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ABSTRACT. In this paper, we study the Gevrey regularity of weak solution for a class of
linear and semilinear Fokker-Planck equations.

1. INTRODUCTION

Recently, a lot of progress has been made on the study for the spatially homogeneous
Boltzmann equation without angular cutoff, cf. [2, 3, 7, 21] and references therein, which
shows that the singularity of collision cross-section yields some gain of regularity in the
Sobolev space frame on weak solutions for Cauchy problem. That means, this gives the
C™ regularity of weak solution for the spatially homogeneous Boltzmann operator without
angular cutoff. The local solutions having the Gevrey regularity have been constructed in
[20] for initial data having the same Gevrey regularity, and a genearal Gevrey regularity
results have given in [16] for spatially homogeneous and linear Boltzmann equation of Cauchy
problem for any initial data. In the other word, there is the smoothness effet similary to heat
equation.

However, there is no general theory for the spatially inhomogeneous problems. It is now
a kinetic equation and diffusion part is nonlinear operator of velocity variable. In [1], by
using the uncertainty principle and microlocal analysis, they obtain a C'™ regularity results
for linear spatially inhomogeneous Boltzmann equation without angular cutoff.

Consider the following linear kinetic operator

(1.1) P=0,+v 0, +alt,z,v)(—A,)°, teR,(z,v)eR™,

* Partially Supported by NSFC.
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where 0 <o <1, v-0; = X7 10,04, , a(z,v,t) € Cp(R*™MY), a(t,z,v) > co > 0 and (—A)°
is the Fourier multiplier defined by

(=20)7u(t,z,0) = (2m)~Cr Y / Tt | 2oq (7, €, m)drdgdn.
R2n+1

P is not a pseudo-differential operator in R?"*! since the coefficient of kinetic part is not

bounded in R?"*! and the symbole of (—A,)? is not smooth. Here and all throughout the

paper, we denote by 4(7,&,n) the Fourier transform of w in the (¢,z,v) variables. In this

paper we only consider the partial case of ¢ = 1, and the case o € (0, 1) will be pursued in

the future. we have a linear partial differential operator in R?*+1

(1.2) L=0+v 0, —a(t,z,v)\,,

where A, is Laplace operator of velocity variables v.

The motivation of study for this class of operator is , as in [14], attempt to study inho-
mogenous Boltzmann equations without angular cutoff and non linear Vlasov-Fokker-Planck
equation (see [10, 11]).

Before stating the result, we recall the definition of Gevrey class function. Let U be an
open subset of R and f be a real function defined in U. We say f € G*(U)(s > 1) if
f € C*®(U) and for any compact subset K of U, there exists a constant C' = C'x, depending
only on K, such that for all multi-indices o € NV and for all z € K

(1.3) 0°f(2)] < O (o).

Denote by U the closure of U in RY. we say f € G*(U) if f € G*(W) for some open
neighborhood W of U. The estimate (1.3) for z € K is valid if and only if the following one
is valid ( cf.Chen hua-Rodino[5] or Rodino[17]):

10° Fll 2y < CIETH(Jal)?lel,

In this paper, we use the above estimate in L?.

We say an operator P is G* hypoelliptic in U if u € 2', Pu € G*(U) implies u € G*(U).
Likewise, we say an operator P is C°° hypoelliptic in U if u € 2', Pu € C*°(U) implies
ue C®(U).

The operator L satisfies the Hormander’ condition. By virtue of the results of Hormander
[5], we know that £ is C°° hypoelliptic, and Morimoto-Xu [14] have proved that P is also
C* hypoelliptic if 1/3 < o < 1. In the context of Gevrey class, Derridj-Zuily [6] proved that
L is G*-hypoelliptic for s > 6 in a general form of Hérmander’s operators.

In this paper, we improve firstly the results of [6] for Fokker-Planck operators as the
following theorems.

Theorem 1.1. For any s > 3, the operator L given in (1.2) is G° hypoelliptic in R*"+1,
provided the coefficient a is in GS(R*"+1).

Of course, Theorem 1.1 is also true for the following general operators,

n

[‘/ = 875 + A(U) : ax - Z ajk(taxa U)agjvk

Jk=1
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in an open domain U of R?"*!, where A is a non singular n x n constant matrix, (ajk(t, x, v))
is positive defined on U and belongs to G*(U).

Remark Our results is a local and interior regularity results, that means if there exists a
weak solution in 2’, then this solution is in Gevrey class in interior of domain. So that if
the weak solution is a solution of the Cauchy problem, we don’t need the regularity of initial
data, and there exists not the problem of weight as in [14] where they consider the global
problem for the velocity variable v.

We consider now the semi-linear equation

(1.4) Ou+v-Vyu—alyu = F(t,z,v,u)

where F' is nonlinear function of real variable (¢, x,v, s).

Theorem 1.2. Let u € L (R**1) be a weak solution of equation (1.4), then
u € G5 (R2H1)

for any s > 3, provided the coefficients a is in G*(R?*"*1) and nonlinear function F(t,z, v, s)
is in G3(R?"2),

The plan of this paper is as follows : In section 2, we obtain a sharp subelliptic estimate
for the Fokker-Planck operator £ via direct computation, and then prove the Gevrey hypoel-
lipticity of £. In section 3, we prove the Gevrey regularity for the solutions of the semi-linear
Fokker-Planck equation.

2. SUBELLIPTIC ESTIMATE

We recall firstly some notations, || - ||+, & € R, is the classical Sobolev norm in H*(R?"+1),
and (h, k) is the inner product of h,k € L?*(R?*"!). Moreover if f,g € C°(R?*"t1), from
Holder inequality and Young inequality, for any € > 0,

elnlz | llgll2
(21) (s o)l < Iblllgl— < S0 4 12,

We have also the interpolation inequality for Sobolev space, for any € > 0 and any 0 <
r1 <719,

(2.2) 12l < el[Allr, + Cel|P]o-

Let © be an open subset of R?"*1. We denote by S™ = S™(Q),m € R, the symbol
space of classical pseudo-differential operator and P = P(t,z,v, Dy, Dy, D,) € Op(S™) a
pseudo-differential operator of symbol p(t,z,v;7,&,n) € S™. If P € Op(S™), then P is a
continuous operator from HZ(Q) to H;: ™(Q). Here H7(Q) is the subspace of H*(R*!)
consisting of the distributions having their compact support in €2, and H;’ ™(Q2) consists of
the distributions h such that ¢h € H*"™(R?*"*1) for any ¢ € C§°(£2). The more properties
can be found in the Treves’ book [19]. Remark that if P; € Op(S™!), P, € Op(S™2), then

[P1, P3] € Op(Smitmz=t),

Now we show a sharp subelliptic estimate for the operator £, our proof bases on the work
of Bouchut [4] and Morimoto-Xu [14].
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Proposition 2.1. Let K be a compact subset of R*™*1. Then for any r > 0, there exists a
constant C ., depending only on K and r, such that for any f € C5°(K),

(2.3) 1fllr < Crrf ILF =273 + [ fllo }-

To simplify the notation, in this section we will denote by Ck the different suitable con-
stants depending only on K. We have firstly the following three lemmas, which establish the
gain of regularity in the velocity variable v, in the space variable x and in the time variable
t, respectively.

Lemma 2.1. For any r > 0, there exists a constant Ck, such that for any f € C§°(K),
IVofllr < Crr(I£f [l + [1f]l)-

We get a gain of regularity of order 1 for v variable. This is obtained directly by the
positivity of coefficient @ and compact support of f. For the space variable x, we have also
the following subelliptic estimate.

Lemma 2.2. There exists a constant Cx such that for any f € C§°(K),
1D fllo < Ce(I££1lo + 1 £1l0),
where D% = (—Dg)1/3.
This is a resluts of [4], and it is deduced by follwing two estimates
1D fllo < Cxc 180 lly 100 +v - 0: 115"

and
180 fllo < Cx(IILf o+ I.fllo)-

For the time variable ¢, we have alos a gain of regularity of order 2/3.
Lemma 2.3. There exists a constant Ci such that for any f € C§°(K),
10:fll=1/3 < Cc([I1£1lo + [.fllo)-
In fact, we have
101173 = 147200 fllo < [IA72(@ + v+ 02) fllo + 1470 - 02 f o,
where A = (1 + |D¢|> 4 | Dy |? 4 | Dy |?)"/2. From Lemma 2.2, we have
IA™ 20 -0, fllo < CxlIDY? fllo < Cr(I1££llo + [1f1lo)-

The estimation for the term ||[A~'/3(d; 4+ v - ;) f|lo can be obtained by direct calculus as in
[14].
Proof of proposition 2.1. The Lemma 2.1, Lemma 2.2 and Lemma 2.3 deduce immediately

(2.4) 1£llzss < Crd [I£f]lo + [ fllo }-

Moreover, choose a function ¢ € CgO(R2"+1) such that ¢|x = 1, Supp 7 is a neigbourhood
of K. Then for any f € Cg°(K) and any r > 0,

£l = 19l < Crl 10N Fllays + A7/, ¥]fllas }-
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By virtue of (2.4) and the interpolation inequality (2.2), we have

Ifllr < Cr{NCWA 2 fllo + 11 fllr—2y3 }
< Corc{ 1LOA 2B fllo + || fllo } +ell £l
Taking € small enough, we get
£l < Cr{NCF Iz + 1fllo + L, wA™23]f0 }.

Direct verification gives
L, A2 =[Ot - Oay AT =Y { lla, AT,
j=1

+a[a’0j7 [8Uj ) wAT?Z/S] ] + 20’[67)]'7 wAr72/3]8Uj }’
This along with Lemma 2.1 yields

1L, AP flo < Crf{ 1fll—zs + D10, Fllr—z/3 }

j=1
< Cr{ [ILfllr=2/3 + Ifllr—2/3 }-
These three estimates gives immediately
1l < Cr{ 1L lr—2s3 + [1fllo + [Lf[lr—2/5 }-

Applying interpolation inequality (2.2) again and taking ¢ small enough, we prove Proposi-
tion 2.1.

We consider now the commutators of the operators £ with derivation and cut-off function.

Proposition 2.2. Let K be a compact subset of R*™ 1. Then for any r > 0, there exist
constants Ck r,Ck o such that for any f € C3°(K),

I, DIfll: < Ck { [ILfllr41-2/3+ I fllo },
and

1L, elfllr < Craped 1£f1li—1/3 + 1 Fll0 },
where @ € CEO(RQ”H) and we denote by D the differential operator Oy, O or Oy.

Proof. By using the positivity of coefficient a, we have
18 fllr < Cr{ ILfllr + 1 fllra }-
And [£, D] = [0y + v - Oy, D] —[a, D]A, deduce
I, DIfllr < Cxf 1l + 180l 3-

The above two inequalities along with the subelliptic estimate (2.3) yiled the first desired
inequality in Proposition 2.2.
To treat ||[£, ¢]f]|r, the subelliptic estimate (2.3) give

IVofllr < Cr(I£Flr-1/5 + 1 1l0)-
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Now simple verification gives

A

IE, @l < Cr{ IFle+ D 10w fllr }

j=1
< Crp{ ILfllr—1ss + [ fllo }-
This completes the proof of Proposition 2.2.

We prove now the Gevrey hypoellipticity of £ . Our starting point is the following result
due to M.Durand [8]:

A

Proposition 2.3. Let P be a linear differential operator with smooth coefficients in ]Rév and
0,< two fived positive numbers. If for any r > 0, any compact K C RN and any ¢ € C®(RY),
there exist constants Cr, and Ck »(p) such that for all f € C§°(K),the following conditions
are fulfilled:

(H1) 1fllr < Crr ([P fllr—0 + I fllo),
(Hz) 1P, Dilfllr < Crr(I1Pfllr+1-< + 1/ 1l0),
(H3) 1P, @lfllr < Cr (@) P fllr—c + I fllo),
where 5
1 .
;= E@T/j’] =1,2,---,N.

Then for s > max(1/5,2/0), P is G*(RY™) hypoelliptic, provided the coefficients of P are in
the class of G*(RY).

Proposition 2.1 shows that the operator L satisfies the conditions (H;) with o = 2/3,
Proposition 2.2 assures the conditions (Hy) and (Hz) with ¢ = 1/3. Then £ is G¥(R*"*1!)
hypoelliptic, s > 3, and we have proved Theorem 1.1.

3. GEVREY REGULARITY OF NONLINEAR EQUATIONS

The existence and smoothness of weak solution for non-linear Cauchy problems was proved
In [14]. Now let u € L{ (R**1) be a weak solution of (1.4). Firstly, we will prove u €
C>®(R?"*1) and we need the following two lemmas (see for example [22]).

Lemma 3.1. Letr > (2n+1)/2 and uy,uz € H"(R**Y), Then ujug € H"(R*"*1), moreover
(3.1) luruzlly < Cllulrlluzlly,
where C' is a constant depending only on n,r.

Lemma 3.2. Let F(t,z,v,u) € C®(R*" T xR) andr > 0. Ifu € LY (R*™ )N H] (R*"T1),
then F(-,u(-)) € H], (R?"F1),

Now we are ready to prove

Proposition 3.1. Let u € L (R?*"*1) be a weak solution of (1.4). Then u is C>°(R>"+1),

loc
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In fact, from the subelliptic estimate (2.3) and the fact Lu(-) = F(-,u(-)), it then follows
that

(3.2) [rullyso/3 < CL U2 FCul)) e + v2ullo 3,

where 11,192 € C°(R?"T1) and 1) = 1 on the support of 1.

Combining Lemma 3.2 and subelliptic estimate (3.2), we have u € H:2 (R?" ) by induc-
tion. This completes the proof of Proposition 3.1.

Since the Gevrey hypoellipticity is a local property, it suffices to show the Gevrey regularity
in the open unit ball

Q={(t,z,v) € R 42 |22 + |v|? < 1}.
Set

Q. ={(t,z,v) € Q: 2+ |z +v)? <1 -}
and suppose . = () if ¢ > 1. For any €,1 > 0 with € + &1 < 1, take the characteristic
function x.., on the set Q.4 i.e., Xece, (¢, 2,v) equals to 1 if (¢,z,v) € Qcq, and equals
to 0 otherwise. Choose a function p € C§°(Q2) such that [go.41 p(t, x,v)dtdzdv = 1. Set

pe(t,x,v) = e 2 Lp(t/e,x/e,v/e). Now we define a family of functions ¢. ., € C§°(€,) by
setting

Pe,e1 (ta Zz, U) = Pe/2 * Xe/2,61 (ta T, U) = /]1@2 “ pa/?(t — 8T =Y, U= w)Xa/Zal (57 Y, w)deydw'
Then clearly, ¢. ¢, satisfies the following property:

Pe.e1 (tv x, U) = 17 for all (tv xz, U) € Q€+€17

sup [D%pe ¢, | < Celel.

€1

(3.3)

Let U be an open subset of R2"*1. Denote by H"(U) the space consisting of the functions
which are defined in U and can be extended to H"(R?"*1). Define

ull grr oy = inf { ||l s gy : @ € HY(R*), G|y = u}.

We denote |ulls,v = [[ullgr@)-
We denote
ID7ullr = ) ID7ul:.
|8l=j
In order to treat the nonlinear terms on the right hand of (1.4), we need the following lemma

which is an analogue of Lemma 1 in [9]. In the sequel C; > 1 will be used to denote suitable
constants depending only on n or the function F'.

Lemma 3.3. Let M; be a sequence of positive numbers and for some By > 0, the M; satisfy
the monotonicity conditions

J! AL - L
(34) liM]*ZSBOM_ﬂ (Z—1727"' » ] ]—172,)
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Let 1y € C®(R?*Y) such that 1 = 1 in a neighborhood of Q and N be any fived positive
integer. Define a family of functions ; by setting

if0<j<N-1
3.5 = PeW-De 1 = )
( ) w {SoaNa lfj:N,N+1.

Suppose F(t,x,v,u) satisfy
(3.6)  [|Yo (DEruwDLF) ()]s < CE My 2Mig, ¥ E+1< N 41,

Then there exist two constants Cy,Cs such that for any Hy, H1 satisfying Hy, H1 > 1 and
Hy > CyHy, if u(t, z,v) satisfy the following conditions

(3.7) 19 D7 ul|y4nt1 < Ho, 0<j<1,

(3.8) s D7ullrsn1 < HoH{ *Mj—a,  25j SN +1,
where v > 0, Then for all o with |a] = N + 1,
(3.9) H‘PE»N(EDQ [F(7 )] Hr+n+1 < C3H0H1 "Myt

Proof. From Faa di Bruno, D*[F(-,u(-))] is the linear combination of terms of the form

l l
(310) WE,NE txv H DV = @ODtﬂxva F HwhﬂDwu’

where |B|+1 < |a| and v1 + 72+ -+ v = a — 3, and if \; = 0, we just mean DVu doesn’t
appear in (3.10). Note that n+ 1+ > (2n+ 1)/2, and hence applying Lemma 3.1, we have
(3.11)

l .
HSO&NE( txv )H] 1 D%u||r+n+1 < CHdJO(DEx val )||7’+7l+1 Hj:l HT/J\MD%UHr—an-

In virtue of (3.6)-(3.8) and (3.11), the situation is entirely similar to [9], and the Holder norm
lu|y, in [9] is replaced by |1k D¥*ul/;4+n+1. Then the same argument as the proof of Lemma 1
n [9] yields (3.9). This completes the proof of Lemma 3.3.

Now starting from C'*° solution, we prove the Gevrey regularity as following proposition.

Proposition 3.2. Let s > 3. Choose sq such that s > sq > 3. Suppose u(t,z,v) € C>() be
a solution of (1.4). Then there exits a constant A such that for any r € [0,1] and any k € N,

(g I1DUllrsnt1,00 + 1DoDull—9/341/34n11.0,. < AY72((laf = 3)1)* g msolal+ssog=sor

holds for all o with || < k and for all € > 0 with ke < 1.
In particular, for any k, letting r = 0, we have for all |a| < k and for all € with ke < 1,
(3.12)

1D p2(q,.) < AlM=HD=2((ja] —=n — 1= 2)1) "0 c=so(lal-n—1)+3s0 < glal+1 —slal

Remark. From (3.12), it follows immediately that v € G*(€2).
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Proof. We use the induction on k. Assuming (I );,k holds for any r with 0 <r <1, and we
will show (I);. .., still holds for any r with 0 < < 1. For any «,|a| < k + 1, the truth of
(1) k41 is reduced to the following

Lemma 3.4. For any nonnegative integer m satisfying m < 4, we have
(3.13)
e ke DYUl|rint1 + |@e ke T DYl —5104n+1 < AM*Z((\@\ - 2)!)5*508750\a|+350677~30.

holds for all r with 0 < r <m/3.

Proof of Lemma 3.4. We use the induction on m. Firstly we observe that (3.13) holds for
m = 0. In fact, write |a| = |3] + 1. Then |3| = k and

HSDE,ksDaUHn-&-l < H(Ps,kz-:Dﬁu”l-i-n-l—l + ”(D‘Pe,ks)Dﬂan—f—l
< Cu{ ID%ulligntroy. + 1D ullntig,, 3

Since (I),j holds for any r with 0 < < 1, we have immediately
1Dl msnn, + & 1Dl 0, < 241872 (Ja] — 21" esolal 35010,

and taking A large enough such that A > 4Cy, we have

1 _
(3.14) ||‘705,kaDaUHn+1 < §A|a|—2((|a‘ _ 2)!)8 808—80|a|+380€—7"80‘
The same arguments as above shows that

1 _
e ke Dv DYl 2311 /34n+1 < 514'0“_2((’04\ —2)) Bl e

Now assuming (3.13) is true for m, we will prove its truth for m + 1. For any fixed
r,0<r<(m+1)/3 <4/3, write r = 7+ 1/3 then 7 < m/3. We assume 7 > 0, for the case
7 < 0 is trivial. And we will proceed to prove the conclusion by the following four steps.

Step 1. Claim

1L, ek DN ullr—2/31m41
(3.15)
< (065280/3_1 + 09680/3_1 + 011550/3)A\a|—2((|a| . 2)!)5_506_50|a‘+3505_50r-

In fact, write £ = Xy — a/\, with Xg = 0; + v - 0,. Then direct verification deduces

1L, e Dullr—2/34n+1 < [[[Xo, PepeDtllr2/34n41 + [[a[Dv, @epeDullr—2/34n+1
e kela, DYIAvullq1/3-2/34n+1
— (D) + (IT) + (ITD).

Denote [Xo, D%] by D®. Then |ap| < k+ 1 and

(I) < |[[[Xo, ekel D ullr—2/34n+1 + [|Pe ke DUl —2/34m41-
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Note that r — 2/3 < m/3 and hence
(I) < Cse lAll=2((|a| — 2)1) " *esolalt3sg—so(r=2/3)

(3.16) +AlI=2 (] — 2)1)* e solal+3s0.—s0(r=2/3)

< Coeto0/3-1 Alol=2 (|a] — 2)1)"*0e—slab+3s0g—sor,
Now we will estimate (7). It is easy to see that

[[Dv, erel D ullr—2/34n+1 < 2[[Dv, @e kel DoDllj41/3-2/34n+1
+[[[Dy, [Dy, 90€,k6} ]Dau||r—2/3+n+1-
We firstly treat the first term on the right hand, and
I[Dy, e kel DoDl71/3-2/34n+1 < C7&~ Qe ke Do DUl 741 /3-2/3+n+1-

Note that 7 < mf and hence from the assumption that (3.13) is true for m, it follows
immediately

D.. D%l a < A|O¢‘—2 al — 2 5*306—80‘a|+3806—sof'
Pe,ke v 7+1/3—2/3+n+1
Combining the above two inequalities, we have
D D.. D%ull - B < C 680/3—1A‘a|—2 al —2)! 3*505—80|a‘+3806—807’.
vy Peke v 7+1/3—2/3+n+1 7

Similarly, we can estimate the second term

IN

CSE?ZH‘Ps,keDaUHrﬂ/B
086230/372A|a|72(<‘a| - 2)!)5*308750\o¢|+3508730r

< 08880/37114'&‘72((’01‘ o 2)!)3—506730|a|+3305750r'

||[Dv, [Dm QOE,ke] ]Dau||r72/3+n+1

IN

Hence we have
(3.17) (IT) < Coe®/37L AloI=2((|a| — 2)1)" ™0 solal+3s0=sor

Using Leibniz formula,

(IIT) < Z ( “ )H%,ks(Dawa)AvauHf+1/3—2/3‘

0<yI<lel
Since a € G3(R?"+1) C G*0(R?"*1)  so D?u € G*°(R?*"!). Then

sup |D*a| = sup | D*~7"2D%| <l 12 ((Jal - y] - 2)1) .
Q Q
The above two inequalities yield

(11I) < C‘fg' Z ( : )01_0|7|((’04’ == 2)!)80H‘PEJ%AUDVUHf+1/3—2/3+n+1'
0<]vI<|e|
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Moreover, for each 7,0 < |y| < |a| =1 =k,

e ke DDV ulliq1/3-2/34n41 < ||%,kaDvalUHf+1/3—2/3+n+1

< Alw+1|—2((|7+1| _2)')5—806—80\’74-1\4-330 —s07
< 580/3A‘7‘_1((|a| ))S 50 _—s0|v|+2s0 o —sor
Consequently,

(I11)

< C\Otl 2 Z ( )C’Ial 2((|a| Sy —2)!)80830/314‘7‘71((‘04‘ —9)! )S 50 _—so0|y|+2s0 . —sor
0<|yl<la]
< TP ((ja] — 2)) e YT 0"((’@’—|“;!'—2)!)301(A/010)|V|6—50|v|+zso
0<|yl<|al

< ORIT2ATIE 3 (o] — 2)1)°0em5r

% Z |a||a|—|7|(|a| — Iy - 2)(80—1)(|a\—|v\—2)(A/Clo)mg—sm\mso

0<yI<e

< ORITPATIE 3 (o] — 2)1)° e m5r

« Z |a||a|—|7|6—80la\+80h|+280|a|—(\al—lvl—2)(A/Clo)|7|5—80|v|+250

0<y[<|e|
< 0‘1%‘|*2A71830/3+so((‘a|_2)!)5—506730\a|+3506780r Z (A/Clo)|7||a|2
0<]yl<[a]

< CHC\&I 24— 1530/3+S°((|a| ))s 50 _—sola|+3s0 .~ SOT(A/C&O)ID" 1]a\3
< Cllsso/3+soA|a\ 2((‘04 _2) )8 508750\a|+3805780r573
< 011580/3+80 3A|a\ 2((‘04 ))8 505—80\a|+3805 sor
< 011680/3A|a‘_2((|0é| 72)‘)5 508—80\a|+3508—sor'

This along with (3.16) and (3.17) yields the conclusion (3.15).

Step 2. Claim
(318) e e D[FCu() - finss < Crae0/2A92((|a] - 2)1)~0e=solaltng=sor,

Firstly, we will prove F' and u satisfy the condition (3.6)-(3.8) for some M;. Since r —§ <
m@, and then from the assumption, we have

(319) Hfl/}iju||T*2/3+n+1 < Ain((] - 2)!)8_806*80]'4’3508*50(7“*2/3)’ j = 07 17 Tty ‘Oé|,

where 1), are the functions defined in (3.5). Moreover, for any |3| + 1 < |a| < 71, it is easy
to verify

(18] +1 = 6)1)* < (|8] + 1 — 6)%PI+1=6) < c=s0(IBl+1-6)
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Since F € G*(R*"! x R), then D'/ F € G*(R™"! x R). This along with the above
inequality shows that

(320)  [[bo(DYy 0 F)lrajzinis < Cla (18] + 1 — 6)1)° e s081+1=6),

t,x, oYy

Define M;, Hy, H; by setting M; = (j!)s=%0e=s00-Dg=s0(r=2/3) [, — |l frnts(q) + 1 and
H, = A, respectively. We can choose A large enough such that H; = A > C2Hy. Then (3.19)
and (3.20) can be rewritten

(3.21) ;D7 —2/34n+1 < Ho, 0<y<1

(3.22) 15 D7ully 2/ ns1 < HoH{ > Mo, 2<j<]af <k+1,
. »

(3.23) 1%0(D7 4 w0 F)lr—2/34m41 < Ol MMy s

In proving (3.23) we used the inequality
(M) ()" < ((p+ )" <22P*D(pN)*(¢))*, Vp, g€N.

For each j, we compute

]' [\ S—S8 . AN S—850 —s0(i—1) —s0(r—38) —sp(i—i—1) —sn(r—
mMiMj_i = J1E@)7T(G - )T e 0(i=1) g=s0(r=6) c=so(j—i—=1) ;—s0(r—9)
< (j!)s—so8—50(j—l)g—so(r—é)gso—so(r—6) < Mj-

In the last inequality we used the fact r —d < 1. Thus M; satisfy the monotonicity condition
(3.4). In virtue of (3.21)-3.23), using Lemma 3.3, we have

l@eke DUECou()lr—sinss < CsHoH™ Moy

< (03H06230/3)A|a\—2((‘a| . 2)!)3—506—so\a|+3806—sor
_ (0148280/3)14'0“_2((’01‘ _ 2)!)8—50€—so|a|+3so€—sor‘

This completes the proof of conclusion (3.18).

Step 3. Claim [|¢q g D%l|r4nt1 < 2AM=2((Ja] — 2)1)°*0emsolal+3s0g=sor,
In fact, applying the subelliptic estimate (2.3), we obtain

|02 ke D ullrtnt1 < Crs{ HﬁSOa,keDau||r—2/3+n+1 + loe ke D ul[nt1 }
< Cis{ IL; @ereDullr—2/34n+1 + e ke D* Lullr—2/34mt1 + (@ ke D ullns1 }
= Cis{ll[£, pereDNully—2/31n+1 + |0ere DIF (-, u(-))]llr—2/354n+1} + Cisllpere D¥ullni1.

For the third term on the right hand, we have proved at the beginning of the proof of Lemma
3.4 that
C’15Hg05’k5Daan+1 < 26’4C15A|m*2((]a\ — 2)!)5—806730|a|+330€frso'

Letting A large enough such that A > 16C4C15, then we have

1 -
Cisllpepe D?ullngr < S AT ((Jaf = 2)!)T e wololioeTr,
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Combing (3.15) and (3.18), we have

Since

(3.24)

015{\“5; @E,ksDa]uHr72/3+n+l + HSOE,ksDa[F('7u('))]”r72/3+n+l}
Chs (6280/3_1 + 880/3_1 + 680/3 + 6280/3)14'(1'_2((’04‘ . 2)!)37806—50|a|+3506—50r

< 2016(e%0/3 71 + £%0/3) AleI=2 ((Ja| — 2)1) 700l ¥Bs0gmsor,

IN

s0/3 —1 > 0, we can find an integer N such that

3206 < N®0/3=1 < N#0/3,

We can choose A large enough such that A > ||ul] m2n+3+N (o) +1. Then the conclusion obviously

holds
Since

for any |a| with |a| <n+ 1+ N. So we only need consider the case || >n+ 1+ N.
N < |a| < &7}, then combining (3.24), we have

2016(850/3_1 + 650/3) <

1 1 1
—(Ng)®/3=1 4 —(Ng)®/3 < =
= ) AT

Consequently,

Cl5{”[£7 Sos,ksDa]uHer/?HrnJrl + ||90€,k€Da[F('7u(‘))”|r72/3+n+1}

1 —
< 7A|a|—2 _ )50 —so|al+3sg —sor_
< LA (o] - 2)1) el

This completes the proof of the conclusion.

Step

4. Claim ||SQE,k&DvDau||r—2/3+1/3+n+1 < %A\a|—2((|a| . 2)!)8_805_50|O“+3508_50T,

It is clear

[0 ke Do D*ullr—2/311/31n+1 < | Dope ke D ullr—1/31n11 + [Doy @e kel D*ullr—1/34n11-

Firstly, we treat the first term on the right. By direct calculation, it follows that

IN

<

2
HDvSO&,kEDaUHrfl/3+n+1
Re(ﬁcps,ksDaua a_1A2r_2/3+2n+2§05,k6Dau) - Re(XO(Pe,ksDauy a_1A2r_2/3+2n+2§05,k5Dau)

1
Re(ﬁ@s,kaDaua a_1A2T_2/3+2n+2g057k5Dau) o 5(@6’]%Dau’ [a—1A2r—2/3+2n+2, XO]‘Pa,keDaU)

1 _ _
_Q(SQSJCEDauv [A2r 2/3+2n+27 a I]XOQOE,kaDau)

Crird{ H'Csoa,keDau|’2—2/3+n+1 + ||‘Pe,ksDau||z+n+1 }
Crs{ HﬁSOE,kEDa“H372/3+n+1 + H‘Pe,ksDauHiH }-

Similar to the case in Step 3, we have

(3.25)

1 _
HDU(Ps,ksDauHrfl/?»JrnJrl < ZA|a|72((|0[| _ 2)!)3 50 -—so|a|+3s0 .~ sor
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Since r — 1/3 <'m/3, and then from the assumption, we have

||[D’l)7 (ps,ke]DauHrfl/3+n+1

(3.26) < Croe Ml@e ke Dullr—1/31n+1

< Crge®o/31AlIZ2 (o] — 2)1)° e msoleltdsogmsor,

Note that sp/3 —1 > 0 and hence similar to the case in Step 3, the last term on the right can
be bounded by §AlelHle=sl2le="s Combination of (3.25) and (3.26) gives the conclusion.

From Step 3 and Step 4, we know that (3.13) is truth for m + 1, and hence for any m with
mbf < 1+ 6. This completes the proof of Lemma 3.4.
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