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ABSTRACT. Most of the work on the Boltzmann equation is based on the Grad’s
angular cutoff assumption. Even though the smoothing effect from the singular
cross-section without the angular cutoff corresponding to the grazing collision
is expected, there is no general mathematical theory especially for the spatially
inhomogeneous case. As a further study on the problem in the spatially homo-
geneous situation, in this paper, we will prove the Gevrey smoothing property
of the solutions to the Cauchy problem for Maxwellian molecules without angu-
lar cutoff by using pseudo-differential calculus. Furthermore, we apply similar
analytic techniques for the Sobolev space regularity to the nonlinear equation,
and prove the smoothing property of solutions for the spatially homogeneous
nonlinear Boltzmann equation with the Debye-Yukawa potential.

1. Introduction. Among the extensive studies on the Boltzmann equation, most
of them are based on the Grad’s angular cutoff assumption to avoid the mathemat-
ical difficulty due to the grazing effects in the elastic collisions between particles.
Recently, a lot of progress has been made on the study of the non-cutoff problems,
cf. [1, 2,9, 3,5, 10, 12, 13, 14, 19] and references therein, which shows that the sin-
gularity of collision cross-section yields some gain of regularity on weak solutions.
In some sense, this gives the hypoellipticity property of the Boltzmann operator
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without angular cutoff. However, so far the study in this direction is still not satis-
factory because there is no general theory especially for the spatially inhomogeneous
problems.

This paper is concerned with the smoothing effect of the singular integral kernel
in the collision operator coming from the non-cutoff cross-sections in the Boltzmann
equation. There are two main results in this paper. One is about the smoothing
effect of the non-cutoff Debye-Yukawa potential which gives the gain of a fraction of
the logarithm of Laplacian regularity. This is different from the non-cutoff inverse
power laws which give the gain of a fraction of Laplacian regularity. Another prob-
lem is concerned with the Gevrey regularity of the non-cutoff inverse power laws.
Even though both results are about the spatially homogeneous problem, it provides
some new aspects of the regularity for the singular cross-sections.

Consider the Cauchy problem of spatially homogeneous nonlinear Boltzmann
equation

of _ 3 . _

E—Q(f,f), veR? t>0; f‘t:()—fo, (1.1)
where f = f(t,v) > 0 on [0,00) x R3 represents the particle distribution function.
In the following, we assume that the initial datum fy % 0 satisfies the natural
boundedness on the mass, energy and entropy, that is,

fo >0, /11@3 Fo()(1 + [v]* +log(1 + fo(v)))dv < +oo0. (1.2)

The Boltzmann quadratic operator Q(g, f) is a bi-linear functional representing the
change rate of the particle distribution through the elastic binary collisions which
takes the form

Qot) = [ [ Bw—ono)ar) — o) f@}bdodo. (1)

where for o € S?,

v+ v—0 U+ Uy UV — Uy
U/= ‘; *+| 5 *ld, ’U;: '; _| 5 |0’, (1_4)
are the relations between the post and pre collision velocities. The non-negative
function B(z,0) called the Boltzmann collision kernel depends only on |z| and the
scalar product < I%I’ o >. In most of the cases, the collision kernel B can not be
expressed explicitly. However, to capture its main property, it can be assumed to
be in the form

B(Jv — vi,cos0) = ®(|v — v.])b(cosf), cosf = (

UV — Uy ™

— o), 0<0< =,
0, 0<0<7

In this paper, we consider only the mathematical Maxwellian case, that is, we take

® = 1. Except for hard sphere model, the function b(cos(:)) has a singularity at

0 = 0. For example, if the inter-molecule potential satisfies the inverse-power law

potential U(p) = p~ (=1 4 > 2, then
sin@b(cosf) ~ KO '7>* when 6 — 0, (1.5)

where K > 0,0 < v = ﬁ < 1. The Maxwellian molecule case corresponds toy = 5

—u]’

and ¢ = 1. Notice that the Boltzmann collision operator is not well defined for the
case when v = 2 corresponding to the Coulomb potential. In the great majority
of works on the Boltzmann equation, the angular singularity at § = 0 is removed
by using the Grad’s angular cutoff assumption so that B is locally integrable in o
variable.
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We will first consider a family of Debye-Yukawa type potentials where the po-
tential function is given by

Ulp) = p~te ", with s > 0. (1.6)

In some sense, it is a model between the Coulomb potential corresponding to s = 0
and the potential satisfying the inverse power law. In fact, the classical Debye-
Yukawa potential is the case when s = 1.

In the appendix, we will show that the collision cross-section of this kind of
potentials has the singularity in the following form, cf. (5.2),

b(cos) ~ KO 2 (logd™")

where K > 0 is constant. This singularity endows the collision operator @) with
the logarithmic regularity property, see Proposition 2.1. We mention that the log-
arithmic regularity theory was first introduced in [15] on the hypoellipticity of the
infinitely degenerate elliptic operator and was developed in [16, 17] on the logarith-
mic Sobolev estimates.

Suppose that there exists a weak solution to the Cauchy problem (1.1) with the
following natural bound for some time T' > 0, see the Definition 3.1 of Section 3
and also [19],

§-1 when 6 — 0.

sup Ft, )1+ |v]* +log(1 + f(t,v)))dv < +oo. (1.7)
t€[0,7] JR3
In Section 3, we are going to prove the following theorem on the regularity of weak
solutions.

Theorem 1.1. Assume that the initial datum fo satisfies (1.2) and the collision
cross-section satisfies

B(|v — v.],co80) = b(cos ) ~ K62 (logd )" when  — 0, (1.8)

with K > 0,m > 0. Let f be a weak solution of the Cauchy problem (1.1) satisfying
(1.7). Then for any 0 < t < T, we have f(t,-) € H *°(R3).

Remark 1.1. Note that m > 0 corresponds to 0 < s < 2 in (1.6). In [2, 10], the
H+°°(R3) regularity of weak solutions was proved under the condition (1.5). Notice
that the condition (1.8) is much weaker than (1.5) and the theorem shows that it
still leads to H+°°(R?) regularity on the weak solutions. Moreover, the following
proof on the regularity of weak solutions is more straightforward and illustrative
than the previous methods. Even though the assumption (1.8) on the cross-section
is mathematical because the exact cross-section depends also on the relative velocity
as given in (5.2), the following analysis reveals the smoothing effect of the singularity
in the collision operator on the weak solution to the Boltzmann equation.

To have a more precise description on the regularity, in the second part of the
paper, we consider the Gevrey regularity of solutions with cross-section satisfying
(1.5). Notice that while local solutions having the Gevrey regularity have been
constructed in [18] for initial data having higher Gevrey regularity, the result given
here is concerned with the production of the Gevrey regularity for weak solutions
whose initial data have no regularity.

Before stating the result, we now recall the definition of Gevrey regularity. For
s > 1, u € G*(R?) which is the Gevrey class function space with index s, if there
exists C' > 0 such that for any k € N,

|D ull < CFF (1),
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or equivalently, there exist g > 0 such that eso(D) 7y ¢ L?, where L? = L?(R?)
and

(D)= (1+|D,[)"2, | D*ulfa = Y D ..
1Bl=k

Note that G*(R?) is usual analytic function space. In the following discussion, we
also adopt the following notations,

||f||Lk—(/ e 1+v|>“dv) e = [ 1501080+ 0D

What we are going to show in Section 4 is that the weak solutions to the linearized
Boltzmann equation with the cross-section satisfying (1.5) are in the Gevrey class
with index é for t > 0. For this, we first linearize the Boltzmann equation near the
absolute Maxwellian distribution

plv) = (2m)"5e 2. (1.9)
Since Q(p, 1) = 0, we have
Qe+ g, 1n+9) = Qu, 9) + Qg 1) + Q(g,9)-

Set,
Lg = Q(u,9) + Q(g, 1),

where L is the usual linearized collision operator. Then, consider the linear Cauchy
problem
99
ot

The definition of weak solution for this linear equation is standard which is given
precisely in Section 4. The result on Gevrey regularity can be stated as follows.

=Lg, vER? t>0; gli=0 = go- (1.10)

Theorem 1.2. Assume that the initial perturbation in (1.10) satisfies go € L3(R?),
and @ is defined by the Mazwellian collision cross-section B satisfying (1.5) with
0<a<1l. ForTy>0,ifge LY([0,Tp]; L3(R3)) N L>=(]0, To); LY (R?)) is a weak
solution of the Cauchy problem (1.10), then g(t,-) € GY*(R?) N LL(R?) for any
0<t<Tp.

The assumption in the above theorem may not be strong enough for the exis-
tence of weak solutions which meet the requirement of the theorem, but such weak
solutions can be constructed under some additional assumptions. In Section 4, we
will prove the

Proposition 1.1. Suppose that 0 < o < 1/2 and gy € L? for some £ > 5/2. Then,
(1.10) possesses a weak solution g € L>(0,Ty; L2(R?)) for any Ty > 0.

Remark 1.2. (1) Evidently, L?(R3) C L}(R3) when ¢ > 7/2.
(2) Even though the above results are given when the space dimension equals to
three, they hold for any space dimensions with due modification.
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2. Logarithmic regularity estimate. We prove firstly the following logarithmic
regularity estimate for the collision operator.

Proposition 2.1. Assume that the collision kernel B satisfies the assumption (1.8)
and g >0, g £0, g € LY(Llog L. Then there exists a constant Cy > 0 depending
only on B, ||g||Ly and [|g||L10g 1 such that for any smooth function f € H?(R3),

m+1

10088) ™ F1Bamey < Co {(-QUa ) ooy + 1 B} (21)
where A = (e + |D,|?)'/2.

Remark 2.1. With hypothesis (1.5), we have the following sub-elliptic estimate
(see [2, 7, 10])

IAF 3 2qas) < Co { (=@, 1), Frzey + 1 FIBeqas) |- (2:2)

And we will use this estimate to prove the Gevrey regularity stated in the Theorem
1.2.

Proof of Proposition 2.1. For f € H*(R?), we have

(=Q(g, ), flr2(r)

=[] b gte @) (£00) = 1)) dode.do
R6 JS§2

5 [ [ o0 a0 (£6) = 1)) dodv.ao

= 5 [ [ o) (10 = 1(0)?)dodv.a

According to cancellation lemma (Corollary 2 of [1]), we have

’;/R(; /Sz b(k - a)g(v*)(f(v/)Q — f(v)2>dodv*dv < CHQHLlan%Z'

Notice that there is no weight in the norm of f in L? on the right hand side of the
above inequality because we consider the Maxwellian molecule type of cross-sections
so that it is a direct consequence of

7\'/2 1
/M2 sin 6b(cos ) (0083(9/2) - 1) df < oo.

Now the proof of Proposition 2.1 is reduced to the proof of the following lemma. [

Lemma 2.1. There exists a constant Cy > 0, depending only on b, ||g|lzy and
llgllL10g . Such that

0z ) 1l < Cf [ [ bk hg(w) (£) = £0)) dordv.do + 172}

Proof. The proof of this lemma is similar to that of Theorem 1 in [1]. In fact, by
taking the Fourier transform on the collision operator and applying the Bobylev
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identity, we have

/Rﬁ/ (k - 0)g(v. (f()—f( ’))2dadv*dv
(2m)" // & - o) {a0lfer + a0 e
~2Re §(67)f(67)1(€) pdods

QP [ o - o)ao - late)ao } e

£+7€+|§IU 677€*IE|0
2 2

By using the condition that g > 0,g € Li N LlogL and the assumption (1.8),

similar to the argument in [1], we can show that there exists a positive constant C,

depending only on ||g|[z1 and [|g][z10g 1 such that

where

€ ~ AL o— _ m—+1
LGS - o) @)= late e = ¢ (s < €)™~
And this completes the proof of lemma 2.1. O
3. Smoothing effect for the nonlinear Cauchy problem. We will give the
proof of Theorem 1.1 on the smoothing effect of the collision operator for the Debye-

Yukawa type potentials in this section. Before that, let us recall the definition of
weak solution for the Cauchy problem (1.1), cf. [19].

Definition 3.1. Let fo(v) > 0 be a function defined on R® with finite mass, energy
and entropy. f(t,v) is called a weak solution of the Cauchy problem (1.1), if it
satisfies the following conditions:

) 20, f(t,v) € CRTD(R) N LY([0,T]; Ly(R?),  f(0,0) = fo(v);
/ftv dv—/ fo)p(v)dv for ¢ =1,vj,|v]%;

f(t,v) € L*(R®)log L' (R?), / f(t,v)log f(t,v)dv S/ folog fodv, VYt > 0;

¢
. ft,v)e(t,v)dv — /RS fop(0,v)dv _/0 dr /]R:5 f(r,v)0r¢(T,v)dv

= /0 dr /R QUL (0 v)d,

where p(t,v) € CH(RT;C5°(R?)). Here, the right hand side of the last integral given
above is defined by

et nwet

1 , )
=5 /RG/S2Bf(v*)f(v)(<P(v )+ p(vy) — o(v) — p(vs))dvdu,do.

Hence, this integral is well defined for any test function ¢ € L>([0,T]; W2 (R?))
(see p. 291 of [19]).
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Since the existence of weak solution was already proved in [19], we will then
only need to show the regularity of the weak solution. Let f be a weak solution of
the Cauchy problem (1.1). For any fixed Ty > 0, we know that f(t) € L'(R3) C
H=2(R3) for all t € [0,Ty]. For t € [0,Tp], N >0and 0 <J < 1, set

—No
x (1+alg?)

Nt274
Ms(t,§) = (1+1¢P)
with Ng = 240 + 2. Then, for any & €]0, 1]
M;s(t, Dy)f € L%([0, To]; W2 (R?)),
whose norm is bounded above from Cjs|| foll -
By using Proposition 2.1, we have
m—+1
I log A) 2" Ms(t, Do) fllZ2 < Cp {(=Q(f, Msf), Msf) 2 + [ Msfll7=},  (3.1)
where the constant Cy is independent of § €]0, 1.
To apply this logarithmic regularity estimate to the nonlinear Boltzmann equa-
tion, we need to estimate the commutators of the pseudo-differential operator
Ms(t, D,,) and the nonlinear operator Q(f,-) which is given in the following lemma.

Lemma 3.1. Under the hypothesis of Theorem 1.1, we have that

QU Ms ), Msf)re — (QUf, f), M5 2| < Crl|Ms |7 (3.2)
with a constant Cy > 0 independent of 0 < § < 1.

Proof. By applying Proposition 2.1 to the function Msf € H?, we have
(-Q fa M;sf), Méf)L2(R3) + O(||M6f||L2)

T 202n)3 /RS/SZ GR U O)M (1, )| P + F0) M (t,67)|F (7))

~ 2Re f(¢ )Ma(t,é*)f(ﬁ*)Ma(t,£)f<£)}dod§,
By the Bobylev identity, we also have

(Q Maf /RO/S2 (k-o)f(va)f (M(;f( N — Mgf(v))dv*dady
(27)3 /R/S e DM (¢, f)f(ﬁ*)f(é)—f(o)Mg(t,g)|f(g)|2}dadg.

Thus,
(Qunar),, = =55 | [ o( - o) {fomzeolier
+ £ >M5<t £+>|f<§+) — 2Re f(€7)Ms(t, £+>f<s+>Ma<t,f>f<s>}dadg
som7 L LG - o) {fonsesniient - fonzeolior
+2Re f(€7)Ms(t, f)f(f*)f(&) [My(t,€) = My(t,€7)] }dods.
=(Q<f,M5f> M;f) +0(\|M5f||m)
som L LG - o) {fone.sniient - fonzeolior
+2Re f(€ Maté“)f(£+)f(€)[Ms(t §) — Mj(t,€")] }dods.
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Hence, it remains to show that

/R [ PO NN - FOME 1€ Pdade] < Cols 1.

[, [ o{re fe 0. 7€) 70 [bst.6) ~ Ms(e.6)] o
<CHMSIE . (33)

The first estimate can be obtained by using the argument for the cancellation lemma
given in [1] because

| / | p{Fonsaeniient - fonze ol

. A 1
J— N 2 2 J—
=)l | / e ) FOMEE VO [ 7y — 0
< Collfllz M5 f172-
To prove the second estimate, we need to show that
[M(1,67) = M(t,)] < No2 ¥+ i Eari(1, ). (3.4)

For this, recall

£+|€|0

0
1€ = ‘€|2COSQ* — .0 = cosb,

|§|

and the collision kernel is supported in || < 7/2. Then

£+

P erp < e, (2 — 16t = e = sin? Ljep2
2 2
Denote
Ms(t,s) = (1+5)" 7 x (1+3d5) N, s=e2, sy = e
so that

Ms(t,€) = Ms(t, [€[).
Then, there exists st < § < s such that

ty(t,5) ~ Nt 1) = 001,55 — 5.1,

Note that s — s, = ssin® ¢ and

2

OM; 1 ) -

—(t,s) =< (Nt—4 — N, M;s(t, s).

0s (¢ ) {( )2(1—|—s) 01+68} 5(t:5)
By using

s ds
) <1,
1+s 14+6s
and }
{Wg(t7§) < 9(NTo+4)/2,
s(t,s+)

we have

5 5 0 -
|Ms(t,s) — Ms(t, s4)| < No2WToH+4)/2 gip?2 §M5(t, S4),
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which gives (3.4). Now the second estimate in (3.3) can be proved as follows,

‘/ b{ Re (€)M (1,€) F(€7) F(&) [Ms (1, ) — My(t,€7)] hdorde ’

< [ [ beosoysin® G M (1, € F(E M) ) dordg
RS SQ

/2 R R R
<C [ [ bloostysin® §sinbl (€)Mt €)IFEN) Ma(e, OLF(€) dbe
R3 J—7/2

< ClIfllze [1Ms £ 1172

O

If Ms(t,D,) is replaced by the differential operator D¥  then the commutator
is given by Leibniz formula. Therefore, in some sense, this lemma is a microlocal
version of the computation given in [10]. We are now ready to prove Theorem 1.1.

Proof of Theorem 1.1. Firstly, we note from Definition 3.1 that any weak solution

[ has the following properties. That is, M2 f € L>([0, Tp]; W% (R3)),
Ms [ € C([0, To); L*(R?)),

and for any ¢ E]O,TO], we have

3, [OM v——//RS 8tM5 ))f(r)dvdr
/ RO+ [ (QU D). M)

The proof of (3.5) and (3.6) will be given at the end of this section.
On the other hand, it follows from (3.1) and (3.2) that

| (log A) 3 M ][22 < Cy {(=Q(f, 1), M5 )2 + |IMsf|172} -
Since
(0:Ms)(t,€) = Nlog < & > Mjs(t,§),

we obtain

/ /R atMé ))f(T)d’UdT

This together with (3.6) and (3.7), imply

|(Ms£)(B)130 + 25 Jy || (Qog A) ™2 (M f)(7)|[2adr <
1M5(0) foll22 + 2N [ || (log A)? (M5 f)(r)||2adr + [ ||(Msf)(r)||22dr.

For m > 0, by interpolation, we have for any ¢ > 0,

<N / | (log A)} (M; f)(r)|2adr.

10NN + (56, —<) [ 10088 (s 1)(r) e

< | M5(0) o2 + Coy / (M ) () 2.

(3.5)

(3.6)

(3.7)
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By choosing ¢ = ﬁ > 0, there exists C¢ n > 0 depending only on Cy, N, Ty and
being independent of § €]0, 1, such that for any ¢ €]0, Tp],

t
1M5(6)f(1)][72 < [|M5(0) foll7- +Cf,N/O [M5(7) f(7)|[72dr.
Then Gronwall inequality yields
I(M5.f) ()12 < e“7¥ [ M5(0) foll 2

Since || Ms(6) (1) 22 = (1 = 6) N0 F(8)[2x, 1 g, and

1M5(0) foll 22 = 11 = 65) ™™ foll F-sgay < [l follFr-s(ea) < Coll follZs,
we obtain

(1= 62) =% FO)lFwe-aas) < Ce“ Nl follZ,

where the constant C' > 0 is independent of 6. Finally, for any given ¢ > 0, since N
can be arbitrarily large, by letting § — 0, we have

f(t) € HT(R?).
And this completes the proof of Theorem 1.1. O
The rest of this section is devoted to the proof of (3.5) and (3.6). In Definition
3.1, taking ¢(t,v) = ¥ (v) € C§°(R3), we get
¢
[ swvao~ [ s = [ ar [ QU swwds, 025 <<,
R3 R3 s R3

We can set 1) = M2 f(t), M2 f(s) because they belong to L>([0,T]; W (R?)). By
taking the sum, we obtain

[ sonzroa - [ sz - / £ (ME(t) — M2(s)) f(s)dv
R3 R3 3

/ dr / QU (), F(r)) (MZF(t) + M2 [(s)) do

Since the integrand of the first term on the right is estimated by |t —s|Cj|| fol| L1 f(t)
and in addition, the collision integral term is bounded by C{[| fol| ]| f]|3 1, we obtain
2

(3.5), namely M;f € C([0,To]; L*(R?)). In Definition 3.1 , we can rewrite the term
/ dr | f(r,v)0;¢(T,v)dv
]R3

:%li% dT/Rs (r,v) + f(7+ h,v))

QD(T + h7 ’U) — 90(7_3 ”U) dv
2h

for p(t,v) € C1(RT; C§°(R3)), by noting f € C(R*;D’). Let
p(t) = MF () f(1),
in the above equation, then its right hand side equals to

{ / i (M f)? T+h> (Msf)*(7)

lim
h—0

(Ms)*(7 + h) — (Ms)*(7)
/d’T ]R‘if fr+h) oh dv}.
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It follows from (3.5) that

o (M5 f)*(T + h) = (M5sf)*(7)
p ) dT/RS 2h dv

- }1&%% {/t+h dr — /Oh dT} /Rg(Maf)?(T)du

- %/RS(M(;f) (t)dv — %/RS(Maf)Q(O)dU

Hence, we obtain (3.6) because the Lebesgue convergence theorem shows that

t T 27_
i [ [ s 2 e+ 1) = (4 P0)

/ /R 8tM5 ))f(T)dvdT.

f(T+ h)dv

4. Gevrey regularity for the linear Cauchy problem. In this section, we
will consider the Gevrey property of the solutions to the Boltzmann equation for
potentials satisfying the inverse power laws. The following analysis only applies to
the linearized problem and the nonlinear problem will be pursued in the future.
Consider the Cauchy problem for the linearized Boltzmann equation

at =Lg=Q(u9)+Qg, 1), veR? t>0; gli=o = g0, (4.1

where g is the normalized Maxwellian distribution given in the introduction. The
definition of the weak solutions is similar to that in Definition 3.1.

Definition 4.1. For an initial datum go(v) € L3(R3), g(t,v) is called a weak
solution of the Cauchy problem (4.1) if it satisfies:

g(t,v) € C(R*; D'(R?)) N LY([0, To]; Ly(R?)) N L([0, To]; L' (R?));
9(0,v) = go;
fR3 g(t,v)(t,v)dv — fR3 go(v)p(0,v)dv — fo dr fRs g(1,v)0-p(T,v)dv
= fg dr [gs L(g) (7, v)p(T,v)dv,

for any test function p(t,v) € C*(R*;CS(R3)). The right hand side of the last
integral given above is defined as the one in Definition 3.1 which makes sense for
any ¢ € L ([0, Tp]; W2 (R3)).

Notice that in the linear case, the non-negativity of ¢ > 0 cannot be assumed
because it represents the perturbation. Thus, even though the mass and energy
conservation laws hold, they do not imply g(t,-) € L3 from the same initial bounds.

From now on, we are going to show that the weak solution g(¢,-) is € Ga (R3)
for 0 < t < Tpy. The existence of weak solutions in this class will be discussed at the
end of this section.

Under the assumption (1.5) on the cross-section, the following sub-elliptic esti-
mate is known, cf. [1]:

1A flIZ2 < Cr{(=Q(h, f), ez + I flIZ=} (4.2)
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for any f € H> and h > 0, h #0, h € L1 N Llog L. Here, the constant Cy > 0
depends only on |[Al|L1 and [|h[|L10g . For 0 <d <1, set

MO
Gs(t,§) = [ IGE
Then if g € L([0,Tp]; L3 (R?)), we have
Gs(t, Dy) (D,) " g € L([0, To]; H*(R®));
G3(t, D) (D)™ g € LH([0, Tol; W (B?)),
and
IAGs(t. D) (D) gl < Cu{(=QU.Gs (D) ). G5 (D) *g)s
+|Gs(t, Do) (D)™ gll3: }, (4.3)

where the constant C,, > 0 is independent on 4.
As in the previous section, the following lemma gives the estimate on the commu-
tator of the pseudo-differential operator Gs(t, D,) (D,)~* and the collision operator

Q(M’ )

Lemma 4.1. For the function g and with the notations given above, we have

[(Q(u, G5 (D) ™* 9),Gs (D) g) 12 — (Q11, 9), G3 (D)% g) 12|
< Cul|Gs (D) gll12l|A®Gs (D)™ gl| 2, (4.4)

and
(Q(g: 1), G5 (D) " g) 12| < Cullgll 3| Gs (D)™ gl 2, (4.5)
where C, > 0 is independent of 0 < § < 1.

Proof. For (4.4), similar to the proof of Lemma 3.1, we choose Gs(t, D,) (D) g €
H?(R3) as the test function. Without loss of generality and for simplicity of nota-
tions, we drop the regularized operator <D>74 in the following calculation because
it does not create extra difficulty. In fact, the main problem is to estimate following
term,

‘/b(é : a){Reﬂ(f_)§(§+)05(t,§)§(£) [Gs(t,€) _Gé(tm]}dadg‘.

Notice that the weight G;(t, &) is an exponential function so that an estimate like
(3.4) fails. Instead, we will show the following estimate

. 0 [e% —
[Gs(t,€7) = Gs(t: )] < Csin® (7 Gs(t,€7)Gs(t,€), (4.6)
where the constant C' > 0 depends only on « and Ty. For this, set
~ S
Gs(s) = 13755

Note that %G‘g(s) > 0 and

Gs(t, &) = Gs (et(1+|§|2)“/’“> _
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By recalling |£[? = [€F]2 4+ |¢7|? and |€7|? = |¢|?sin® £, we have

Cott.6") — Gale )] = expt(1+ €2 + (£ — [E[2)"
Ga(te™) — Ga(t,€)] \/0 T somt s e (e )

x (L IR+ (gt — [62)/ e 167

<O (1, €)1+ JeP)?sin? £,

where we have used 1[¢[2 < [¢]2 + 7(|¢F]2 — [£]%) < €. Notice that for 0 < o < 1,
0 <6 <1, and for any a,b > 0, we have

A4+a+0)*<(1+a)®+(1+b), (1+d5e*) (14 deb) <3(1+de*t?).
Then,

G (et(1+|£ﬂ2+|£*\2)a/2> < G (et(1+\£*|2)a/2+t(1+\€*Iz)c‘”) < 3Gs(t, €7)Gs(t,€7),

which gives (4.6). Therefore, we have

[ [ et 65030 [t ~ 1. €] paoa|

IN

¢ b sin §|Ga(t7§‘)M(§_)|G5(t,€+)lﬁ(§+)| ()7 Gs(t, )19(&)|dods

R3 JS2
CllGspllLrGagllL2[|A®Gsgl 22,

so that (4.4) follows.
We now turn to prove (4.5). By using the Bobylev identity, and noting that

) = ﬂ(£+)ﬂ(€_)’ f1(0) = 1, we have

(Qlg. 1), G2g) 1] = ] [ e —9(0)A(&))Gﬁ(t,é“)ﬁ(&)dadf‘

IN

- ‘/ €7))Gs(t, OET)G5(t. )a( dadg‘
= ‘/bg [1(0)) G5 (t, §)a(€7)Gs(t, €)g( dadg‘
‘/ 0))Gs(t, )il€T)Gis(t, €)d( dadg‘

For the first term in the last inequality, since

0
(67) — WO)] < |67 < [¢f*sin®

2
we have
‘ / b4 (0 7(0)) Gt )A(E )G (1, €)i dads‘
6
< lglle / boos)sin® St )66 )G (1. (€ 0
< Crllglusl|Gsgll .

where Cr, = 4||G5(2Ty, D)|D|?1u|| 2, while for the second term, when 0 < o < 1/2,
the estimate

0
19(67) = 9O < I 7 gllz=1€7] < llglly [€] sin 5,
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gives
/Rs /SQb 9(€7) = 9(0)) Gs(t, ) (€T Gs(t, f)&(g)dadg'
< lgllz /]RS /82 b(cos 6)| Sing|G5(t’§)|§|ﬂ(§+)G5(t,£)g(£)d9d§‘
< COrollgleil|Gsgllze-

On the other hand, when 1/2 < « < 1, the above simple calculation does not
work. Instead, we need to use the symmetry in the integral according to the geo-
metric structure of

e A A R L
For a fixed £ # 0, denote the unit vector o = Ry (%) as a rotation of the unit vector

% by an angle #. Moreover, denote & = R_g(é—l

\

)
£+l o _e—ldlo
R e St

Then we have, cf. Figure 1,

(=165, 1€ 1=1E71, 1€17 (&, &) = cosb.

With these notations, the integral can be estimated as follows,

/Rs /S |§| f? (€)= 9(0)Gs(t, £)a(ET)Gs(t,€)g(€)dodg
/Rg /S g éf ) = §(0))G5(t, AET)G5(t, ) g(€)dade
*/RB . b(cos 0) (§(€7) +g(€7) — 29(0)) Gs(t, ) (ET)G5(t,€)g(€)dode.
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Here we have used the fact that do = do and p(£7) = p(ST). Notice that £~ and
&~ are symmetric with respect to € so that we can denote them by

—

5_:5—’_57 g_ :Ei_bv
with
|d| = sing\§_| = sin? g|§|7 o] = sing|§+| = singcosgm.
Thus,

19(67) +9(67) = 23(0)] = [3(@ + b) — 29(a@) + §(d@ — b) + 2(9(@) — §(0))|
< llgl o3[ + 2llgll 41l

Finally, for 1/2 < a < 1, we have

/Rs /S (9(67) = 9(0)Gs(t, (s ") Gis(t, E)f](i)dadﬁ‘
< (llgllzr +llgllzy)
. 90 R _
X /]R3 /S2 b(cos 6) sin” §G’5(t, o)(l¢) + |§|2)u(f+)G6(t7S)g(é)dﬂdg’
< Cry(lgllzr + llglle)lIGsgll 2.

Therefore, we have obtained (4.5) and then completes the proof of the lemma. [

We are now ready to prove the second main result in this paper.

Proof of Theorem 1.2. By the same argument as given in Section 3, we see that
G3(t,D,) (D,) " g € L=([0, To}; W (R?))
whose norm is bounded by Cs supy 1,1 [|g(?)[| 1, and moreover,
Gs(t, Dy) (Do)~ g € C(0, Ty} L*(R?)),
by using g € L1([0, Tp], L}). Hence, set
p(t) = G3(t, D,) (Do) ™" g(t,v)

in the last equation of Definition 4.1. By a similar argument as the one for (3.6),
we have

% - Gs(t) <D>*4g(t)l2dv—1/ 1G5(0) (D)™ go|2dv
_’// 3tG2 (1) (D)~ 8g(7’)dvd7‘
R3
- [ (@) 6300 (0 S gl uar, (a1

for any ¢ € [0, Tp]. On the other hand, it follows from (4.3), (4.4) and (4.5) that

1A°Gs (D) gl3x < Cu{ (L9, G3 (D) 911 + 1G5 (D) gll3 + 2, }
(4.8)
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Combining (4.7) and (4.8) implies
1G5(t) (D)™ g(0)]]7 t5a- / IA*Gs(r) (D) ™" g(7)||72dr <

7)(8:G3(r)) (D)~* g(r)dvdr

1G5(0) (D) ™" golIZ + 9

+ [ 6t <D>‘4g<r>||izdr+ / oI}y

Since
|atG6(t7€)‘ S G6(ta§) <§>C¥
we have
9 7)(9,G3(7)) (D) ~® g(7)dvdr
/ ||AaGa () (D)~ g() 211G (r) (D)~ g() | o,
and

1G5(0) (D)~ goll7= < (D) " goll3> < CllgollF: -
Thus, for any € > 0, we have

165 (D) o0)13 + (5~ ) [ 10°Gs(r) (D) o(r)l

t t
< Collgoll3s +C- / 1Gs(r) (D)~ g(r)|3adr + C / lg(r)l13dr.

By choosing € = ﬁ > 0, the above inequality shows that there exists a constant
"
Cs > 0 independent of § €]0, 1], such that for any ¢ €]0, Tp]

1Gs(t) (D)™ g(t)]3 ) ¢
< Cllll + o 165 0) ™ o+ [ laelyir |

Then the Gronwall inequality yields

1G5(6) (D)~ g(®)[32 < Coe®lgol3s + Cac®* / O (2, dr,
where the positive constants Cy and Cs are independent of §. Hence, by noticing
e MO (6)° < Cat™,
for any fixed 0 < t < Tp, we have
eét(D”ag(t,v) €L’
And this completes the proof of Theorem 1.2. O
The rest of this section is devoted to

Proof of Proposition 1.1. The construction of the weak solutions which meet the
requirement of Theorem 1.2 is based on the following estimate of the operator L in
the weighted space L7 = LZ(R3).
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Proposition 4.1. Assume 0 < o < 1/2 and let £ > 2a + 3/2. Then, there ezists a
positive constant C such that for any g € L?, it holds that

(Lg,9)rz < Cllgllzzllgllry + lgllzz)-

Actually, this is just part of the coercivity estimate of L as stated in Remark
4.1 given below, but is enough for the present purpose. Notice that the restriction
0 < a < 1/2 comes from (4.18). The proof of this proposition will be given at the
end of this section, and we now proceed to the proof of Proposition 1.1.

Let Ls be the operator L with a cutoff kernel
bs(cos8) = x (0] > d)b(cos ),
where ¥ is the usual characteristic function. Although this is not a bounded operator
on L? = L%, so is the operator Lr s = TrLsIr where Zg is a smooth cutoff function
1 (jv] < R),
0 (jw|>=R+1).

The proof of this boundedness is straightforward and hence is omitted. Thus, Lz s
is a generator of Cy semi-group e'“#:5 on L2. For any gy € L?, define

hrs(t) = etLR“‘go.

Since Lg s is a bounded operator, hg s(t) has strong regularity in the ¢ variable,
ie.,

Tr € CP(R?), 0<Tp(z) <1, Ir(v)= {

hrs € C([0,00); L?).
Thus, it is a unique strong solution to the Cauchy problem
dhr,s
dt
Moreover, the following holds.

= Lgshrs in L* (t>0), hr.s(0) = go- (4.9)

Lemma 4.2. For any { € N and go € L2, hrs(t) is in C*([0,00); L?) and satisfies
(4.9) strongly in L?.

Proof. Put Wy(v) = (1+ |v|)*. Since W, Zg € L>(R?) and since Lg s is a bounded
operator, the series
Wihps = Wee TR Trgy = Wogg + > EWZIR(IRL‘SIR)’CQO
k=1""
converges in the norm of L2. In addition, the series can be differentiated term by
term in £. This completes the proof of the lemma. O

On the other hand, it is easy to see from its proof that Proposition 4.1 applies
also to Lp s with the same constant C which is independent of R,§. This and
Lemma 4.2 then yield for £ > 2a + 3/2

d dhp.s
aHhR,éH%; =2(—, " hro)iz = 2Lrshrs, hrs)rz (4.10)
< Cllhrsllz([hrsllcr + 1hRsllL2)-

From now on, assume ¢ > 5/2 so that £ > 2+ 3/2 and L? C L}. Then (4.10)
yields

1hrs(®)llzz < e“llgoll L2, (4.11)
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for all t > 0.
To simplify the notations, put
Xo=L>([0.T); LF), Ye=L*([0,T]; L}).
It follows from (4.11) that
hrs € XeNYe, Nhrslix, <e“lgollzz,  Nhrslye < VT |lgoll 2,

for any T > 0.

Now, fix > 0 and let R — oo. It is clear from the above estimates that there
exist a function hs and a subsequence {hr s} (with abuse of notation) such that for
any I' > 0,

hs € XeNYe,  |hsllx, < e“Tllgollzz,  Ihslly, < VTeCT||goll s,
hrs — hs weakly* in X, and weakly in Y.

Consider the weak formulation of (4.9):

~ (g0, #(0)) 2 — /0 (his (7, 60 (7)) podr = /0 (his (), TRLATro (1)) podr, (4.12)

where ¢ is any test function in C§°([0,7] x R3?) satisfying ¢(T) = 0 and L* is the
adjoint operator of L defined in the sense given in Definition 3.1. Take the limit of
(4.12) as R — 0. Clearly,

W, IpLiIpe — W, 'Li¢  strongly in Yy,

so that we have
T

T
= (90,9(0)) > —/0 (hé(T),@ﬁf(T))deT:/ (Wehs (1), W ' L3o(t)) 2dr. (4.13)

0

Now, let § — 0. Then, there exist a function g and a subsequence {hs} (again
with abuse of notation) such that

9€XenYs, glx, <e“Tligollzz,  lgllve < VTe“T|gollzz,
hs — g weakly* in X, and weakly in Y.

The function g is indeed the desired weak solution. To see this, note that
W, 'Li¢p — W, 'L*¢ strongly in Yy as & — 0.
By taking the limit § — 0 in (4.13), we deduce

= (g0, $(0)) 12 — /0 (G(7), 6o (7)) ol = /O (Weg(r), Wi L (7)) padr. (4.14)

Finally, set

o(t,v) = / n(s)dsu(t,v), 1€ C=(0,T)), v € C([0,T] x RY).

Then (4.14) yields
T t
| 00{(60. 602 (90,002 = [ (6l7), 00D ndr
0 0

—/0 (WeQ(T),W[lL*w(T))deT}dt =0,
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which implies

(9(t), (6)) 12 — (g0, (0)) 12 — / (9(r), e () 2l
—/0 (Weg(m), W, ' L*Y(7))p2dT =0 a.a. t.

This is just the last equation in Definition 4.1, which, then, gives for any test
function of the form v (¢,v) = ¥(v) € C§°(RY),

(9(), B2 = (9o, §)12 + /0 w(r)dr,

where w(t) = (Wyg(t), W, 'L*¢) 2 € L*(0,T). Thus, g € C(R*,D’). In summary,
g meets all the requirement stated in Definition 4.1. The proof of Proposition 1.1
is now complete, except for O

Proof of Proposition /.1. Firstly, consider L1g = Q(u, g). Recall Wy(v) = (1 + |v|)*
and use the notation W, = W, (v'), etc, to deduce

(L19:9) 12 = (L1g, Wig) 1 = / b(pg' — s g) W7 gdvdv,do

R6xS2

= / bug{(W})*g' — Wigldvdv.do = / bug(WeW,g' — Wig)dvdv.do
R6 x .52 R6 x .52

+ / buwg(W; — Wo)W,g'dvdv,.do = Ay + As.
R6 x 52
‘We note that

A = —f/ b (Weg — W,g' )2 dvdv.do
2 RGXS2

1
— 5/ b {(Weg)? — (W}g')?Ydvdv.do = A1y + Aia.
R6 xS

Clearly,
A <0. (4.15)

Ajs can be computed just by the cancellation lemma in [1] with v = 0, yielding

1
A= / 104S 0 (Wig)?}du,.
]Rl}

where ”x,” is the convolution in v and S is the function introduced in [1], which is
a constant function in our case, that is,

/2
S = 277/ sin@[(cos 6)3 — 1} b(cos 6)db.
0

Hence,

S
Al =5 [ w{ [ (Wegpdv}av, = clwiglP = Clglz. (119)
R3 R

3

In order to evaluate As, first, we compute

(Wi = Wel < C" = o|(Wy_y + Weer) < CO(Jv] + o) (Wy_y + Wea),  (417)
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where we used |v' — v| = |v — v,|| sin(6/2)|, which comes from (1.4). Therefore,
recalling that p is a Maxwellian, we have

p Wi — Wl < COuY (Jo] + 1)(Wi_y + Wer) < COp>(Wy + W)
< CO W * W, Wi + 1) < Cout/*w,

because

pEIW) _ o Wil)

W) = CWlgme =% 770

by virtue of the conservation law |v|? + |v.|? = |[v/|> + [v.|?. We then get
2
A, < c‘/ ab(cosa)ui/4|wgg||(W£g)/|dvdv*da‘
R3XR3x S?
< 0{/ ob(cos9)M1/4|ng|2dvdv*da}

R3xXR3x .52

X {/ 0b(cos 9),u1/4|(ng)'|2dvdv*do} = C Az Ags.

R3 xR3x .52

It is at this stage that we need to assume 0 < « < 1/2 for the collision cross
section B satisfying (1.5) so that

/2
0b(k - 0)do ~ / 0720 < +oo (k€ S?), (4.18)
52 0
can hold. Then,

Ap < C/ ui/“dv*/ [Wegl*dv < Cllg|7.-
R3 R3 ‘

The estimation of Aso is done by the help of change of variables

qu’:”z”*Jr'U;”*'a (4.19)

which was introduced in [1] where the Jacobian is found to be

@‘_ 8 B 8 B 4
| 1 kes| kol os072)

<8, 60elo, g]. (4.20)

We shall be careful, as in [1], that after this change of variables, k = (v—wv,)/|v—v.]
is a function of v, v’, o so that € plays no longer the role of polar angle because the
“pole” k moves with ¢ and hence the measure do is no longer given by sin 6dfdq.
Therefore we need a new pole which is independent of o to carry out the integration
in 0. A possible (and indeed the best) choice is k' = (v' — v,)/|v" — v.|, for which
the polar angle ¢ defined by cosy = k' - o satisfies (cf. [1, Fig. 1]),
0 . T
P = 2 do = sinpdipde, P €0, Z]

This implies that 8 works almost as polar angle and we can write

AQF/ W[ Dofvn, o) [(Weg) Pde’ .
R3 R3
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with

DQ(U*,U,):/ 0(vs,v,0)b(cos O(v,, v, 0))do
S2

w/4 /4
< C/ ¥b(cos 2¢) sin dip < C/ Y% < 400,
0 0
which deduces
w0 [ W [ Wiy Par Yo, < Clgl
R3 R3 ¢
and finally
42| < C(An1Az)'? < Clg7. (4.21)

We shall now estimate Log = Q(g, 1). Write

(L29,9) 12 = (L2g, Wig) 12 = /R o b(g.p' — gupt) Wi gdvdv.do
X

= [ band(Wp2g — Weg)dudv.do
RS x 52

= / bguWe(W,g' — Weg)dvdv.do + / bgip(Wy — W)Wy g' dvdv.do
R6x 52 R6xS2

= Az + A4

In order to evaluate As, we again apply Bobylev’s identity [4] with §(§) = F(g),
O(&) = F(Wag), Y(&) = F(Wyp), to deduce

V — Uy
Ay = / o NG (Wi) — g.(Weps)} Wegdvdo, do
R6x S

o]
- / b o) e )T(ED) — §(0)(€)) B(E)dédo,
R3 x S2 |£|

where
1 B 1
§+:§(§+|§|0)» ¢ 15(5*\&0)-

Split Az as follows.
as= [ b(é| C)IENU(ED) - V(E)}B(E)dedo
R3xS2
[ M) ~ GO BEdo = Any + s
R3x S2 |£|

Without loss of generality, we may take Wy(v) = (1 + |v|?)?. Then, since fi(§) =
(27)3/2 u(€) for the absolute Maxwellian (1.9), we have

W(E) = F(Wep) = (I = Ae)"ul€) = P()(€),
where P () is a polynomial in £ of order 2¢. By noticing that

€ —el=lelsngl  LL<in <,
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with (£-0)/|€| = cos@, 6 € [0,7/2], we get
(W) — V()] < [PED)I(ET) — (&) + [P(ET) — P(€)|u(€)
< |PEOR2ET) = 2O 2(E0) + 2 (©] + [PET) = PE)|u(€)
< C(L+[EP0IElut(€) < Coul3(¢),
which yields, together with (4.18),
Anl < [ (e ln " ()le(e)lde (1.22)
.

< Clgheg 1@l 2@l 2 < Cliglps [Weglla-
On the other hand, by recalling the estimate
19(67) = 9(0)] < [(Ved)(ENIE| < CIENOIIVedllLz= < CIENIOI0]g]l
we get
|As2| < Cf[v]gl L1 /RS (W (E)[|P(&)]dE (4.23)

< Clllvlgllpa [Wepll 2 [Wegllr2 < Cligll i llgl zz-
It remains to evaluate A4. Since
Wy = Wil < Clo" —o{Wi_y + Wi} < Ol — o {jv" — |t + Wi}
< C{0 v — vi|* + Olv — v | W1},

we get
p()|Wy = We| < Cp2(w){6 We(v.) + Wi (v.)},

and hence

44 < ] / 0b(cos )11/ 2(0) | (Wag) (Weg) | dvdv.do

R3XR3x .52
+ / 0b(cos 0)u1/2(v)|(ng)*||(ng)’|dvdv*da} = C(A41 + As2)
R3xR3x 52
By the Schwarz inequality, we have
A3 §C’{/ 9€*%b(cos 0)u1/2(0)|(W49)*|2dvdv*da}
R3 xR3 x 52
< { / 0" Lb(cos 0)u" () (Wg)Pdvdv.do s = CAur Aus.
R3 xR3 x .52

From now on we choose ¢ > 2a + % A straightforward calculation gives

/2 s
A [otan [ [0V, P, = Clal
0 3

To estimate A412 we need the “singular” change of variables

R3

U"‘U* |'U_U*|
2 2

(4.24)

/
Vs /U =

whose Jacobian is computed as
Ove| 8 B 8 B
o’ 7‘1_/{@0‘7|1—k-0|7sin2(9/2)

<1602, 0€[0,7/2].




REGULARITY OF SOLUTIONS TO BOLTZMANN EQUATIONS 23

This gives rise to an additional singularity. Actually, the situation is much worse.
Recall that 6 is no longer legitimate polar angle. In this case the best choice of pole
is k¥ = (v — v)/|v" — v| for which polar angle 1) defined by cosy = k" - o satisfies
(cf. [1, Fig. 1])

T—20

P = 5 do = sinydiyde, 1/16[%7%]

Unlike for (4.19), this measure does not cancel the singularity of b(cosf) coming
from sin @ in (1.5). Nevertheless we have by (4.24)

Aa 2C [ Difwo) ()| (Weg) v
R3 xR3
with
0+3 -2 "2 @ 1-2a—1+40+3 -2
D1 (v,v") :/ 02 72p(cos §)do < C/ (= — o) t2an It =20y < C.
52 x4 2
The last inequality comes since £ > 2a + 3/2. Consequently, we have

Ap < CHQH%g

Finally, A45 can be estimated exactly in the same way as Ass by using the change
of variables (4.19):

Asz < Cllgllrllgll 2z
Thus we obtained

Ay < C(llglley + lgllz2)llgl ez (4.25)
Combining (4.15), (4.16), (4.21), (4.22), (4.23) and (4.25) together completes the
proof of Proposition 4.1. O

Remark 4.1. A;; has the coercivity estimate,
— A1 > Cl||Dy|*(Weg) |22 = CallgllZz,

for some positive constants C; and Co, which comes from [1, §6]. This estimate
gives a generalized version of the sub-elliptic estimate (4.2) in the weighted space
2.

5. Appendix. The collision cross-section of the Debye-Yukawa potential.
Following the computation given in [6, 20], we will give an asymptotic description of
the Boltzmann collision kernel B(z, o) for the potential U(p) defined in (1.6). Here,
p is the distance between two interacting particles, z = v — v, is relative velocity,
o€ S?and < I%I’ o >= cos(m — 2¢9), = m — 20 is the deviation angle. Let p > 0
be the impact parameter which is a function of 1 and z. Then Boltzmann collision
cross-section is defined by
|2ls(Iz], ) p Op
B(lz),9) = 4cost 12 2sin 29 09’
where s(|z|,9) is called the differential scattering cross-section.
If p and ¢ are the radial and angular coordinates in the plane of motion, then the
impact parameter p(V,4) is determined by the conservation of energy and angular
momentum respectively:

{ (PP +02*) +U(p)=35V2+U(0), (p<o),
P> = pV>.

(5.1)
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Here the relative speed is now denoted by V = |v — v,|. As usual, it is impossible
to give an explicit expression of solutions to this nonlinear system of ordinary dif-
ferential equations. Hence, in the following, we will study the singular behavior of
the solutions around the grazing collisions, that it, the situation when 6 ~ 0.

By using ¢ as the independent variable to eliminate the time derivative, after
integration, we have

1 7, VP ? ~1/2 o

9= \/§Vp/p(J p 2[7(1— 1;—2) —U(p) + U(o)] dp +sin~! (g) ,

where pg is the smallest distance between two particles which satisfies

2
%Vz(l - i—%) = U(po) — U(c) > 0.

Note that p < pg < p < 0. By the transformation u = %, we have

19:/1) 0 [1 — = %(U(p) _ U(U))}_1/2du+sin_l (8)7

/o u g

where ug = p/po satisfies

2 P
1—ul W( (uo)—U(U))=0
Therefore,
O_7m w7 ["n_we_2w® - “2g0 it (P
5= 3 19—2 /p/g[l u VQ(U(u) U(o))] du — sin (U)

Looadt p/o uo
= e at i
/0 V- /0 V-1t /p/a [ vz
By setting u = ugt, we get

0 1 dt 1 . 9 ’ s

3= e b UG @] e
e

1 dt 1 , 9 » » i,

S e UG R e
ugo

2U () —2U(-2

r/o dt 1 1 7) —1/2
= + — [l (14— bot dt,
/pa V1—t2 /uzog \/17152[ ( (1—t2)V2ul ) ]

uQ

where we have used the fact that
1-— u% 2 p
= U(—)-U .
u3 V2u2 ( (uo) <U))
It is clear that there is no explicit formula for § = 6(p, V'). To study its asymptotic
behavior when 6 ~ 0, we let 0 — oo which is equivalent to let p — oo. In this limit,
we have ug ~ 1 and
2U(E) - 2U(L))71/2 U(E)-UGE)

1 Uug uot ~ 17 uo T{)t
I+ e 0 - V202

Thus,

oN/l 1 Up)-U®)
27 Jo VI-2 (1-£)V2

dt.
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By plugging U(p) = p~'e~*" into the above integral, we have

Q ~ iefps /1(1 - t2)73/2 (1 - tefps(t_tl)) dt
2 V?p 0 '

Since

(1- t2)_3/2t(t_s - 1)sps_1e_ps(tfs_1)dt < Cysp®~ 1,

8 1 s —s8
< - 1— 2 —3/2 1— —p (t —1)
o<y (/0 (112 ( te )dt
1
0

it holds that
1
0<co< / (1—2)73/2 (1 - te—”*’(t’*’—l)) dt < Cyp® + co.
0

where ¢y = fol(l —t2)73/2(1 — t)dt. Finally, for p — oo (equivalently § — 0), we
have

logh ~ —K'p®.
In summary, we have the Boltzmann collision cross-section for the Debye-Yukawa
type potentials as

v_op

2sinf 06
for some constant K > 0 when 6 ~ 0. Note that the cross-section B(V, ) satisfies
for any s > 0,

2
2

~ KVO~2 (logh ), (5.2)

B(V,0) =

w/2 /2
/ B(V,0)sinfdf = 400, and / B(V,0)sin? 8df < +oc.
0 0

Added in the proof. After the paper had been submitted, Prof. R. Alexandre
communicated the paper [8] to us which proves the uniform propagation in all time
of the Gevrey regularity for Maxwellian molecules, including the case when the
Gevrey index s is not less than 1/2. Here we stress that Theorem 1.2 is focused
on the Gevrey smoothing effect, not the Gevrey propagation, and moreover the
method presented here yields the Gevrey smoothing effect of the index 1/2« if one
replace (€)® in the weight Gs(t, &) by £(£)?* because, for example, the right hand
side of (4.4) is only changed to eC,,[|[A*G5(D)4g||%..
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