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Abstract

The smoothing effect of the Cauchy problem for a class of kinetic equations is stud-
ied. We firstly consider the spatially homogeneous non linear Landau equation with
Maxwellian molecules and inhomogeneous linear Fokker-Planck equation to show the
ultra-analytic effects of the Cauchy problem. Those smoothing effect results are optimal
and similar to heat equation. In the second part, we study a model of spatially inhomo-
geneous linear Landau equation with Maxwellian molecules, and show the analytic effect
of the Cauchy problem.

Key words: Landau equation, Fokker-Planck equation, ultra-analytic effect of Cauchy
problem.

AMS Classification: 35A05, 35B65, 35D10, 35H20, 76P05, 84C40

1. Introduction

It is well known that the Cauchy problem of heat equation possesses the ultra-analytic
effect phenomenon, namely, if u(¢, z) is the solution of the following Cauchy problem :

Oru— Azu =0, zeRY: t>0
U|t:0 = Ug € L2(Rd),

then under the uniqueness hypothesis, the solution u(t, - ) = e*®+ug is an ultra-analytic

function for any t > 0. We give now the definition of function spaces .4°(2) where Q is

an open subset of RY.
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Definition 1.1. For 0 < s < +oo, we say that f € A%(Q), if f € C®(Q), and there
exists C > 0, Ng > 0 such that

10% fll L2y < cleH @), VaeN?, |al > No.

If the boundary of Q) is smooth, by using Sobolev embedding theorem, we have the same
type estimate with L?> norm replaced by any LP norm for 2 < p < +oo. On the whole
space Q = R?, it is also equivalent to

0= (9B f) € [2(RY)

1
for some co > 0 and By € N, where e©©(=2)?* s the Fourier multiplier defined by

eco(_A)Q% u(z) = F! (ecolgl‘%ﬂ(f)).

If s = 1, it is usual analytic function. If s > 1, it is Gevrey class function. For
0 < s < 1, it is called ultra-analytic function. Notice that all polynomial functions are
ultra-analytic for any s > 0.

It is obvious that if ug € L%(R?) then, for any ¢t > 0 and any k € N, we have

u(t, -) = et =8a) g € Azi (RY), namely, there exists C' > 0 such that for any m € N,
12, ey € CHI(H=AD) ult, ) o

||u0||L2(]Rd)Ckmm! S ézkm+1((2km) ')ﬁ ,

IN

where §2Fm = > lal=2km,aena 07 - We say that the diffusion operators (—A,)* possess
the ultra-analytic effect property if k¥ > 1/2, the analytic effect property if &k = 1/2 and
the Gevrey effect property if 0 < k < 1/2.

We study the Cauchy problem for spatially homogeneous Landau equation

{ft:Q(f7f)EVU(a(f)vvf_b(f)f)7 UERd7t>07 (11)
fli=0 = fo, ’
where a(f) = (a;;(f)) and b(f) = (b1(f), -+, ba(f)) are defined as follows (convolution

is w.r.t. the variable v € R?)

d
ai; (f) = aij * f, Bj(f):Z(Bviaij)*f, i,j=1,---,d,
i=1
with
VU5

aij(v) = (%‘ - |U|2> |72,y e [-3,1].

We consider hereafter only the Maxwellian molecule case which corresponds to v = 0.
We introduce also the notation, for [ € R, LF(R?) = {f; (1 + |v|?)!/2f € LP(R?)} is the
weighted function space.

We prove the following ultra-analytic effect results for the non linear Cauchy problem
(1.1).
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Theorem 1.1. Let fo € L>(RY) N LY(R?Y) and 0 < T < +oo. If f(t,z) > 0 and f €
L>(J0, T[; L*(RY) N Li(RY)) is a weak solution of the Cauchy problem (1.1), then for
any 0 <t < T, we have

f(t, ) € A2(RY),

and moreover, for any 0 < Ty < T, there exists ¢y > 0 such that for any 0 < t <Tj
ot d
He ot f(t7 . )HL2(R'1) < 62t||f0||L2(]Rd)~ (1‘2)

In [17], they proved the Gevrey regularity effect of the Cauchy problem for linear
spatially homogeneous non cut-off Boltzmann equation. By a careful revision for the
proof of Theorem 1.2 of [17], one can also prove that the solution of the Cauchy problem
(1.10) in [17] belongs to Azs (R%) for any ¢ > 0, where 0 < o < 1 is the order of
singularity of collision kernel of Boltzmann operator. Hence, if o > 1/2, there is also the
ultra-analytic effect phenomenon. Now the above Theorem 1.1 shows that, for Landau
equation, the ultra-analytic effect phenomenon holds in non linear case, which is an
optimal regularity result.

The ultra-analytic effect property is also true for the Cauchy problem of the following
generalized Kolmogorov operators

Ou+v - Vou+ (=A) u=0, (z,v)eR* t>0
’U,|t:0 =ug € LQ(RQd),

where 0 < o < oo, and the classical Kolmogorov operators is corresponding to o = 1.
By Fourier transformation, the explicit solution of above Cauchy problem is given by

a(t,n, &) = e~ Jolersnl™dsq (1 ¢ 4 ).

Since there exits ¢, > 0 (see Lemma 3.1 below) such that

t
o (HE[2 + 2071 |2 < / € + snf*ds, (1.3)

we have
eca(t(7A1))a+t2a+l(7Ax)a)u(t7 ) ) S L2(R2d)?

i. e ult, -, )€ AY2)(R?) for any t > 0.

Notice that this ultra-analytic (if @ > 1/2) effect phenomenon is similar to heat
equations of (x,v) variables. That is, this means v - V, + (—A,)® is equivalent to
(=AL)*+ (—A,)* by time evolution in “some sense”, though the equation is only trans-
port for x variable.

We consider now a more complicate equation, the Cauchy problem for linear Fokker-
Planck equation :

{ fetv-Vof =Yy - (Vof +0f), (z,0) €R¥, ¢>0; (1.4)

f|t:0 = f0~

This equation is a natural generalization of classical Kolmogorov equation, and a sim-
plified model of inhomogeneous Landau equation (see [20]). The local property of this
3



equation is the same as classical Kolmogorov equation since the add terms V, - (vf)
is a first order term, but for the studies of kinetic equation, v is velocity variable, and
hence it is in whole space R%. Then there occurs additional difficulty for analysis of this
equation.

The definition of weak solution in the function space L>(]0, T'[; L*(R24,))N L (R2%,))
for the Cauchy problem is standard in the distribution sense, where for 1 < p < +00,l € R

LP(R2,) = {f € S'®™); (1+ o)/ € IP(R2,)}.

The existence of weak solution is similar to full Landau equation (see [1, 13]). We get
also the following ultra-analytic effect result.

Theorem 1.2. Let fo € L*(R24,) N L}(R2%,),0 < T < +o00. Assume that f € L>(]0, T'[-
s L2(R24)) NL(R24,)) is a weak solution of the Cauchy problem (1.4). Then, for any
0<t<T, we have

f<t7 ) ) € A1/2<R2d)'

Furthermore, for any 0 < Ty < T there exists cg > 0 such that for any 0 < t < Ty, we

have

”6700(t&v+t3Ax)f(t, 5 )‘ < egtHfOHLz(Rmi)' (15)

L2(R2d)

Remark 1.1. The ultra-analyticity results of above two theorems are optimal for the
smoothness properties of solutions. From these results, we obtain a good understanding
for the hypoellipticity of kinetic equations (see [11, 14]), and also the relationship, estab-
lished by Villani [19] and Desvilletes- Villani [10], between the nonlinear Landau equation
(with Mazwellian molecules) and the linear Fokker-Planck equation.

We consider now the spatially inhomogeneous Landau equation

{ft+U'fo:Q<fvf)7 (.’L’,U)Ede, t>0; (16)
f|t:0:f0(x7v)' |

The problem is now much more complicate since the solution f is the function of (¢, x,v)
variables. We consider it here only in the linearized framework around the normalized
Maxwellian distribution )

u(v) = (2m)~Hem
which is the equilibrium state because Q(u, u) = 0. Setting f = p + g, we consider the
diffusion part of linear Landau collision operators,

Qu, 9) =V, (&(u) Vg — E(M)g)
where
aij (1) = aij * o= 8i5(Jo]* + 1) — vy,
d
Bj('u):Z(aviaij)*lu’zivjv Z,jil,,d

i=1
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In particular, it follows that

d
> ai(péig; > [¢f°, for all (v, €) € R*. (1.7)
ij=1
We then consider the following Cauchy problem
{ g +v-Veg =V, (EL(M) Vg — 5(#)9), (z,v) €R*, 1> 0; (1.8)
gli=0 = go-

We can also look this equation as a linear model of spatially inhomogeneous Landau
equation, which is much more complicate than linear Fokker-Planck equation (1.4), since
the coefficients of diffusion part are now variables. The existence and C'*° regularity of
weak solution for the Cauchy problem have been considered in [1]. We prove now the
following;

Theorem 1.3. Let gy € L*(R2%,)NLy(R2?)),0 < T < +o0. Assume that g € L>(]0, T'[-
; L2(R2%,) N L3(R2%,)) is a weak solution of the Cauchy problem (1.8). Then, for any

0<t<T, we have
g(ta K ) € AI(R2d)'

Furthermore, for any 0 < Ty < T there exist C, ¢ > 0 such that for any 0 < t < T, we
have

In this theorem, we only consider the analytic effect result for the Cauchy problem
(1.8), neglecting the symmetric term Q(g, 1) in the linearized operators of Landau colli-
sion operator (cf.,(1.15) of [1]) because of the technical difficulty, see the remark in the
end of section 4.

There have been many results about the regularity of solutions for Boltzmann equa-
tion without angular cut-off and Landau equation, see [1, 2, 3, 6, 7, 9, 12, 15, 16] for
the C° smoothness results, and [4, 5, 8, 18, 17] for Gevrey regularity results for Boltz-
mann equation and Landau equation in both cases : the spatially homogeneous and
inhomogeneous cases. As for the analytic and Gevrey regularities, we remark that the
propagation of Gevrey regularities of solutions is investigated in [5] for full non-linear
spatially homogeneous Landau equations, including non-Maxwellian molecule case, and
the local Gevrey regularity for all variables ¢, z, v is considered in [4] for some semi-linear
Fokker-Planck equations. Comparing those results, the ultra-analyticity for x, v variables
showed in Theorem 1.1 is strong although the Maxwellian molecule cased is only treated.
As a related result for spatially homogeneous Boltzmann equation in the Maxwellian
molecule case, we refer [8], where the propagation of Gevrey and ultra-analytic regu-
larity is studied uniformly in time variable ¢t. Throughout the present paper, we focus
the smoothing effect of the Cauchy problem, and the uniform smoothness estimate near
to t = 0. Concerning further details of the analytic and Gevrey regularities of solu-
tions for Landau equations and Boltzmann equation without angular cutoff, we refer the
introduction of [5] and references therein.

c(t(— 1/2 42/ 1/2
BP0 oy .)’
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2. Spatially homogeneous Landau equations

We consider the Cauchy problem (1.1) and prove Theorem 1.1 in this section. We
refer to the works of C. Villani [19, 20] for the essential properties of homogeneous Landau
equations. We suppose the existence of weak solution f(t,v) > 0 in L°°(]0, T[; L3 (R%)-
N L?(R%)). The conservation of mass, momentum and energy reads,

d 1
7 f(t v) v dv = 0.
o]

Without loss of generality, we can suppose that

Jga f(t,v)dv =1, unit mass
fRd ft,v)vjdv=0, j=1,---,d; zero mean velocity
Jga [t 0)|vf*dv = T, unit temperature
Jga F(t,0)vjvRdv =T} 6y, ZTJ =Ty

T, = f]Rd f(tm)vjz-dv >0, j=1,---,d; directional temperatures .
Then we have,

k(f) Sik(v)* + To — Tj) — vjvk ; (2.1)

f)=—v;;

k(&€ = CLIER | ¥ (v,€) € R¥. (2.3)

“'M&“‘
l

<
Ead

where C7 = minlgjgd{To — TJ} > 0.
NowforN>%—i—land0<(5<1/N,co>O,t>0,set
ecotlél

Gs(t,[€]) = (1 + becotlé?) (1 + deot|€[>)N

Since Gs(t, -) € L=(R?), we can use it as Fourier multiplier, denoted by

Gs(t, D) f(t0) = F~(Gs(t. 6D (1.6) )
Then, for any t > 0,
Gs(t) = Gs(t, D,) : L*(RY) — H?*M(RY) c CZ(RY).
The object of this section is to prove the uniform bound (with respect to § > 0) of
[Gs(t, Do) f(t, )l L2 (ray-
Since f(t, -) € L2(RY) N Li(R?) is a weak solution, we can take

G5(t)2f(t7 ) = G(S(t’Dv)Zf(t’ ) € HQN(Rd)’
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as test function in the equation of (1.1), whence we have

Lo, M+ 3 [ s (20 Gat00)

7,k=1

x (&Jng(t) £(t, U))dv

= 5{(00)10001) , +32 [ (utste) G T
+Z/c% mﬂmyawwwmmm
jk=1

x (&,ng(t) f(t, v)) dv.
To estimate the terms in the above equality, we prove the following two propositions.

Proposition 2.1. We have

QWWHMWﬁZ/w )(94,Ga(t. D) F(5.0))

7,k=1

x <8va5(t7 D) (t, v)) . (2.4)

’((aﬁG‘s(t))f’ Ga(t ) ‘< co[VuGs(t) (1)1 22 (2.5)

d
Re 3 [ (30 stte) EPTEA
§||G5<> ()22 + 2c0t|| VoG () f (1) 22 - (2.6)

Proof : The estimate (2.4) is exactly the elliptic condition (2.3). By using the Fourier
transformation, (2.5) is deduced from the following calculus

1 No
_ 2 — = 2
Gt I6) = ols Gt 6D (1 smer — 15 erige ) = WIEPCo(e €D T
where . NS
- - <1.
[Tvs] ‘ 1+ 0ewté? 1+ beot|€2 | =
To treat (2.6), we use
0¢,Gs(t,1€]) = 2c0t€;Gs (8, [€]) In,s- (2.7)



Then, we have

d
Re Z/R (avj (vjf(t,v))) Go(t, Do) St 0) dv

d
~ _Re Z:I/R 0,Gs(t, D)1 (6,0) (9, Gs(t. D) f(1.0)) o

—Re i [ (165.0).0170.0)) (2,,G(t. D)1 (0.0)) do

d
= GG Mo ~Re 3 [ (100,011 00)

X (avjag(t,pv) f(t,v)) dv.

Using Fourier transformation and (2.7), we have that for ¢ > 0,

_ zdj/R (G(;(t, Dy)v; f(t,v) fij(;(t,Dv)f(t,v)) (&JjG(;(t,Dv)f(t,v))dy

d
= > /R {0, (Gs(t. D F(2.)) = Gt lel) (i, £8,)) }Gs(t, I€]) i f (2. )dg

d
= Z/}R (%Ga(t, |§|))f(t,£)£jG5(t, 1€ f(t, €)de

= 2t [ €RIGHH DA P v de < 2t [ 161G D1 )P

which give (2.6). The proof of Proposition 2.1 is now complete.

For the commutator term, the special structure of the operator implies

Proposition 2.2.

Xd: /R d {djk(f)(G&(t,D”)&,j f(t,v)) - Gg(t,DU)(ajk( o, f(t,v)>}

jk=1

X (avk Gs(t, Dv)f(tm)) dv = 0.

Proof : We introduce now polar coordinates on Rg by setting r = |¢] and w = £/|¢] €
S?-1. Note that 8/0¢; = w;0/0r + r~1Q; where ; is a vector field on S¥~1, and (see
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[14], Proposition 14.7.1)

d d
Zu)ij = 07 Zij]' =d-1. (28)
j=1 j=1

By using Fourier transformation, we have

_ zd: /Rd {&jk(f) (Gé(t,Dv)&;jf(t,v)> - G(;(t,Dv)(djk(f)anf(t’U))}

J,k=1

x (3va5(t,Dv) f(t,v)) dv

= /R A i & | (000 — 0. 0c, ), Ga(t,IE) | & F(1,€) } x Gt €N F (1, )de.
g k=1

Noting, in polar coordinates on RZ,

2 d—10 1.,
=t e T el

we have, denoting by G(r2) = G5(t, r),

S o (a2 1212

_ r Or
7,k=1

Ag¢

~{@d/0r + 171 Q) (w0 /00 + 1719} ), GO | w;

2 d-10
= g+ 500"
d d
~[(DCwtosor + 7 i) Yo (@io/0r + 17 0wy ), G |
k=1 j=1
P2 d-10 - 2 9d—1 -
= g+ 5000 - [ga+ 5 G0 ] =0

where we have used (2.8). Then we finish the proof of Proposition 2.2.

Remark 2.1. In the above proof of Proposition 2.2, we have used the polar coordinates in
the dual variable of v, which is essentially related to a form of the Landau operator with

Mazwellian molecules.  We notice that the same relation (in v variable) was described
by Villani [19] and Desvillettes- Villani [10].

End of proof of Theorem 1.1 :
From Propositions 2.1 and 2.2, we get

1d 1
§%|\G6(t)f(ta )72 a) + (C1 — 5¢0 2c0t) [ Vo Gs(8) f(E, )72 (may

d
< SIGs (1, )l
9



For any 0 < Ty < T, choose ¢y small enough such that C; — %co — 2¢c9Ty > 0. Then we
get

d d
—NGs@O)f @t lrzay < SIGs@)f(E )l L2 a)- (2.9)
dt 2
Integrating the inequality (2.9) on ]0, ¢[, we obtain
d
1Gs () f(t, )lL2@ay < €2 foll L2 (re)- (2.10)
Take limit § — 0 in (2.10). Then we get
—cotA, d
lec* 2 f(t, )l L2ray < €2l foll L2ra (211)

for any 0 < t < Tp. We have now proved f(t, -) € AY?(R%) and Theorem 1.1.

3. Linear Fokker-Planck equations

In the paper [19], there is an exact solution for spatially homogeneous linear Fokker-
Planck equation. In the inhomogeneous case we can also obtain an exact solution of the
Cauchy problem (1.4). Denote by

f(tﬂ%f) = ]—"Lv(f(t,x,v)),

the partial Fourier transformation of f with respect to (z,v) variable. Then, by Fourier
transformation for (x,v) variables, the linear Fokker-Planck equation (1.4) becomes

{ SFEn, &) —n - Vef(t,n, &) +& - Vef(t,n,€) = =& f(t,m,€);
f|t:0 = f(fo)(ﬁvf)-

Therefore we obtain the exact solution
t
F(t€m) = F(0,€e7 + (1 —e™),m) exp (— / €e™ (1 — e Pr ).
0
Note that

t
/|&”+ma—e*n%7
0

L—e? 2
= -

X2 X2
= (X - 7)‘€|2JergonJr(—log(l -X)-X - 7)|77|2,

@fiiii

271‘,) 2
5 t2e7 )Inl

where X =1 — et ~t. We have for 0 < K < 2/3
t
[ lge - T Pdr 2 X (- 1K) - X/2)€ + (13- K/l
0
Hence for t ~ X <2 —1/K, we get

f(t’ R ) € A1/2(R2d)7

so that the ultra analytic effect holds for any ¢ > 0 by means of the semi-group property.
But we can not get the uniform estimate (1.5).
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We present now the proof of (1.5) which implies the ultra-analytic effect, by commu-

tator estimates similarly as for homogeneous Landau equation. Setting

w(t’n7£) = f(tana§ - tn):

Then the Cauchy problem (1.4) is equivalent to

{ %w(ta 7775) = _‘6 - t77|2w(t77la€) - (€ - “7) : vﬁw(ta 7775) ;
wli=o = F(fo)(n,€).-

(3.1)

Since we need to study the function fg |€ — sn|%ds, we prove the following estimate.

Lemma 3.1. For any o > 0, there exists a constant ¢, > 0 such that

t
/ € — smlds > caltE* + £+ ).
0

(3.2)

Remark : If « = 2, we can get above estimate by direct calculation. The following

simple proof is due to Seiji Ukai.
Proof : Setting s = tT and 7) = tn, we see that the estimate is equivalent to

1
/0 € — rifledr > call€” + [7]°).

Since this is trivial when 7 = 0, we may assume 7 # 0. If |{| < |7}| then

1 1
| le=riar = i [ |- L
0 0

7l

= |jl° {/Olgl/lﬁl (:i: - T)adT + /Iﬁll/ﬁ (r- Fﬁ:)am}

e

dr

T

|ﬁ|a . a+1 a+1 |T~]|a
> 1— __m
2 ol O =0T = o T
1
> « ~(¥.
> g€+ 1l7)
If €] > [l then

1 1 S, 1 N
[emritrar =g [ (1= r@Y ar =g [ - n)tar
0 0 0

_olE 1 e
= o s ),

Hence we obtain (3.2).

Set now

t
o9 =eo [l smlas = Ze).

11



where ¢g > 0 is a small constant to choose later, and ¢y is the constant in (3.2) with
a = 2. Then (3.2) implies

O(t,1,€) = co 2 (e[ + £ nf?). (3.3)

Let N = (2d+1)/4. For 0 < 6 < 1/4N? and t > 0, set

e®(tm,8)
(1 0e9En9) (143 +[¢2)Y

G5 == Gé(ta 7, f) = (34)

Since Gs(t, - -) € L>=(R??), we can use it as Fourier multiplier, denoted by
(Gs(t, Doy D))t @, ) = Fy t(Golt, m, )it m, €)).

Lemma 3.2. Assume that f(t,-) € L*(R2%,) N Li(R?%,) for any t €]0,T[. Then
Vew(t, n, £) € LOO(R%%), and

|€_tn|G5(tana g)Qw(ta m, g)a |77|G5(t777a 6)2’@(“’7 m, 6)7 V§ (G(S(tan? g)zw(t7 m, f)) (35)
belong to L? (R?]‘é) for any t €]0,T.

Proof : Since 0;,w = —iF(v;f), it follows from f € L}(R2%)) that Vew(t,n, £) €
LM(R?#E). Noting

|£ - t77|G6(t»777 5)27 |77|G5(t7773 5)2 € LOO(R%?%)?

we see that the first two terms of (3.5) are obvious. To check the last term in (3.5), note

t 1
0¢;Gs(t,m, &) = 2cot (&5 — 5773‘)G5(t,777§)m
2N G, (3.6)

(L4 0(|n* + 1€*))
Then, we have
Ve (Ga(t,n, )*w(t, n, 5)) = Gs(t,n, €)*Vew(t, n, &) + Ve (Ga(t, ", 5)2)@(15, n, )
= Galt, € Velt, 1, €) +4eol€ ~ 1) (g oo (4 . €)
ANSE

TG gy o )

Since Gs(t,n, £)* € L*(R24,) we have

T,V

Gs(t,n, £)°Vew(t, n, &) € L*(R*).

Using
1
(1 —+ 56‘15(1517715))

2N GE -

1
=h ‘(1+5(In2+|£l2)) =h
12




and
ot )] <16 GG €210, 1. €)

t 1
(= 577)05(157 7, f)QW
w(t, m, )]+ LnlColt,m, Na(t, n, )] € LR,

< €~ tn|Gs(t,n,€)?

We have proved Lemma 3.2
We take now Gs(t,n, £)?w(t, n, £) as test function in the equation of (3.1). Then we

have

d
7||G5(t7 ) )UJ(t, Tyt )”iz(de) + 2/de ‘(5 - tn)G(S(tvnaé-)w(t? 7, §)|2d77d§

dt
L [ w8 (0 (65— tn) Gt €)2u(t,1.6) ) e
+ ((atGS(ta *y ))w(tv N )7 Gé(ta B )U/(t, Tyt ))Lz(de) . (37)
We prove now the following;
Proposition 3.1. We have
((8tG5(t7 %y ))U}, G5(ta Yy )U}) L2(R24)
= [ 6= Gt ult. o, €) dnde
dnd¢.  (3.8)

‘ 2

3, ) 1
—= t t t —
20002 A2d |77| ‘st( 77735)10( 77775) (1 +5e¢(t7n7£)>

d
e ]2 /de ’LU(t’ n, €)a£J ((EJ - tnj)G5(t7 77,5)2w(t7 7, 5))d77d5

2
S (QCOt + % + CO) /R2d |(£ - tn)G5(ta n7£)w(t7 7, §)|2d77df

d+2N?3§ Co
2N Gt Yot -, g

2

3 2 2 2 1

+- t Gs(t t ——— dnd§ . 3.9
40062 /1;211 |’r]‘ | 5( 777,§)w( 77775)‘ (1 5€¢(t,n,£)> Ui g ( )

Proof of Proposition 3.1 : The estimate (3.8) is deduced from
1

3
o B 2 2 2 2 - -
0Gs(t:m,€) = co(|€ =t = Seat’[n*)Gs(t,, &) (1 + beon )’

13



Since it follows from (3.6) that

1
= Re 2@2/ —tn;)( nj)\as(t,n,g)w(t,77,5)\2‘mdm,5
o 2N6£j fj tn]) )
Re Z/Zd 1T+ o(n2 + €2 ))\Gé(t,ﬂ,f)w(tm,gﬂ dnd¢
—Re Z/ — tn;) é)nga(t,né)w(t,n,g))G(;(t,n,&)w(t,n,é)dnd«ﬁ,
we get
1
T = 2COtZ/ tnj 77])|G5(t3777£)w(t,7]’£)|2mdndf

d

2N§ t
N Z/de 1+5€j|77%+|g|])))|G5(t,77,§)w(t,777§)|2 dndé
7j=1

d
+§”G5(tv " ')w(tv ) ')H%P(RM)
1
_ _ 2 2. - @0
= 2t [ 1€~ tPGaltmult.n.) (o) e

1
2 2
+ cot -/RQd(g - ”7) : 7]|G5(t777,£)w(ta777£)| mdndﬁ

< ONG
B Z /RM 1+ 5517(7% T rgr))) |Gs(t,m, E)w(t,n,€)|? dndé
j=1

d
+§||G5(t7 Bl )w(tv Bl ')||i2(R2d)~
For the last term, noting

(IV?/c0)0%[8]* + col€ — tn]?

: 2N6E; (&5 — tny)
2 (L +6(n* + 1€7))

T o(nl2 + ) =

< N?6/co + col€ — tn)?

j:l
we finally obtain
cot?
T o< (20t G ve) [ 1€ m)Giltn ult, . ¢
C2 R2d
d + 2N?6
+%/CO

3 2 2 2 1
—Cocat t t S
Ty /de IG5 (2, Ew(t, . &) (1+ 590
14

HG5(ta K ')w(t7 *y ')H%?(de)

dnde .



Thus we have proved Proposition 3.1.

End of proof of Theorem 1.2 :
Now the equation (3.7), the estimate (3.8) and (3.9) deduce

d
%HG(s(t,-,-)w(t, ) Z2 ey

2CQt2

3¢z ) /R (€ = tn)Gis(t,n, )w(t, n, &)[*dndg
< (d+2N25/CO>HG5(ta'a')w(t»'»')H%z(de).

+(2 — 3cg — 4cpt —

Then for any 0 < Ty < T choose ¢y > 0 (depends on Tj) small enough such that

2c0T¢
2—360—4COT0— -0 ZO,
C2
then for any 0 < t < Tp,
d d+2N?%5/c
@IIGa(tw)w(t, 5 Mr2meay < #/OHGW% S w(t, s )l L2 mreay,

which gives
d+2N25/cq

||G5(t7'7')w(t7 ) ')HL2(R2d) <e 2 t”fOHL?(R?d)'
Take § — 0, we have
t —s 2 S—c 3 2 A
/de eco o l&=snlds=est il £y, € — i) Pdipdé
t —\nl2ds—ei t31m12) 7
= /de eCo fo [€4+(t—s)n|“d 1t°]n)| |f(t, n, §)|2d77d£ < edtHfOH%,?(RM)'

By using (3.3), we get finally

_& ) SAL d
lemCotRet TR £t )| L2 raay < €2 foll Lo (roey
for any 0 < t < Tp, where ¢g = “52 > 0. This is the desired estimate (1.5), which implies
ft ) € AP (R,

We have thus proved Theorem 1.2.

4. Linear model of inhomogeneous Landau equations

We prove now the Theorem 1.3 in this section. By the change of variables (¢, z,v) —
(t, x +vt, v), the Cauchy problem (1.8) is reduced to

{ fo= (Vo =19,) () - (Vo = £9.)F = b)) 1)
fli=o = g0l v),



where f(t, z, v) = g(t, x + vt, v). Recall that

aij(u) = Qi k= 6ij(|1)|2 +1) - V5
d
Ej(ﬂ):Z(ﬁviaij)*u:—vj; i,j=1,---,d,

i=1
and

d
D (&g = €7, forall (v, €) € R
ij=1

In view of this Cauchy problem , we set

t
\P(t7nu€) = CO/O |§ - Sn|d8a

for a sufficiently small ¢y > 0 which will be chosen later on. Then we can use the (3.2)
with o =1 to estimate U. Setting

e¥

(1+0e%)(1+ 00)N

FS(ta m, g) =

for N=d+1,0<6§ < % If A is a first order differential operator of (t,7,&) variables
then we have

1 Né§
AFs = — AU F, 4.2
0 (1+5e‘1’ 1+5\I/)( )E5, (4.2)
and
1 N§ <1
1+6e¥ 1460
Taking

Fy(t. Dy, Du)*f = Fi(t)*f € H*N(R*)

as a test function in the weak solution formula of (4.1), we have
Ld

2dt

= —i /R i (9, —102,)F5(0)*f ) dadv + %((ath) 1, Bs(t)f)

IEs() 13220y + (a(0) ((F0 = 1) F5(0)f), (0 = 1V (01 ))

L2(R24)

L2 (R2d)

+ Zd: /de {ajk(u) (Fa(t)(avj - taxj)) f—Fs) (ajk(u)(avj _ taxj)f)}

k=1

x ((avk 18, F5(t) f) dzdv.

We prove now the following results.
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Proposition 4.1. We have
(Vo = tV2) F5(t) 1|72 (geay

< (aln) (Vo =tV FB®F). (Vo =tV EOF)) |, (4.3)

L2(R2d)

((2F5) £, Fs(0)1) | < coll(F0 =19 Bs(0) fll2 | Fs(0)1 .- (44)

d
Re Y [ o (0, =10 Fs(02F) < SIFsO
j=1

+eot|(Vo =tV ) Es f(O)]| 2 [ Fs5 f (D)2 - (4.5)
Proof : The estimate (4.3) is a direct consequence of the elliptic condition (1.7). Using
the Fourier transformation and noting (4.2), we see that (4.4) is derived from
1 N§
1+6e?  1+460

atF(S(ta 7776) = (

For (4.5), we have firstly

) (8t\I/)F5, 8t\1’ = Co|§ — t’l?l.

d
o Z/ v Fs0)f (@0, — 102, Fs(0)f) = SIF() 1.

For the commutators [v;, Fs(t)], using Fourier transformation, we have that for ¢ > 0

and f = f(t,n,€)

—Zd:/R (IFs(t. Da, Do), 05 (8, 2,0)) (@0, = 102, Fs(t, Do, D) f (2, 3, ) ) dardo

d

S Z/Rd (Fg(t,Dm,Dv)vjf(t) — ijg(t,DmDv)f(t))

x ((avj — t0,,) Fy(t, Dy) f(t))dxdv

w

= 7’853 F5 t,n, f)f(t)) - FS(tvn»g)(la§JfA(t))}F5(ta777£)

j=17/R
x i(& — tny) f(t)dndé

d
=3 [ (06 Fote.n.©) F — tn Fice.n. ) F O

<ot [ |16l Fslt.n. ) F(OPdnds < ot (V, = V) Fyf Ol Fof (1)

where, in view of (4.2), we have used the fact that

= / Z 817] — tn;)

snl

d
Z(afj \I/)<t’777§) X (6] - t77]

j=1
Thus (4.5) has been proved.

ds < cot|€ — tn).
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For the commutator terms, we have

Proposition 4.2. There exists a constant C; > 0 independent on § > 0 such that

b |z (B0, - 10.,)) 7 - B (anu)(@, - t0.,)f) }
k=17 R

% (0u 1920 F5(0)1) |
< Cu{(cot P(Vo =tV Fs(0) 3 + IFs ()32} (46)

Proof : In order to prove (4.6), we introduce the polar coordinates of £ centered at tn,
that is ,

Note again that 0/0¢; = w;0/0r + =€, where ; is a vector field on S?~1. We have

again
d d
ijQjZO, Zijj:d_l’
j=1 j=1

By means of Plancherel formula, we have

> [ Az (B0, - t0.,) - o) (a0, - 12.,)1)}
jk=1 7R

x ((av,c — 13, ) Fs(t) f)

= — /de { i (& — tnk) [ (5jkAg — 8@5@) , Fg(t,n@)} & - tnj)f(t)}

j,k=1

x Fs(t,n,€)f(t)dédn
= J.

Noting again

BE dfla 1 &
Me=gat gt

we have with Fg(t,n, r,w) = Fs(t,n,r-w+tn) = F5(t,n,§)

< 2 d—10 1<
_Zwk[@jk{ar?Jrr@rJerZQ%}

Jik=1 =1
o o _
- {(“%E"‘T Qk)(%‘a +r Qj)}), Fa] wj
02 d—10 -
=92+ "9 B
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d

+[( zd:(w,%; + 77 L) Z r_lﬂjwj)), Fg}

k=1 j=1

d
1 ~
—72 E (Uj|: E Q%, F§:|o.}j :Al +A2—|—A3

j=1 1=1
Note again that

,F5]+[6—2+£$,F5]=0.

{ 92 d-10
or?2  Or

o T o
On the other hand, we have in view of (4.2)

AL+ Ay = —

A= zd: wi (29[, ] = [0, [, Bl ) w;

Ji,l=1

d
! (QT)  No(QD) -
o2 Z”J(ml(waew_ Tvov )0

7,l=1
(o - ey (o (0,00 g).,

Putting w; = wjﬁ}; w with w(t,n,r,w) = f(t,n,r - w+tn), we have
J =ReJ=Re / / / r2(Asw) Fsw r* *drdwdn
Rd 0 Sd—1

Q) No(Y) o
ZRe// /sm{ml(H&W Toq ) Wip®r drdedn

gl=1
> LL ()

7,l=1
(W) N&(QT) 2 de1
Q — ; drdwd
+( l(1+5e‘1’ 1+0v oy [Pr"drduwdn

+

= Ji+ Jo.
Since Qf = —€; + (d — 1)w;, the integration by parts gives

d o) Qv N&(Q T
Jim =i g S Jsams { (0 (55 - X))

+(d = Dwr ({955 — 2G50 ) } g Pr=drduwdn,

Hence we obtain

j;: /R% /Ooo /5de {(1 ;56@ 1 ing)z (uW)? (4.7)
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1 N§
—(d=Dw <1+5e‘P 1440

- /Rg /OOO /sm {(1 +16e‘1“ 1 f?m)Z (Zd:(gl‘l’)2>

=1

1 NS d
— — _ n 2, .d—1
=1 (1 +e¥ 1+ 6\1/) (El_:l wz(ﬂz‘l’)> } | Fsw|*r®™ " drdwdn.

Since there exists a constant Cy > 0 such that

) (QI\II)} Jw; [*r®~ drdwdn

Lot sy
‘QZ\I/| = CoT J J
j; o |€—snl

lJ| < C('i{(cot)2// / 2| Esw|?r¢=drdwdn
rd Jo  Jgi-

+// / | Fsw|?rtdrdwdn 3
RdJo Jsi-t

which yields (4.6). The proof of Proposition 4.2 is now complete.

dS(Qle) S C()Cdtr, (48)

we have

End of proof of Theorem 1.3 :

From Proposition 4.1 and Proposition 4.2, there exist constants Cy, C3 > 0 indepen-
dent of § > 0 and ¢ > 0 such that

5N F DO g + (5 = (P Ca) 17, = (VB NOI o
< G3|(F5)(0)]172 gea)-
So that if 2 — (cot)?Ca > 0, we have,
DN E POl 2zoey < Call B F) Ol e (49)
Using the fact (F5f)(0) = 135 go, we get

[(Fs f) ()| 12 reay < € llgoll 2 r2a)-
Take the limit 6 — 0. Then we have

/ €I (8, €)Pdng < €2 go 7 e (4.10)
R L

On the other hand, by Lemma 3.1, there exists a ¢; > 0 such that

/ 2V 0| (¢, €)|2dnde / e2c0 Jo 16=snlds 54 & — tn)[2dnde
R2d R2d

= [ e . ) P
R2d

Y

/ e2eoer (Ul Inl |5 (¢ ) €)2dnde.
R2d
20



Finally, for any 0 < Ty < T, choosing ¢y > 0 small enough such that 3 — (¢gTp)%Cs > 0,
we have proved,

which completes the proof of Theorem 1.3 with C' = 2C3 depending only on d.

coct (H(— D) 2412 (=0 ,) 2

2
e g(t, x, v)| dedv < eQC3t||g0||2L2(R2d) for any 0 <t <Tp,

Remark 4.1. The formulas (4.7) and (4.8) show that we can not get the ultra-analytic
effect of order 1/2 as in Theorem 1.2. It is the same reason why we do not consider the
symmetric term Q(g, 1) in the equation (1.8) as in [1].
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