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Abstract : We prove in this work the trace and trace lifting theorem for Sobolev spaces
on the Heisenberg groups for homogenenous hypersurfaces.

Résumé : Dans ce travail, nous démontrons des théoremes de trace et de relevement
pour les espaces de Sobolev sur le groupe de Heisenberg pour des hypersurfaces homogenes.
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1. INTRODUCTION

In this work, we continue the study of the problem of restriction of functions that belongs to
Sobolev spaces associated to left invariant vector fields for the Heisenberg group H initiated
in [4]. As observed in [4], the case when d = 1 is not very different from the case when d > 2,
but the statement in this particular case are less pleasant. Thus, for the sake of simplicity,
we shall assume from now on that d > 2. Let us recall that the Heisenberg group is the
space R?¥+1 of the (non commutative) law of product

w-w' = (xvya 3) : (S/,l',,y,) = (IL‘ + l’l,y + yla s+ s' + (y|$/) - (y/|$)) :
The left invariant vector fields are
. 1
Xj =0y, +y;j0s, Yj=0,, —x;0s, j=1,---,d and §=0s= §[Yj,Xj].
In all that follows, we shall denote by Z this family and state Z; = X; and Z;, 4 = Y] for j

in {1,---,d}. Moreover, for any C'! function f, we shall state

def
va = (Zl f7 7Z2d'f)'

The key point is that Z satisfies Hormander’s condition at order 2, which means that the
family (Z1,--- , Zoa, [Z1, Z441]) spans the whole tangent space TR+,

For k € N and V an open subset of H?, we define the associated Sobolev space as following

H*H,V) = {f € L*(R*™*Y)/ Supp fCV and Va/l|o|<k, Z°f€ LQ(RMH)},

. ! def o def . .

where if o € {1,---,2d}", |o| = k' and Z% = Z,, --- Z,,,. As in the classical case, when
s is any real number, we can define the function space H*(H?) through duality and complex
interpolation, Littlewood-Paley theory on the Heisenberg group (see [6]), or Weyl-Hormander
calculus (see [10], [12] and [13]).

It turns out that these spaces have properties which look very much like the ones of usual
Sobolev spaces, see [4] and their references.
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The purpose of this paper is the study of the problems of trace and trace lifting on a
smooth hypersurface of H? in the frame of Sobolev spaces. Let us point out that the problem
of existence of trace appears only when s is less than or equal to 1. Indeed, under the sub-
ellipicity of system Z, the space H*(H?) is included locally in H %(RMH). So if s is strictly
larger than 1, this implies that the trace on any smooth hypersurface exists and belongs
locally to the usual Sobolev space H 5-3 of the hypersurface. Thus the case when s = 1
appears as the critical one. It is the case we study here.

1.1. Statement of the results. Two very different cases then appear: the one when the hy-
persurface is non characteristic, which means that any point wg of the hypersurface ¥ is such
that 2, ¢ Tw,%, and the one when some point wg of the hypersurface ¥ is characteristic,
which means that 2,,, C Ty, 2.

The non characteristic case is now well understood. In [4], we give a full account of trace
and trace lifting results on smooth non characteristic hypersurfaces for s > 1/2. This result
generalize various previous results (see among others [9], [14] and [23]).

Let us recall this theorem in the case of H' (see [4] for the details). If wq is any non
characteristic point of ¥, then there exists at last one of the vector fields Z1, - - - Zo4 which is
transverse to 3 at wo. We denote by Xy, the subspace of T'Y define, for w in 3, by Xy, =
Tw¥X N X[, where X is the C°°-module of vector fields spanned by {Z1,- - , Zag}. It is easily
checked that, if g is a local defining function of ¥, the family

def
Riy = (Z;-9) 2 — (Zi - 9)Z;

generates Xy and that it satisfies the Hormander condition at order 2 (see for instance
Lemma 4.1 of [4]). We define

HYS,Zs)={f € L*(Z)/ Supp fCVNE and VY(j k), Rjpuc L*(2)}.
We have proved the following trace and trace lifting theorem in [4].

Theorem 1.1. Let us suppose that ¥ is non characteristic on an open subset V of H¢,
then the trace operator on ¥ denoted by <, is an onto continuous map from H L(He, V)
onto [H'(S, Zs), I3(S)]s ©f 13 (s, Zy).
Remark As the system Zy satisfies the Hormander’s condition at order 2, Theorem 1.1
implies in particular that v, maps H'(H¢, V) into H1/4(E, Vni).

We shall now consider the characteristic case. The set of characteristic points of X

e = {w €%/ 2, C LY},

may have a complicated structure. For the sake of simplicity, we shall only consider here
a particular case. By translation in the Heisenberg group, we work only in a neighborhood
of wg = (0,0,0). Near wyp, the hypersurface ¥ can always be written as

5= {w=(2,9,5)/ gw) E w— f(z,y) =0}
with f(0,0) = 0 and Df(0,0) = 0. From now on, we assume that f is a homogenenous
polynomial of degree 2 on R??. In this case, the equation is homogenenous of order 2 with

respect to the dilation of Heisenberg group dy(z,y, s) def (Az, Ay, \2s). Then the set of
characteristic points Y. is a submanifold defined by

Se={w=(s,2,y) €H!/ g(w) =0 and (L, (z,y)) = 0}
where L; is the linear form (on R??) defined by Z;(g)(x,y).
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Let us denote by r the rank of the family (L;)i<j<2q4 of linear forms on R24. Let us observe
that r is also the rank of the matrix (Z; - Z; - 9)1<i j<24 at wo. Let us notice that, because,
ifie{l,---d} and j #1i+d,

(Zi* Ziva - 9)(wo) = (Ziya - Zi - 9)(wo) = —2059(wo) = =2 and (Z; - Z; - g) = (Z; - Z; - g),
the rank of the matrix (Z; - Z; - g)1<i j<24 and thus of (L;)1<j<2q is at least d.
From now on, we always consider this case for the sake of simplicity.

Let us introduce some rings of functions adapted to our situation.

Definition 1.1. Let W be any open subset of ¥ and F' a closed subset of W. Let us denote
by Cy(W) the set of smooth functions a on W \ F such that for any multi-index o, a
constant C,, exists such that

Vo e N? |0%(z)| < Cod(z, F)~1o,

where d denotes the distance on ¥ induced by the euclidian distance on R?3+1,

Now let us define the vector fields on 3 which will describe the regularity on X.

Definition 1.2. Let W be a neighhourhood of wg. We denote by Zs. the CgY (W) modulus
spanned by the set vector fields of Z NT%y, that vanish on 3.

As we shall see in Proposition 3.1, the modulus Zy; is of finite type (of course as a Cg> (W)
modulus) if wy is a regular characteristic point and W is choosen small enough. If g is a local
defining function of 3, a generating system is given by

Rt (2 )2k — (Zi-9)Z; for 1<j<k<2d. (1.1)

Now we are ready to introduce the space of traces.

Definition 1.3. Let W be a small enough neighbourhood of wg. We denote by H(Zs, W)
the space of functions v of L?(X) supported in W such that
def
olFrnzg) S 1072w+ D IRixvlZ2em) < oo
1<4,k<2d
where the family (R; 1.)1<jk<24 is given by (1.1). If s € [0,1], we define H*(Zx, V') by complex
interpolation.
Our theorem is the following.

Theorem 1.2. Let V' be a small enough neighhourhood of wy. Then the restriction map -,
is an onto continuous map from H'(H? V') onto H? (Z2,VNE).

Let us remark that, if » = 2d, this theorem is a particular case of Theorem 1.8 of [4].

1.2. Structure of the proof. In our paper [4], which conrresponeds to the case when r = 2d
as thus X. = {wp}, we use a blow up of the point wy. Here we blow up the submanifold X..
In order to do it, let us introduce a function ¢ € D(R4 \ {0}) such that

o0
vt e [-1,1]\ {0}, > @(2Pt) = 1. (1.2)
p=0
1
Let us define the function p. by p. def (92 + \VHg|4) 4. Now writing that for any function u
in L?(p. < 1),

u=>gpu with @p(w) < p(2p(w)), (1.3)
p=0
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we apply Theorem 1.1 of trace and trace lifting to each piece ¢,u which is supported in a
domain where ¥ is non characteristic because p. ~ 27P in this domain. This decomposition
leads immediately to the problem of estimating the norm H'(H?) of each piece ppu. Leibnitz
formula and the chain rule tell us that

Va(ppu) = ©pVu + 2P¢' (2P p.)uVape.

Let us observe that, as

2d

Zipt =29(Z; - g) + 4Vugl® > (Zr-9)Z; - (Zr - g),
k=1

we have, for any real number s, |[Vgp| < Csps 1. As the support of ¢'(2Pp.) included
in p. ~ 277, the supports of ¢'(2Pp.) and (27 p,.) are disjoint if |p — p/| > Ny for some Np.
Thus, we get that

o0
3 2% (2P pe)uVapel 22 <
p=0

This leads to the proof of the following Hardy type inequality.

Theorem 1.3. A neighbourhood V of wy exists such that, for any u in the space H'(H?, V)
of H'(H?) functions supported in V/,

u? 2 . 2 e
H

Cc

This theorem implies that, for any u in H'(H?, V),

o
D IValppu)l7e < Ol Varul7a. (1.4)
p=0
The proof of this theorem, which is the core of this work, is the purpose of the second
section.
In the third section, after dilation, we apply Theorem 1.1. This gives a rather unpleasant
description on the trace space. Then, we use an interpolation result which allows to conclude
the proof of Theorem 1.2.

2. A HARDY TYPE INEQUALITY

2.1. The classical Hardy inequality. As a warm up, let us recall briefly the usual proof
of the classical Hardy inequality *

u? , 1
[ S < CIVal it plw) = (4 (o + 52 (25)
H
As D(H\ {0}) is dense in H'(H?), we have restrict ourselves to functions u in D(H?\ {0}).

Then the proof mainely consists in an integration by parts with respect to the radial vector
field Ry adapted to the structure of HY, namely

d
f
Ry % 250, +Z 230, + yj0y,) = sIYL, X1 + 3 (2, X + 5Y))
7=1 7j=1

I¥or a different approach based on Fourier analysis, see [2].
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once noticed that Ry - p~2 = —2p~2 and div Ry = 2d + 2. More precisely, this gives

d
_d/;idw - /ZZ(”Z’Xj + yijj>udw—/<Y1p82>u(X1u)dw+/<X1;2>u(Y1u)dw.
j=1

As we have ‘Zj (%)‘ < Cp~!, Cauchy-Schwarz inequality gives (2.5).
p

2.2. Construction of substitute of p and Rpy. The classical case studied above corre-
sponds to the case when r = 2d. Let us assume from now on that r < 2d and let us
consider (Lj,)1<¢<r a basis of the vector space generated by (L;)i<j<24. First, we have the
following lemma.

Lemma 2.1. A couple of vector fields (Zy, Zy) exists in (Z\ {Zj,, -+ ,Z;.}) x (£Z) such
that
[Z(), Zo] = 285 and D(Z() . g)(wo) 75 0.

Proof of Lemma 2.1 Let us consider Zy € Z\ {Z;,,---,Z;,}. and Z, in £Z such
that [Zo, Zg] = 20s. If £Z) belongs to {Z;,,---,Z;.}, we infer from the definition of the
family (Lj,)1<e<r that D(Z - g)(wp) is different from 0 and then Z, = Z, fits. If £Z,, is not
in {Zju ce ,er}, as

(%o (Zo - 9))(wo) = (Zo - (Zo - 9))(wo) = 2,

either D(Zy - g)(wo) or D(Z, - g)(wp) is different from 0. Thus if D(Z, - g)(wp) = 0, we get
the lemma interchanging the role of Z, and Z. ]

Let us state the following theorem, which immediatly implies the Hardy type inequality
stated in Theorem 1.3.

Theorem 2.1. A neighbourhood V of wy exists such that, for any v in H'(H¢, V),

u? : def =
[ Gdw < ClVauls with 0 (6 + (Za- 9
0

S

The above inequality is obviously better than the one of Theorem 1.3 and it is surprisingly
the one we are able to prove.

Proof of Theorem 2.1
By definition of the family (L;)1<¢<,, a family of real numbers (ay)1<¢<, exists such that

Zo-g=> auZ;,-9g). (2.6)
(=1

Let us define an analogous to Ry is our situation by

1 _ _ r
Ry =2¢0s + §(Z0 . g)Z() with Zj d:ef Zy — ZOJ@ZJ'[. (27)
/=1

In order to check that R; is analogous to the radial field in the case of the classical Hardy
inequality, let us prove that

Ry -ps=4ps and divR; =3. (2.8)
By definition of the function pg, we have

Ry-ps=29(R1-g9)+4(Zo-9)° (R1-(Zo-g)).
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Inequality (2.6) implies that Zo is tangent to X. Using that ;9 = 1, we get that Ry -g = 2g.
Let us compute Ry - (Zo - g). As 05(Zo - g) = 0, we have

Ri-(Zo-g) = %(70’9) (20-(70‘9))

Then we have Ry - p§ = 4pg. Let us notice that Zy does not belong to the family (Z;,)1<s<-
Thus Zy commutes with the vector fields Zj,. By definition of Zj, we infer

-

[Z0, Zo) = [Z0, Zo) + > [ Zy, Zo) = 20s. (2.9)

=1
By definition of Z(), we have Zg - g = 0. Thus we get
Zo-(Zo-g) =Zo- (Zo - g) + 2059 = 2. (2.10)
It turns out that Ry - p} = 4¢% + 4(Z¢ - g)* = 4p. Now, let us compute div ;. We have
1~ _ -
div Ry = 209 + 520 (Zo-g)+ (Zo - g)div Zy.

Using that the vector fields Z; are divergence free, the fact that ;g = 1 and (2.10), we get
that div Ry = 3. Thus Assertion (2.8) is proved.

In order to continue the proof of Theorem 2.1, let us observe that, near wy, the set py 1(0)
is a submanifold of H? of codimension 2. The following lemma will allow us to assume all
along the proof that u belongs to D(V '\ py*(0)).

Lemma 2.2. Let V be a bounded domain of H% and T a submanifold of codimension > 2.
Then D(V \ T) is dense in the space H}(H® V) of functions of H}(H?) supported in V
equipped with the norm

(el + 1 9muls)
Proof of Lemma 2.2 As H&(Hd,V) is a Hilbert space, it is enough to prove that the
orthogonal of D(V \T') is {0}. Let u be in this space. For any v in D(V \T'), we have
(u|v)r2 + (Vru|Vyo) 2 = 0.
By integration by part, this implies that
Yo e D(V\T), (u— Agu,v) =0.

Thus the support of v — Agu is included in I'. As Z;u belongs to L?, then iju belongs

to H~!'(R2*1) (the classical Sobolev space). And except 0, no distribution of H~!(R24+1)
can be supported in a submanifold of codimension greater than 1. Thus u— Agu = 0. Taking
the L? scalar product with u implies that u = 0. |

Thanks to Inequality (2.7), we have
_ 1 _
Pozz_iRl'Pog‘ (2.11)

Thus by integration by part, we have, using Inequality (2.7),

2 2
/u2dw = 3/u2dw +1 with I d:ef/lg(Rl ~u)dw.
Po 2J rp Po
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In order to estimate I, which contains terms of the type g0su, we have to compute the vector
field Ry in term of elements of Z. Using (2.9), we infer that

- 1 -
Ry = QQ[Z(), Zo] + 5(20 . g)Zo.
We deduce that

I = Ji+Jy with
1 VAR ~

Ji def /u( 0 g)(Zo-u)dw and
2) po po

JQ d:ef /ZQ[ZO,Z()] - udw.
Po
By definition of pg, Cauchy Schwarz inequality yields
u
Tl < CHfH Vil 2. 2.12
1] < p” oIVl 2 (2.12)

The estimate about Js is a little bit more difficult to obtain. Let us write that J, = K7 — Ko
with
K d:ef/%gzg (Zo-u)dw and Kj d:ef/quZo (Zo - w)dw.
Po Po
By integration by parts, we have K1 = —Kj; — K12 with

K d—ef/gQ(Z)-u)(Zg-u)dw and
Po
Ky dzef/fu(zo ‘u)dw  with  f o Po(Zo : %)
PO Po
By definition of pg, it is obvious that

|Ku| < C||Viul| 72 (2.13)
Using that Zo -g =0, we get
~ 20 1~ — — C
ZO'% :%‘ZO'(ZO'Q)MZO'QF SC% s
Po Po Po PO
This ensures that f is bounded on V and thus by Cauchy-Schwarz inequality,
u
1%l < || || I9aull.e
Together with (2.13), this proves that
u
K| < c()H + HVHuHL2> I Vszul| - (2.14)
pollL?

In order to estimate K>, let us write that, by integration by parts,

j— ~ — u ~
K, :/gQ(ZO-u)(ZU-u)dw—i—/po(Zo : %)—(Zo-u)dw.
Po Po’ PO
Using that - _ - -
Zo-po=29(Zo-9) +4(Zo-(Zo-9)) (Zo-9)°,
we immediatly get that the function pg (70 . %) is bounded on V and we deduce that
Po

K| < c<)

u
2]+ Il ) ¥l
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Together with (2.12) and (2.14), we infer that

— — + [|Vau Viu
ollzz = ollz2 HUY|| L2 HUY|| L2

which concludes the proof of Theorem 2.1.

3. THE PROOF OF THE TRACE AND TRACE LIFTING THEOREM
3.1. Some preliminary properties.

Proposition 3.1. A neighbourhood W of wy exists such that the Cyx, (W) modulus 25
spanned by the vector fields of Z Ty, which vanish on the characterisitic submanifold 3.
is of finite type and generated by

def
Riw = (Zj-9)Zk — (Z1 - 9)Z;.

Proof of Proposition 3.1 It is enough to prove that any element L of ZNT% which vanish
on Y. is a combinaison (with coeffcients in Cg° (W)) of the R; ;. By definition

2d 2d
L=Y p;Z; with 85 =0 and Y B;(Z;-g)=0.
j=1 j=1

Let us introduce a partition of unity ({/;j)lgjg2d of the sphere S2¢~! such that the support

of Jj is included in the set of ¢ of S?¢=! such that |¢;| > (4d)~!. Let us state

%‘ d:ef JJ(,;E?) ’

It is an exercice left to the reader to check that 1; belongs to Cg° (W). On X\ X, we have,
for any j in {1,---,2d},

2d
Ui(L-g) =Y iB(Zk - g) =0.

k=1
By definition of ¢;, (Z; - g) does not vanish on the support of ;. Thus we have
1
Bity = ———— > _iB(Zk - g)-
(Zj-9) Py

From this, we deduce that

T , (%9,
v %wﬁk(% (Zj'g)ZJ>

= > %ﬁk ((Zj-9)2) — (21 - 9)Z;).
(Zj-9)
k#j Y

Now the facts that 8y € C% and that (Z; - g) does not vanish on the support of 1; ensure
that

. def ;0K
(Zj-9)

L= Y 8% 9%~ (Zk 9)%))
1<j<k<2d
and the proposition is proved. |

5]', € C%Cc’.

So we have
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3.2. The blow up procedure. Using (1.3), Theorem 1.3 and its consequence (1.4), we have

o

> (IVa(ep)l2: + 2 lepull3: ) < ClIVaull3s. (3.15)
p=0

Now let us use the Heisenberg dilation dy2p and state
up(w) E go(w)u(2'z, 27y, 2%5)

From (3.15), we immedialtly infer that

S22 12, gy < O Va2 (3.16)
p=0

On the support of g, the hypersurface defined by g(w) = s — f(x,y) = 0 (which invariant
under the action of Heisenberg dilation) is non characteristic because on the support of ¢g, we
have that p. is between two positive constants. Thus, on g = 0, we have that |Vg| is between
two positive constants. Thus Theorem 1.2 implies that a constant C' exists (independent of p)
such that

”7(up)|’[LQ(E),Hl(Zg,Z)]l < CH“pHHl(Hd) (3.17)
2

where [A, Blg denotes the complex interpolation between A and B.
Using the Heisenberg dilation dy and the fact that

YA> 0, Vo, [[vodllrzs) = A vlles) and  [Jvodillm iz sy = A vllmzss)-
(3.18)
Then, using (3.15)—(3.17), we get that

< C||Vaul?e.

Nl

oo
2

Z HV(%U)H[L2(2),H1(zg,2)]

p=0
Moreover, an integer Ny exists such that, if [p — p/| > Ny, then the support of ¢, and ¢, are
disjoint. Thus, we have in particular that

[yl 2y < C||Vaul72.

Stating ga? = Ppps:; let us define the following space T%(X).

Definition 3.1. For s € [0,1], let us state

s def def
T(2) € {v e L2/ o) D Iesollnes) mizs sy, < o}
p

We have (almost) proved the following theorem.

Theorem 3.1. The restriction map on the hypersurface 3. can be extended in a continuous
1
onto map from H'(H*{p. < 1}) onto the space T2(X).

Proof of Theorem 3.1 The only think we still have to prove is the fact that v is onto. Let
1
us consider a function v in T %(E) By definition of T2 (X), let us write

o0
_ =
v = g opv
p=0
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Stating vy, def g v o dap, we infer from (3.18) that

2pd 2
ZQ loplifracs:), i (255 0y C||U||T%(E)-
p=0
As the support (3, and thus the support of the functions v,, is included in the set |Vyg| ~ 1,
Theorem 1.1 tells us that a function w, exists in H'(H?) such that

Y(up) =vp and ||ty gy < CHUPH[L?(E),Hl(Zg,E)]%'

Let us consider a function @y such that the support of @y is included in a set where p. ~ 1
and @y has value 1 near the support of ¢y. We obviously have

7(@0%) =vp and H‘:ZOUPHHl(Hd) < C||ap||H1(Hd)-

Then using (3.18) and stating ¢, def ©o o dov, and def up o dop, we get after dilation that
[o.¢]

2 2
> (IVa(@pip)l72 + 2% 1 3pupll72) < Cllvlly gy
p=0

As an integer N exists such that, if |[p — p’| > Ny, then the support of ¢, and @,/, we have
that

[e.e]

o~ d
ngpup € H'(H%) and H g cppupH CHUH;%(E)-
p:

This ends the proof of Theorem 3.1.

Remarks —The trace lifting theorem provides functions in H 1(Hd) the support of which is
included in a set of the form s? < C(|z|? + |y|?)?. It obviously prevents, using this method,
to prove trace lifting theorem for very regular (for instance continuous) functions.

—The description given by Theorem 3.1 is not totally satisfactory. We want to describe
this space of trace as an interpolation space to get Theorem 1.2.

3.3. Conclusion of the proof of Theorem 1.2. It is a point of interpolation theory which
is to prove that

T*(2) = [L*(2), H' (25, 2)ls.
This is the consequence the following two lemmas, the proof of which is omitted (we refer
o [1] for the details).

Lemma 3.1. The space T'(X) is equal to H'(Zx,Y) and the norm are equivalents.

Lemma 3.2. Let us consider (Hj;, || - ||j)jef0,13 two Hilbert spaces such that H; is densely
included in Ho and a family (H;p)(jpe{o,1}xn such that, for any p, H;, is a closed subset
of H;.

Let us assume that a family of (A,)yen of (unbounded) selfadjoints operators on Hy ,, exists
such that Hi j equals to the domain of A, and

V€ Hip, llulli ~ 1 Apulln. (3.19)

Let us assume in addition that a family of operators (Ap)pen exists such that, for any (j,p)
in {0,1} x N, the operator A, is continuous from H; into H;, and

N
Ve, lim Hv - ZAPUHH_ =0 and o3, ~ > 40l (3.20)
=0 J
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Then,
[Ho, Hils = {v eHo/ Y A3, < oo} with My, Z
p=0

HO,pa Hl,p]s'

4. CONCLUDING REMARKS

In fact, Theorem 1.2 is valid in more genreal situation than homogeneous hypersurface.
But it remains necessary to do some assumptions on the nature of the characterisitic set ..
In fact, this characteristic must be a hypersurface the codimension of which fits which the
rank of the matrix (Z; - Z; - g(wo))1<s,j<24. More precisely, we introduce in [1] the following
notion of regular characteristic point.

Definition 4.1. A characteristic point wg of a hypersurface ¥ is a regular point of order r
if and only if

i) for any local defining function g of 3, the rank of the matrix (Z; - Z; - g(wo))1<i j<2d 1S
equal to r;

ii) near wy, the characteristic set . is a submanifold of ¥ of codimension r in X.

Let us notice that, as wy is a characteristic point, for any defining function g of 3, Z;.4(wo) =
0 for all j. Thus the first condition of the definition does not depend of the choice of the
function g. In this more general, the strategy of the proof is the same than in the present
simplified case, but the proof are more delicate because the function Zj;., are of course not
anymore linearr form and the hypersurface ¥ is not invariant under the action of the Heisen-
berg dilation dy. We refer to [1] for complete proofs in this case.
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