ug)
= F(uk) — F(uk,l)
(ukg1 — up)|i=0 = Ars1(uo),

where Agy1(ug) = Skt1(uo) — Sk (up). From Proposition 2.3, we have that, for
any k> 1,

HukHLoo(]O,Tl[XRQ") S CSMI = Ms-
We have that for any 0 < T < T,

| F'(ur) — Fur—1)ll 21 qo,rpz2®eny) < CoT||(ur — ur—1) |l qo,r);2(R2n))

and k > 2

||Loo(]7]\~4. VLD Using again (2.3), we get, for any 0 < T < T7,

[ (w1 — Uk)||%oo(]o,T[;L2(Rn)) + 00l[AZ (uks1 — uk)||2L2(]O,T[;L2(R"))
< ¢ {(CoTll(ur = w1l (o,rsnzgony)” + | Ak (w0)|3a(gany | -
On the other hand, by induction hypothesis,
(s — w—1)l| oo 0,12 (R2n)) < Ma2™ B 15
and hypothesis on ug,
1A k41 (o)l L2 @eny) < lluoll 27"
Since it suffices to take
My=M, 0<Ty=2""'Ccylc™ 2 <1y,
we have proved Proposition 2.4. O

We have showed that there exists 0 < T < Ty such that {ux} is bounded
in L°°(]0, Tz[, H*(R?*")) and {A%(ux)} is also bounded in L?(]0, T»[, H®(R?")).
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Hence {uy} is convergent in L°°(]0, Tz[, L?(R?*")) and {A%(ug)} is convergent
in L2(]0, T3[, L?(R?")) with the limit

u=u + Z(ukH —uy) € L=(]0, Ty[, L*(R?™)).
k=1

By interpolation, the convergence is also in L>(]0, To[, H* (R?")) and L2(]0, T3],
H* (R?")) for any 0 < s’ < s, and moreover
u € L=(10, [, H*(R*")), ASu € L*(]0, T3], H*(R*")).

We have proved the existence of solution for Theorem 1.3.

3. Sub-elliptic estimates

We study now the sub-elliptic estimates. Without loss of generality, we
suppose in the following that ¢ = oy > 0 is constant, and consider the operators

P=0,4+x-Vy,+0o(—A,)"

on an open domain 2 C R; x R} x RP. In the application, we will take
Q =la, b[xR} x R}, so that P are not a pseudo-differential operators in . We
suppose now 1/3 < o < 1.

We put

1/2
A= (14D + Do + Dy 2) 2,

and
X, :A‘1/3(6t+$'vy), X; :Aa_laxj; j=1,---,n

Then X; € Op(Sf,(Ry x Ry x RY)),j = 1,---,n is a family of pseudo-
differential operators. But X is not a pseudo-differential operator (of order
2/3) on ]a,b[xR?", since the coefficient z is not bounded on ]a, b[xR?". We
will pay more attention to treat this term ( see [12, 13, 15]).

Proposition 3.1.  IfQ is an open domain of Ry xR xRy, 1/3<a<1,
then there exists C' > 0 such that

(3.1) D IIXullze < O {Re(Po, v) + |[v]72}
j=1
for any v € C§°(Q). For the Xy, we have

3

(3.2) [ Xov||2: < C {Z e(Pv, Agv) + ||v||L2} ,

for any v € C§°(Q), where

Ay € Op(ST o(R*™)), Ay = (A3 + AN X, Az =—(0r + 2 V,)A™ Xo.
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Proof.  For any v € C§°(Q2), the integration by parts deduces immediately
(33) Re(Pv,v) = Re(o0| Dz |0, | Da|*0) = 00| D07 -
Then a direct calculation gives
1X0ll L2 = A7 Dyl 2 < [[|Da]v] 2 + Clo] 2.

We have proved (3.1). In the future proof, we need also the estimate (3.3).
Putting now w = Ayv = A~Y/3 Xy, we have

| Xov[|22 = Re(Pv, w) — Re(oo| Dy |**v, w).
Since \b;|”‘cro|b;\°‘ is a positive operator on L?, it follows that
Re(00|5;|2°‘v,w) < Re(odb}\“v7 |5;\“v) + Re(ao|5;|“w, |ﬁ;|°‘w)
We get
(34) [ Xovl72 < [Re(Pv,w)| + |Re(00| D |*w, | Dy|*w)| + C|[| Dy |07z
We study now the term

Re(00|Dy|®w, | Dy|*w = Re(oo| Dy |**w, w) = Re(Pw, w)
= Re(Pv, A3v) + Re([A2/3, 2] - 0,(0; + = - 9y)v, w)
+Re(oo[| D |?*, A3 Xg)v, w).
But we have
2
A72/3 _ 77A72/372am
A2, 2] = -2 ,
and
Hb\;|2a7 A_l/BXO} _ A—2/3[|1’)\;‘2a’ l‘] .D
We use now (2.2), to deduce that

Y-

Re(00[| Dy, A" XoJv, w)| < C(|[|Da] 0] £z + [[v]| 2) | Xov|| 12
It is easier for
|Re([A=2/3, 2] - 9,(0y + x - 0y )v, w)| < Clw||3

and

(O + - Vy)(v), A7 Xo(v))
|Re(Pv, A= Xo(v))] + |(00] De|**v, A7 X (v))]
|Re(Pv, A= Xo(v))| + C||Da|*v[| 32 + 151 Xo(v)]12-

lwllZa

IANIA

We get finally the desired estimate (3.2). O



Hypoellipticity for kinetic equations 11

We study now the microlocal regularity,

[X;,Xo] = A°Y3719, 4 (a— 1)AS1/3739, . 9,0,
A3 (A10,, ) + (0 = DATYARX,

where Ag = A29,, - 0y is a pseudo-differential operator of order 0. So that

(3.5) A®/2-1/6 (A-layj)
= A=/HS[X; Xo] — (0 — DAT/2VOR X,
and
Ae/2-1/6 (Aflat)

= A2UONY (9, 4 009, ) = AN (209,
(3.6) — A0/2-1/6-2/3 %,

-y (A—a/2+1/6[xj, Xolz; — (a — 1)A—a/2—1/6/~\0xja:j).
We recall
(3.7) A® (A—lamj) = X,.

Now, if € is bounded, the family of pseudo-differential operators X, X7,

-, X, satisfy the Hormander-Kohn condition in the sense of [3]. When

a = 2/3, all X, have the same order 2/3, and the theorem of [3] shows the

subelliptic regularity of order 2/3 —1/2 = 1/6, which coincides with a,/2 —1/6

here. But the operators P and equation (1.1) is not (properly supported)

pseudo-differential in the domain Q =]a, b[xR?". We have proved the following
subelliptic estimates.

Proposition 3.2. With same notations of Proposition 3.1, there exists
C > 0 such that

n . 9 3
38) S [ario,0 < o 3D Re(Po, Aw) + s )
j=1 k=1
For the differentiation with respect to variable t, we have
1 2 2
(9) |t <of ;Re(Pv,Akv) +l<z> ol
and
3
a1 2 2
(3.10) HA4 121;HL2 < C’{ ZRe(Pv,Akv) +ll<z> UHLz}.

for any v € C3°(R), where < x >= (1 + |z|?)/2.
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Remark. By density, the estimates of above proposition are also true
for any v € HZ(Q).

Proof. Since |(A+iB)v||3. > 0, it follows that

| 3 1 * :
(0,34, Blo) < 5 (14032 + 1Bol3: ) + 5 (14 = A%)oll3e + (B = BY)ell3-)

for any operators A, B.
Putting A = —i[X;, Xo]*A7*+1/3X, and B = X,, we have [X;, Xo|* =
—[Xj, X()] and

Z[A7 B] = _[ [Xj7 XO]A7Q+1/3Xja XO]
= [Xj, Xol* A~ FBX;, Xo] = [[X, Xo]A™*H1/3, Xo]X;
= [Xj, Xo]"ATVBLX;, Xo] + ATHRX;,

where A—1/3 is a pseudo-differential operator of order —1/3.
We obtain, from (3.5),

2 o 2
R e

< C(J1X50ll3e + 1Xovl3 + lloll3: ).
Those estimates for j = 1,---n together with (3.1) and (3.2) show (3.8).

To prove (3.9), we take w = A% ~6~2(9v). Then we have that

AT (9) 122

— Re(Pv, No(v)) — Re(o0| Dy [**v, Ag(v)) — Re(x - Vv, AF7572(90)),
where Ag = A$~5729, € Op(SY o(R***1)). Then
|Re (09| Dy v, Ao (v))| < C{|| D02 + [[v]132}.

For the last term, we have
|Re(z - Vyu, AF=572(0))| = |Y Re(A™'0(axv), A37571(0,,0))
k=1

n
o1
< CY larollzl|AZ75 7 (0, 0)]l 12,
k=1

we get the desired estimate (3.9) by using (3.8) and (3.3).
Finally, combination of (3.1), (3.8) and (3.9) give (3.10). We have proved
Proposition 3.2. [

We can use directly (3.6) to get

n
a a o1
IAZ=E7 @) |32 < [AZ 76 23X 00lf3s + ) AZT5 7Dy, (z0)) 17,
j=1
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then (3.8) with test function (zxv) and (3.2) deduce the following estimate

3
HA%—%_latv ; < C{ ZR@(PuAkv)
(3.11) 0 3 k=1
+ > Re(P(x;v), Ag(z;v)) + | <x>v\|%2},
j=1k=1

which gives also the following hypoelliptic estimate with weight

3
L2
HA%*E@ L < C{ ZR@(PU,Akv)
(3.12) - k=1
+ ZRe(P(xjv)7Ak(xjv)) +<z> ’UH%2},
j=1k=1

The difference between (3.12) and (3.10) is that, the gain of regularity of
(3.10) is one half of (3.12), but we suppress the weight x; in Pv. For high order
regularity, we will study this scale between the gain of regularity and the power
of weight < =z >

4. Regularity of weak solutions

We prove now the regularity of weak solutions of Theorem 1.1. By com-
bination the estimate(3.1), (3.2) and (3.10), we have obtained the following
sub-elliptic estimate :

o 2
(4.1) HAZ—%U
L2(R2n+1)

for any v € H3(]0, T[xR?*"). Here we used the fact

{” <z > PUHLz R2n+1) + || <xT> U||L2(R2n+1)}

||A1’U||L2 S C”’U”LQ, ||(A2+ <z >71 Ag)UHLZ § CHX(]’UHLZ.

For 6 > 0, we set
1/2
As = (140Dl +|Da 2 + D,y [2) .
We will use the following notations : for ¢, ¢ € C§°, wesay ¢ CC ¢ if ¢y =1
in a neighborhood of supp ¢.
We prove the following results

Proposition 4.1. Let 1/3 < a <1 and s > 0. Assume that f, < x >
f € H*(Ja,b[xR?*"). Let u € H*(Ja,b[xR?*") be a weak solution of equation
Pu = f on ]a,b[xR?*" such that < x > u € H*(Ja,b[xR?"). Then for any
v, € C3°(la, b)), CC ¢ and 0 < § < 1, there exists a constant C' > 0
independent of § such that

$—1s 2As s
, Nrve el <ol > Dl
+||wA5(< x > U)” 2(R2n+1) + Hd)ASf”LQ R2n+1) + H¢A5U||L2(R2n+l)}’
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with some J € C§°(Ja, b)),y CC 1’/; Here the cut-off function are only for t
variable.

Take the limit 6 — 0 in (4.2). Then it deduces
YA (pu) € HE 2 (R¥H1),

because the commutator [, A®]is a pseudo-differential operator of order s—1.
We have obtained a gain of regularity of order (o — %) for (weak) solution
with a supplement condition < = > f € H*(Ja,b[xR?*") and < x > u €
H*(Ja, b[xR?").

Proof of Proposition 4.1 We will choose v = Q/JAngS (pu) as test function
in (3.2) and (3.10), (if we consider the partial Sobolev space, we take v =
PYAFEAS  (pu) as test function)

z,y

[as=Fws2as )|, + [ Xow(an) A% w2,
< Cf 2011 Re(P(Ag) A% (pu), Arth(As)~2A% (pu))
< 2> (As) A )32 )

We calculate the commutator terms
[P, PAS2 A glu = O, (YA A ) + Ple, A72A] -V, (pu)

which is a pseudo-differential operator of order s for (z,y) variables. And
moreover

<x> [P, pAEA ] < x>
=[P, YAFAN @+ <z > [P, YAFA 9], < >71,

where the second term is also a pseudo-differential operator of order s. There
exists C' > 0 independent of ¢ such that

| <z > [P, A2 lul| > < Cl[PA* < & > dul| L2,
and
| <z > ¢YA2A%Pu|| 2 < |WA° < & > Y Pul| L.

We get the estimate (4.2) directly from (4.1). O
We study now the regularity of < z >~ .

Theorem 4.1. Let 1/3 < o < 1 and s > 0. We suppose that f €
H*(Ja,b[xR?")) and u € H*(Ja, b[xR>?") is a weak solution of equation Pu = f
on Ja,b[xR?"™. Then we have

<z >"tue HHi 1 (ld, V[xR™),

foranya <a < <b.
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The proof of this theorem uses the following hypoelliptic estimate with
weight < z >71.

Proposition 4.2.  Suppose that 1/3 < a < 1. Then there exists C > 0
such that

HA%*%(< x>t ”)Hiz + | Xo(< x>t ”)Hi?

(4.3) 4
< {3 Re(<a>"" Po, Ax(<w>"" ) + ||v||2L2}
=1

for any v € C§°(Ja, b[xR?"), where Ay, Az, As are the same operators as in
Proposition 3.1 and Ay =< x >2.

Proof. Putting the test function < z >~1 v in (3.2) and (3.10), we have
that

2
HA%fflz(< z>"10) T [Xo(< &>t U)HQL?

< O Re(P(< o> ) Ax(< w > o)+ loll3 |

k=1
We need to estimate the commutator term

SNP, <z >N, Ak(< 2> )|

3
k=1

by th right hand side of (4.3). Since < z >~'€ C£°(R"), Lemma 2.1 implies
1P, <@ >l = lloollDaf2*, < 2 >~ Jol}a < C(I1Da1"0]32 + ol )

By using Cauchy-Schwarz inequality,

2

SR, <2 >, Ag(< x> v)))|
k=1

< C(lI1Dz]*v[I72 + IIUIIiz) + 1o05 1 Xo(< 2 > 0) 172
< C(|Re(Pv,v) + IIUII%Z) + 1o00 [ Xo(< z > 0)[7..
For the last term, we have

([P, <z >, As(< 2 >"1v))
= —0o([|D:)?*, <z >"o, RATI Xo(< 2 > v))
n

=3 oo(aylIDa P, < >, 8, AT Xo(< x> v)).
j=1
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The estimation of oo([|Dg |2, < z >, A~ Xo(< z >~1 v)) is the same
as (4.4). On the other hand, for j =1, -+ | n,

2| Dal?, <2 >7Y = 2| Dy? <@ >t <@ > D>
= [j, [Da*] <2 >71 +[| Dy 25 <2 >
=<z >"1z;, |Dy*] + [[2), |Ds|?*], <>+ [Dy** z; <z >71].

Since [z;, |D,|2] is a Fourier multiplier, we use Lemma 2.1 with the functions
<z>"ha;<z>"le C°(RM),

(@51 Do 2, < 2 > Yo, 9, A7 Xo(< = >~ 1 v)))|

< O(l1Dal"vl2: + 10]32 ) + w5 | Xo(< = >~ 0)]3

< C(|Re(Pv,v) + HU||2L2) + 1555 1 Xo(< z > v) |22
We proved finally (4.3). O

Similarly to Proposition 4.1, we have the following :

Proposition 4.3. Let 1/3 < a < 1 and s > 0. Assume that f €
H*(Ja,b[xR?"). If u € H*(Ja,b[xR3?") is a (weak) solution of equation Pu = f
in Ja,b[xR?", then for any ¢,v € C§°(Ja,b]),p CC ¥ and 0 < & < 1, there
exists a C' > 0 independent of § such that

(4.5) HA%*TE <z>"! w(Aa)’ZAS(w)‘ i

L2(R2n+1)
< CLIA D Faqgensay + 1A Bull3z anso |,
with some {/; € C§°(Ja,T[),v CC 12;

We just choose v = A5 2A®(pu) as test function in (4.3). The estimation
of commutator term

[P, Ay 2N plu = 9, (WA 2N p)pu + Yla, Ay 2A%] -V (pu)

is the same as in the proof of Proposition 4.1. We get also

(@6)  [IBal <> w(ag) A% ou)|

L2

<cf{l<a>" A @I + 1A ulis },

and

(A7) [ Xo <o >t (he) A% (pu) [, < CIAWSIE: + 1A Yuls |-
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Proof of Theorem 4.1. Take the limit § — 0 in (4.5). Then it deduces
< x>V A (pu) € HE 12 (R,

because the commutator [¢p, A®]is a pseudo-differential operator of order s—1.
We obtain a gain of regularity for < z >~ . |

We have also proved that

u € HS+%_T12(]a, b[xR?™)

loc

since for any ¢ € C§°(Ja,b[), ¥ € C§°(RY), we have

A5 Es (o0 ()u)l e
< (@)A" 3 (p(tu)l g2 + CIIA(p()e) o2
< ofll <z > A pt)u) e + 1A (9w 12}

< OUATETT (<2 > p(t)u) e + 1A% (pu)| 2} -

5. Linear and nonlinear hypoellipticity

We can not use Proposition 4.1 to gain the high order regularity by induc-
tion, i.e. the hypoellipticity of the usual sense. Since we get only the regularity
of pu, but in the right hand side of (4.2) , we need some regularity of < x > ¢u.
We consider now the function space with the weight < x >j.

We have to study the commutator of < x >~ with |D,[|?>* and A®. We
give firstly the following lemma.

Lemma 5.1.  Let B € Op(S7'y(R***1)), then, for any k € N,
(5.1) [<z>F Bl =<az>"%"1 B+ <a>""72B,,
where By € Op(SI’?O_l(RQ"H)) with symbol

<z >'z- 0:B(,§), and By € Op(Sf?JQ(RQ"H)).

For the commutator with Fourier multiplier |l,);|2“, we have that, for k =
20, { € N,

(52) [<a>F D =<z>"'"Fi<a>F 4+<a>?2F<a>"F

where Fy is an operators of form
Fy =3 a;A;(Ds), with aj € CP(R™), A;(€) = De, (IE*X°(©)),
j=1

and Fy € L(L%, L?) is a finite sum of form a(z)b(Dy) with @,b € Ce(R™).
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Remark. In the application, if we take B = Ay™,0 < m,0 < 4§ < 1
an uniformly bounded family in Op(S{ o(R***1)), then 31 € Op(Syo(R#F1Y),
B, € Op(S57§(R?"+1)) is also uniformly bounded. We remark also

[Frwllze < Ol De|*wlr2 < C{l|AZwl| 2 + [[w]|L2}-

Proof.  (5.1) is just precise pseudo-differential calculus. For (5.2), we can
also use the classical pseudo-differential calculus, we have

[<x>7% |D,|?* =< & > 7% [|D,|**, <z >F]<a>"F,
and
<z >¥= )" Cha®
[A|<e

where A = (A1, -+, Ay), 22 = 222 ... 222 For 0 < || < £, we have that

2| D, 20 = F- (DQ)\ (€122 2( @>

= > RF(DPV(EPEE) DY D) + D2 (5P),

0<N <2)

and
F- <D2>\ N <|£‘2a 2( ) Z C’\ THF ( D2\ /—L(|€|2a 2(5))17)-

0<u<N

Now if |2A — u| = 1 we obtain a term in Fy, and if |2\ — p| > 2 we obtain a
term in F5. We have proved Lemma 5.1. O

Proposition 5.1.  Suppose that 1/3 < o < 1 and k € N, there exists
C > 0 such that

1

2
HA4*ﬁ (< x>kt v)HL2 + || Xo(< @ >"F1

2

V)|

< C{ ZR€(< x> Py A< >Ry 4| <z >7F 11||2L2}
k=1

for any v € C§°(Ja, b[xR*™), where Ay,--- , Ay are the same as in Proposition
4.2 .

Remark. By density, (5.3) is true for any v € H3(Ja, b[xR?").

Proof. If k =20+ 1 is odd, we choose the test function < z >"*"1 ¢y =
<z >"2"2yin (3.2) and (3.10), we have that

2
HAZ*% <x >kt v)HL2 + || Xo(<z >7F1w HL2

3
< c{ S Re(P(< 2 > 2 v), Ag(<a > o)+ <o > vniz} .
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By using the Lemma 5.1, we have that
([P, <z >_2€_2]’U = 0'0[|ﬁw|20¢, <z >—2€—2],U
=<z>TF <>t <a>2F<z>22y,

then for k 4+ 1 = 2¢ 4 2, by using Cauchy-Schwarz inequality,
3
> IRe([P, < x>, Ap(<z >R o)
k=1
< C{IDa]* <& > 2D o2, 4 || <z >7F |3, )

151 X0 <z >7F L o) 2,
Here we have used the fact | < 2 >~ Azw||r: < C||Xow| 2.
If k = 2¢ is even, we choose the test function < z > % v =<z >"2¢ v in
(4.3), we have that
2
a_L —k—1 —k—1 2
HA4 (< x> v)HL2+HX0(<x> o)||7s

Re(<z>71 P(< x> 0v), Ap(< z >7F 1)

B

<cf

b
Il

1
<z >7F o3}

Using again Lemma 5.1, we obtain

([P, <z >"2v = 0[|Da|?*, < = >~2v

=<z>TFR <>t <z>2F <z>2y,

which deduce that, with k = 2/,
4
Z |Re(< z>"1 [P, <x>Fu, Ap(< 2 >7F 1 o)
k=1

<cf

D, <@ > ol + || <2 > o3}

+ 1555 1 Xo <z >"F"1 o2,
Finally, the same calculus for the commutator term shows, for k = 2/,
I1De]* < & >"2 0|2, = Re(P < & > 2 v, <z > 2 v)
<ClRe(<z > Pu,<z>2%o)+ | <a>2 v||%2}
<C{Re(< x> 1 Py Ay <z >F1o) 4| <z>2 v||%2}
It is easier for the case of k =20 41

1Da|" < @ >~ w7,

< C{Re(< > F Py <>y 4| < >T22 v||%2}

We have proved Proposition 5.1. O
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Proof of Theorem 1.2

Recall that the hypothesis of Theorem 1.2 is that : u € L?(]a, b[xR?") and
for some s > 0, f € H*(Ja,b[xR?"). Using the remark at the end of section 3,
we can obtain without modifying the results of Proposition 4.3, the estimation
(4.5) with s = 0. Take the limit § — 0 in (4.5). Then it deduces that the
solution of Theorem 1.2 has the following regularity

<a>"" (pu) € Hi™ (R,

We have proved the Theorem 1.2 if s = 0.
We shall prove higher order regularity by induction.

Proposition 5.2.  Leteg = $—-5 > 0 andu € L?(Ja, b[xR?*"). Suppose
that for some ko € N we have

(5.4) AFeo (< 2 >7F o(t)u) € L2(R*™ ) and
AFeo (< >7F o(t) Pu) € L2(R*™ )
for any ¢ € C§°(Ja,b]) and 0 < k < ko. Then we have that
(5.5) AlkotDeo (g > =ko=1 5(4)y) € L2(R?"F)
for any ¢ € C3°(Ja, b)-

Consider now s > 0 in Theorem 1.2 and take ky € N such that kggg < s.
Then we have by hypothesis of Theorem 1.2 that f € H*o®o(]a,b[xR?") C
H*(Ja,b[xR*™). Since < = >"*e C°(R?) we have < x >~k f € Hkoso
(Ja, b[xR2"). We prove finally, by induction results of Proposition 5.2, that

<z >"M"p(t)u € T (R
with ko = [se; '] + 1. We have proved Theorem 1.2.

Proof of Proposition 5.2. The proof is similar to that of Proposition 4.3.
We choose v = 1/)/\6_2_%50/\’“050 (pu) € HZ(Ja, b[xR?") as test function in (5.3).
We have

4
< C'{ ZR@( < g >kl P¢Ag2—koaoAk050(<pu), A<z < —ko—1 v))

j=1

2
Aer(< >t A u)) [+ [ Xo(< @ > o),

+|| <z >"ko v||2Lz}.
For the commutator terms,

[P, wA(S—Z—kUEQAkQEOSO]u —

at(@ZJAgQAkOEOS@)wU =+ w[L A5_2_k°EOAkOEO] . Vy(QDU),
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we have immediately

M=

‘( < g > kol [P, wAg%k"EOAkOEWp]u, Aj(<x > ~ko—1 v))‘
1

c{lIakse <>k (u) 2, + pul2s } + g I Xo(< @ >R 0))]2,.

IN 5

Finally we prove,

€0 —ko—1 —2—koeo koeo 2
[A%0 (< @ ko=t pagERoz Atoso ()|

< C{lIARe < @ >R pPul2, gany

L2

Ak (< 2 >R pu) 2, + [lpullZs |

Taking § — 0, we have proved Proposition 5.2, since [< z >7Fo—1 4 AFoco] ig
a pseudo-differential operator of order kgpey — 1. |

Proof of Theorem 1.3

We have proved, in Proposition 2.4, that the Cauchy problem (1.2) ad-
mits a weak solution u € L*>(]0,T[; H*(R*")) if up € H*(R®*")) and s > n.
By using Sobolev embedding theorem, the condition s > n implies that v €
L]0, T[; H*(R?")) N L>°(]0, T[xR?"). Now Lemma 2.2 ensures the stability
in Sobolev space by nonlinear composition.

We prove the following proposition for nonlinear hypoellipticity. It deduces
immediately Theorem 1.3.

Proposition 5.3.  Suppose that 1/3 < a <1 and F € C*®(R),F(0) =
0. Let u € L?*(Ja,b[xR??) N L>(]a, b[xR?") be a weak solution of equation
Pu = F(u) in |a,b[xR?". Then for any m € N, there exists mo € N such that

<z >""0 y e H™(Jd ,V'[xR™),
for any a < a’ < b <b. In particular, we have that u € C*(Ja,b[xR?*™).
Proof.  We prove also this proposition by induction. By hypothesis, we
have that u € L?(Ja, b[xR?")NL>(Ja, b[xR?™), then F(t,z,y) = F(u(t,z,y)) €

L?(Ja, b[xR?™). Proposition 5.2 with k = 0 deduces that for any ¢ € C°(]0, T),
there exists a constant C' > 0 and ¢ € C§°(]0,T[) with ¢ CC 9 such that

(5.6) < > Qulraricsina < {IOFIZ + lwullfs }
We suppose now for some k& € N and any ¢ € C§°(]0,T),

< x> pu e g (R,
here g9 = §(a — 3) > 0. We want to prove that

<z>Floue H(kH)E“(RQ"“).
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But from Proposition 5.2, we need only to prove that
||A]CEO <x>"F (pF(U)H%z(Rszrl) < C{HAké‘o <z >7F 1/JU||2LQ(R27L+1)+||’l/}u||%2}7

with the constant C' as in Lemma 2.2. The proof of this estimate is also the
same as that of Lemma 2.2. We just remark that, for the nonlinear function

F(z,v) =<z >" F(<z>"v),
if v € HRo%0 and < & >F v € L, then for any A € N?,
|02 F(z,0)| < Ch,

and F((z,0) = 0. We omit the detail of this modification and sending to [14]
for example. [
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