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Abstract. We study the regularity of weak solutions for a class of second order semi-

linear infinitely degenerate elliptic equations. We get the regularity of weak solutions

up to the boundary for Dirichlet problem, by noting the logarithmic regularity esti-

mate for a linear principal part. In relation to this linear part, we also show the

controllability and strong maximum principle for second order hypoelliptic operators

even in the case where they degenerate infinitely. Model equations naturally come

from some variational problems, if one replace the Laplace operator in such as

Yamabe problems by degenerate elliptic operators. In the infinitely degenerate case, a

permissible nonlinear term is not fractional power, compared with elliptic or subelliptic

case. To treat this nonlinear term, the nonlinear microlocal analysis is developed in

the logarithmic Sobolev space.
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1. Introduction

In this work, we study the Cy regularity of weak solutions for a class

of second order semi-linear infinitely degenerate elliptic equation. Consider a

system of vector fields X ¼ ðX1; . . . ;XmÞ defined on an open domain ~WWHRn.

In the infinite degenerate case, the following is called logarithmic regularity

estimate,

kðlog LÞsuk2L2 aC
Xm
j¼1

kXjuk2L2 þ kuk2L2

( )
; Eu A Cy

0 ð ~WWÞ;ð1:1Þ

where L ¼ ðeþ jDj2Þ1=2 ¼ hDi. If the system X satisfies the finite type of

Hörmander’s condition then (1.1) holds for any real s > 0. On the other hand

(1.1) admits the infinite degeneracy of the system X , and the estimate (1.1) with

s > 1 always implies the interior hypoellipticity of the second order operator

4X ¼
Pm

j¼1 X
�
j Xj, where X �

j is the formal adjoint of Xj (see [16]). We recall

that the linear partial di¤erential operator P is hypoelliptic in ~WW if, for any open

WH ~WW, u A D 0ðWÞ and Pu A CyðWÞ imply u A CyðWÞ. Some su‰cient condi-

tions for the estimate (1.1) can be seen in the Appendix of [19], and further



su‰cient conditions for variants of (1.1) have been investigated in the research

of linear hypoelliptic operators (see [17, 18] and references therein, cf., [5, 11, 12]

as for recent related works in the complex analysis). The simplest example

for (1.1) is the system in R3 such as X1 ¼ qx1 , X2 ¼ qx2 , X3 ¼ expð�jx1j�1=sÞqx3
with s > 0 (see [14, 15, 16]). The operator 4X for this example degenerates

infinitely on G0 ¼ fx1 ¼ 0g. The example with infinite degeneracy on a

union of surfaces G ¼ 6
j
Gj is the system in R2 such as X1 ¼ qx1 , X2 ¼

expð�ðx2
1 sin2ðp=x1ÞÞ�1=2sÞqx2 , and we see that if Gj ¼ fx1 ¼ 1=jg, j A Znf0g,

G0 ¼ fx1 ¼ 0g, then X1 is transversal to all Gj , j A Z and X2 vanishes infinitely

on G ¼ 6
j AZ Gj.

It is known in [16] that the estimate (1.1) with s ¼ 1 is not su‰cient for

hypoellipticity, but the following weak form of estimates is su‰cient: For any

small e > 0, there exists Ce > 0 such that

klog Lvk2L2 a e
Xm
j¼1

kXjvk2L2 þ Cekvk2L2 ; Ev A Cy
0 ð ~WWÞ:ð1:2Þ

The estimate (1.1) with s > 1 implies immediately the estimate (1.2) by

interpolation. We have a very simple example which satisfies the estimate

(1.2), but not (1.1) for any s > 1. It is the system in R3 such as X1 ¼ qx1 ,

X2 ¼ qx2 , X3 ¼ expð�ðjx1j jlogjx1j jÞ�1Þqx3 , (see [15, 19]).

Associated with the system of vector fields X ¼ ðX1; . . . ;XmÞ, we define

function spaces:

H 1
X ð ~WWÞ ¼ fu A L2ð ~WWÞ;Xju A L2ð ~WWÞ; j ¼ 1; . . . ;mg;

which are Hilbert spaces. We say that u A H 1
X ; locð ~WWÞ, if au A H 1

X ð ~WWÞ for any

a A Cy
0 ð ~WWÞ.
For a smooth surface S of ~WW, we say that x0 A S is a non characteristic

point for the system of vector fields X , if there exists at least one vector field of

X1; . . . ;Xm which is transversal to S at x0. We say that S is non characteristic

for X if it is non characteristic for any point x0 A S. In this case, if u A H 1
X ð ~WWÞ,

the trace exists and belongs to L2ðSÞ, see [7].

Take WHH ~WW and suppose that qW is Cy and non characteristic for X .

We define H 1
X ;0ðWÞ ¼ fu A H 1

X ðWÞ; ujqW ¼ 0g. Then H 1
X ;0ðWÞ is a Hilbert sub-

space in H 1
X ðWÞ, containing Cy

0 ðWÞ, and moreover the extension of an element

of H 1
X ;0ðWÞ by 0 belongs to H 1

X ð ~WWÞ (see Lemma 2.1 of [19]). Since for any

v A H 1
X ;0ðWÞ there exists a mollifier family fre; e > 0g such that re � v A Cy

0 ,

lime!0 re � v ¼ v in L2 and kX ðre � vÞkL2 aCfkXvkL2 þ kvkL2g with C inde-

pendent of e, the estimate (1.2) holds for any v A H 1
X ;0ðWÞ, which implies that

H 1
X ;0ðWÞ is embedded compactly in L2ðWÞ.

We consider the following semi-linear equation:
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4Xuþ X0u ¼ F ðx; uÞ in Wð1:3Þ

where F A CyðW� RÞ and X0 a vector field on ~WW.

We have now the following nonlinear hypoelliptic result:

Theorem 1.1. Suppose that the system of vector fields X satisfies the

logarithmic regularity estimate (1.2), and u A H 1
X ; locðWÞVLy

locðWÞ is a weak

solution of equation (1.3). Then we have the hypoellipticity, namely, u A CyðWÞ.
Furthermore, for the regularity up to the boundary, assume that qW is Cy and

non characteristic. If g A CyðqWÞ and u A H 1
X ðWÞVLyðWÞ is a weak solution of

equation (1.3) with ujqW ¼ g, then u A CyðWÞ.

Remark. If the function F in (1.3) is linear for u, the interior regularity is

just hypoellipticity of operators 4X þ X0 (see [16]), but the regularity up to the

boundary for linear Dirichlet problem is new. We remark that the regularity

up to the boundary qW even in linear case can not be expected in general if qW

possesses characteristic points for the system X .

We give here an example of equation (1.3) coming from a variational

problem. From (1.1), we have the following logarithmic Sobolev inequality

(see [19]),

ð
W

jvj2 log eþ jvj2

kvk2L2

 !�����
�����
2s�1

dxaC0

Xm
j¼1

kXjvk2L2 þ kvk2L2

( )
;ð1:4Þ

for all v A H 1
X ;0ðWÞ. Suppose that 1a k < 2ðs� 1Þ, take A ¼ ða1; . . . ; akÞ A Rk,

and consider the following variational problems:

IA ¼ inf
kvk

L2¼1; v AH 1
X ; 0

ðWÞ

Xm
j¼1

kXjvk2L2 �
Xk
j¼1

aj

ð
W

jvj2ðlogðeþ v2ÞÞ jdx
( )

:ð1:5Þ

Theorem 1.2. Assume that the system of vector fields X verifies the

regularity estimate (1.1) for s > 3=2, qW is Cy and non characteristic. Then

IA is an attained minimum in H 1
X ;0ðWÞ, and the minimizer belongs to CyðWÞ.

In fact, by exactly the same calculus as in [19], the inequality (1.4) and

Poincaré inequality (see Lemma 2.1) give the existence of minimizer u A H 1
X ;0ðWÞ

for the variational problems (1.5), and the minimizer is a bounded non trivial

positive weak solution of the following Euler-Lagrange equation;

4Xu ¼ F ðuÞ;ð1:6Þ

with nonlinear term
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FðtÞ ¼
Xk
j¼1

aj tðlogðeþ t2ÞÞ j þ j

2

t3

eþ t2
ðlogðeþ t2ÞÞ j�1

� �
þ b0t A CyðRÞ;

where b0 is a constant depending on the minimizer u.

Since b0 can not be freely chosen, Theorem 1.2 is just a result of variational

problems, which gives certain semi-linear partial di¤erential equations.

As natural semi-linear partial di¤erential equations from which one can

start, we can consider the semi-linear Dirichlet problems

4Xu ¼ au logjuj þ bu in W

ujqW ¼ 0;

�
ð1:7Þ

where a; b A R.

These Dirichlet problems (1.7) correspond to those in the elliptic and

subelliptic case (see [3, 9, 23]), where the nonlinear terms are the form of

up�1 þ lu, and p > 2 is the corresponding Sobolev’s index. For our infinitely

degenerate operators, we have only the logarithmic Soboloev inequality (1.4),

so that our nonlinear terms are logarithmic. Here the nonlinear function
~FF ðtÞ ¼ at logjtj þ bt are only continuous at t ¼ 0. We can not use directly

Theorem 1.1 to problem (1.7).

Theorem 1.3. Suppose that qW is Cy and non characteristic for the system

of vector fields X. Assume that the system of vector fields X verifies the estimate

(1.1) for s > 3=2. Then, if a < 0, the Dirichlet problem (1.7) has at least one

solution u A CyðWÞVC0ðWÞ and uðxÞ > 0 for x A W.

As to this semi-linear problem (1.7), let us recall the results obtained in

[19]; by using the variational principle we proved that the semi-linear Dirichlet

problem (1.7) possesses at least one non-negative weak solution u A H 1
X ;0ðWÞV

LyðWÞ with kukL2ðWÞ > 0. The proof of boundedness of weak solution is

principal result of [19], where we need s > 3=2 in the estimate (1.1). For the

regularity of this weak solutions of (1.7), we see that if G is the set of infinitely

degenerate points of ~WW for X , then the system of vector fields X satisfies the

finite type of Hörmander’s condition on ~WWnG , so that the regularity results of

[20, 22] and maximal principle of J.-M. Bony [1] imply that u A CyðWnGÞV
C 0ðWnGÞ and uðxÞ > 0 for all x A WnG .

In this work, we study the crucial part for the Cy regularity of solution

at the infinitely degenerate points G of W. In the equation (1.7), the nonlinear

functions ~FF ðtÞ ¼ at logjtj þ bt A CyðRnf0gÞ, but they are only continuous at

t ¼ 0. To get the higher regularity of solution u, we need that the nonlinear

composition ~FFðuÞ has (almost) same regularity as u (see precisely Theorem 4.1),

and hence we have to show uðxÞ > 0 for any x A W. To this end, we prove,
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firstly in section 2, the controllability and maximum principle for hypoelliptic

operators 4X .

Theorem 1.4. Let W be a bounded and connected open subdomain of ~WW,

LðX1; . . . ;XmÞ be the Lie algebra spanned by the system of vector fields X and

their commutators. If 4X þ cðxÞ is hypoelliptic in W for any c A CyðWÞ, then
any two points of W can be linked by continuous curve made of a finite numbers of

the integral paths of vector fields belonging to LðX1; . . . ;XmÞ, (this property is

called the controllability).

Remark. 1) It should be noted that the controllability follows only from

the hypoellipticity of 4X þ cðxÞ. Conversely, it is known (see [14, 15, 16, 18])

that the controllability does not imply the hypoellipticity of 4X in general.

The first example with 0 < sa 1 given at the beginning of this introduction,

satisfies the controllability but not the hypoellipticity.

2) Logarithmic regularity estimate (1.2) implies the hypoellipticity of

L ¼ 4X þ cðxÞ in any open subdomain of ~WW and for any c A CyðWÞ (see

[16, 18]).

3) The controllability results given in this proposition enable us to define

the distance (Carnot-Carathéodory metric) associated with 4X similarly to the

finitely degenerate case (cf., [10, 8]). This metric might set light aglow in the

analysis for infinitely degenerate hypoelliptic operators (cf., another aspect by

[4]).

At the present, from this controllability results we have immediately the

strong maximum principle, on account of Bony’s result ([1]).

Theorem 1.5. Suppose that DX þ cðxÞ is hypoelliptic in W for any c A
CyðWÞ. We consider the operators L ¼ DX þ aðxÞ with a A CyðWÞ, aðxÞb 0.

If u A C2ðWÞ, Lua 0, then u can not take its positive maximum on interior points

of W except that it is constant on the connected component of those points.

The structure of the paper is as follows: We prove the controllability and

maximum principle for hypoelliptic operators in the second section. The third

section consists of the proof for the continuity and strict positivity of weak

solutions of problems (1.7). The fourth section is devoted to the Littlewood-

Paley theory for non-homogeneous Sobolev spaces defined by logarithmic type

weights, and the nonlinear calculus. In the fifth section, we prove our Theorem

1.1 and Theorem 1.3. In the last section, we study pseudo-di¤erential calculus

for logarithmic symbol.

2. Controllability and maximum principle

We prove now Theorem 1.4, that is, the controllability results for

hypoelliptic operators. Let W be a bounded and connected open sub-domain
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of ~WW. Denote by LðX1; . . . ;XmÞ the Lie algebra spanned by the system of

vector fields X and their commutators. For x0 A W, we denote by Wx0 a

maximal subset of W whose points can be linked to x0 along a continuous curve

made of finite numbers of the integral paths of vector fields belonging to

LðX1; . . . ;XmÞ. We have that 6
x0 AW

Wx0 is a partition of W, i.e. for any

x1; x2 A W, we have that Wx1 ¼ Wx2 or Wx1 VWx2 ¼ q. We prove Theorem 1.4

as the following proposition.

Proposition 2.1. If L ¼ DX þ cðxÞ is hypoelliptic in W for any c A CyðWÞ,
then we have

Wx0 ¼ W for any x0 A W:ð2:1Þ

Furthermore, the conclusion is also valid if the operators L is replaced by

DX þ X0 þ cðxÞ, and if Wx0 is defined by Lie algebra LðX0;X1; . . . ;XmÞ.

Proof. We shall prove the second statement of the proposition by two

steps.

Claim 1: If W̊x0 0q then Wx0 is open.

It follows from the assumption that there exist y0 A Wx0 and an e > 0

such that Bðy0; eÞHWx0 , where Bðy0; eÞ denotes a ball with a radius e > 0 and

centered at y0 A W. Let z0 be an arbitrary point in Wx0 . Then we can find a

suitable continuous curve, made of integral paths of vector fields belonging to

LðX0; . . . ;XmÞ, which links z0 and y0 via x0. More precisely, there exist an

interval ½0;T � ¼ 6
N

j¼1

½Tj�1;Tj� ðT0 ¼ 0;TN ¼ TÞ and a piecewise smooth vector

field Z belonging smoothly to LðX0; . . . ;XmÞ in each subinterval ½Tj�1;Tj � such
that xðT ; z0Þ ¼ y0, where xðt; zÞ denotes the solution to

dx

dt
¼ ZðxðtÞÞ; xð0Þ ¼ z:

By means of the continuity of the solution with respect to the initial value,

there exists a d > 0 such that xðT ; zÞHBðy0; eÞ if z A Bðz0; dÞ. This shows

Bðz0; dÞHWx0 . Since z0 is arbitrary we get the conclusion.

Set B ¼ 6
x0 AW

W̊x0 . Since W is connected it su‰ces to show

Claim 2: ðWnBÞ ¼ q.

Suppose this is not valid. Then bx0 B W̊x0 and it follows from step 1 that

W̊x0 ¼ q. For the multi-index J ¼ ð j1; . . . ; jkÞ, 1a jl am, let XJ denote the

repeated commutator ½Xj1 ; ½Xj2 ; . . . ; ½Xjk�1
;Xjk � . . .��. For y A W, we set

Gy :¼ sub-tangent space of y A W spanned byð2:2Þ

fXJðyÞ; EJ ¼ ð j1; . . . ; jkÞ; 1a jl amg:
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We have obviously

dimðGyÞa n� 1 for all y A Wx0 :ð2:3Þ

In fact if y0 A Wx0 such that dimðGy0Þ ¼ n, then the system of vector fields X

satisfies the finite Hörmander’s condition in a neighborhood of y0 and y0 A W̊y0 ,

which is contradictory to W̊x0 ¼ q. For the proof of claim 2, we shall show

that if there exists x0 A W such that bx0 B W̊x0 , then there exists a function

c A CyðWÞ such that the operator DX þ X0 þ cðxÞ is non-hypoelliptic; more

precisely,

Wx0 contains a submanfold S such that all Xj are tangent to S and

there exist a cðxÞ and a singular solution v on S to

DXvþ X0vþ cðxÞv ¼ 0:

8<
:
a) We want to prove that dimðGyÞa n� 2 for any y A Wx0 . If there exists

a y0 A Wx0 such that dimðGy0Þ ¼ n� 1, then one can find linearly independent

vectors XJ1ðy0Þ; . . . ;XJn�1
ðy0Þ such that

Gy0 ¼ sub-tangent space spanned by fXJ1ðy0Þ; . . . ;XJn�1
ðy0Þg:

It follows from the continuity with respect to y that XJ1ðyÞ; . . . ;XJn�1
ðyÞ are

linearly independent in a su‰ciently small neighborhood o0 of y0. By means

of (2.3) we have dimðGyÞ ¼ n� 1 for any y A o0 VWx0 and

Gy ¼ sub-tangent space spanned by fXJ1ðyÞ; . . . ;XJn�1
ðyÞgð2:4Þ

Ey A o0 VWx0 :

Consider Cy mapping

Ft : R
n�1 C a ¼ ða1; . . . ; an�1Þ ! exp t

Xn�1

j¼1

ajXJj

 !
y0 A Rn

for t > 0. If a is in a su‰ciently small neghborhood U of 0, this mapping is

well defined for 0a ta 1. We have

rank
qF1

qa

����
a¼0

¼ rankðXJ1 ; . . . ;XJn�1
Þjx¼y0

¼ n� 1

because the solution of di¤erential equation with respect to t is di¤erentiable

with respect to the parameter a. Therefore the image of a small neighborhood

U HRn�1
a by the mapping F1 makes a smooth hypersurface Sy0 through y0,

which is generated by XJ1ðyÞ; . . . ;XJn�1
ðyÞ and Sy0 HWx0 Uo0. By using (2.4),

all vector fields X0; . . . ;Xm tangent to smooth surface Sy0 .

Remark that our problem is di¤erent from Frobenius theorem. We

construct only one surface (or submanifold) passing through y0, and (2.4)

implies that TySy0 ¼ Gy for any y A Sy0 HWx0 .
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Decompose o0 into two parts o0 ¼ oþ
0 USy0 Uo�

0 and denote by nðyÞ the

unit normal vector of Sy0 at y. If v is a function such that v ¼ 1 in oþ
0 and

v ¼ 0 in another side, then it follows from the Gauss theorem that we have for

any j A Cyðo0Þ, j ¼ 0; . . . ;m

hXjv; ji ¼
ð
o0

vX �
j j dx ¼

ð
oþ

0

X �
j j dx ¼

ð
Sy0

Xjðy; nðyÞÞj dS ¼ 0;

since Xjðy; nðyÞÞ ¼ 0 for any y A Sy0 , j ¼ 0; . . . ;m. We have proved Xjv ¼ 0,

j ¼ 0; . . . ;m in D 0ðo0Þ and so ðDX þ X0Þv ¼ 0 in D 0ðo0Þ. This is contradictory

to the hypoellipticity of DX þ X0 in W.

b) Suppose that there exists 2a ka n� 1 such that

dimðGyÞa n� k for all y A Wx0 :ð2:5Þ

Then we shall show dimðGyÞa n� k � 1 for all y A Wx0 . If there exists a

y0 A Wx0 such that dimðGy0Þ ¼ n� k then, by the same reason as in the step a),

there exists a submanifold Sy0 of codimension k, generated by a suitable

base XJ1 ; . . . ;XJn�k
, such that Sy0 HWx0 . By taking the change of variables

we may assume locally in a small neighborhood o of y0 ¼ ð0; y 00
0 Þ that

Sy0 ¼ fð0; xkþ1; . . . ; xnÞg and

XJi ¼
Xn
l¼1

~aal;JiðxÞqxl ; with ~aal;Jið0; xkþ1; . . . ; xnÞ ¼ 0 for l ¼ 1; . . . ; k:

On account of (2.5) we have for any j ¼ 0; . . . ;m

Xj ¼
Xn
l¼1

~aal; jðxÞqxl ; with ~aal; jð0; xkþ1; . . . ; xnÞ ¼ 0 for l ¼ 1; . . . ; k;ð2:6Þ

because of the Cramer formula. In new variables, we have

hX �
j Xjdðx 0Þn 1; ~jji ¼ hdðx 0Þn 1;X �

j Xj ~jji

¼ �
ð
R n�k

x 00

Xk
l¼1

Xn
i¼kþ1

ðqxl ~aal; jÞð0; x 00Þ~aai; jð0; x 00Þqxi ~jjð0; x 00Þdx 00

�
ð
R n�k

x 00

Xn
l; i¼kþ1

qxlð~aal; jð0; x 00Þ~aai; jð0; x 00Þqxi ~jjð0; x 00ÞÞdx 00

¼
ð
R n�k

x 00

Xk
l¼1

Xn
i¼kþ1

qxiððqxl ~aal; jÞð0; x 00Þ~aai; jð0; x 00ÞÞ~jjð0; x 00Þdx 00

¼ �hcjðxÞdðx 0Þn 1; ~jji for all ~jjðxÞ A Cy
0 ðoÞ;

40 Yoshinori Morimoto and Chao-Jiang Xu



where cjðxÞ ¼ �
Pk

l¼1

Pn
i¼kþ1 qxiððqxl ~aal; jÞðxÞ~aai; jðxÞÞ. For X0 we have the term

hX0dðx 0Þn 1; ~jji ¼ hdðx 0Þn 1;X �
0 ~jji

¼ �
ð
R n�k

x 00

Xk
l¼1

ðqxl ~aal;0Þð0; x 00Þ~jjð0; x 00Þdx 00

þ
ð
R n�k

x 00

Xn
l¼kþ1

qxlð~aal;0ð0; x 00Þ~jjð0; x 00ÞÞdx 00

¼ �hc0ðxÞdðx 0Þn 1; ~jji for all ~jjðxÞ A Cy
0 ðoÞ;

where c0ðxÞ ¼
Pk

l¼1 qxl ~aal;0ðxÞ. With cðxÞ ¼
Pm

j¼0 cjðxÞ we have shown

ðDX þ X0 þ cðxÞÞðdðx 0Þn 1Þ ¼ 0 in D 0ðoÞ;

which is the contradiction. If we repeat this inductive procedure we attains to

the fact that dimðGyÞ ¼ 0 for all y A Wx0 , that is, Wx0 ¼ fx0g. In this case we

also find dx0 is a singular solution to ðDX þ X0 þ a0Þv ¼ 0 with a0ðxÞ ¼ divðX0Þ.
Now the proof is complete.

Remark. If we denote the change of variables by z ¼ cðxÞ with the original

variable z, then the singular solution in the step b) is written by the original

variables as

qc�1ðzÞ
qz

����
����ðdðx 0Þn 1Þjx¼c�1ðzÞ:

The construction of the singular solution in the step b) is also applicable in

the case S of codimension 1 though the singular solution in the step a) was

constructed with cðxÞ ¼ 0.

Exactly the same proof as the last part of the step a) gives also the

following results (see [7] for finitely degenerate case)

Proposition 2.2. If L ¼ DX is hypoelliptic in W and if S a smooth surface

of W, then the set of non characteristic points of S for X is an open and dense set

in S.

If x0 A S and Vx0 a neighbourhood of x0 in W, then Vx0 VS possesses the

non characteristic points. In fact, if it is not true, Vx0 VS is a smooth surface

and all vector fields tangent to it, then 4X is non-hypoelliptic in Vx0 .

Proof of Theorem 1.5. From Proposition 2.1, we can joint any two points

of W by a continuous curve made of a finite numbers of the integral paths

of vector fields belonging to LðX1; . . . ;XmÞ. By using proposition 2.1 of
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Bony [1], the continuous curve can be approximated uniformly by a piecewise

continuous integral paths of vector fields X1; . . . ;Xm, then propagation of

maximum of J.-M. Bony (see [1]) deduces Theorem 1.5.

From the maximum principle of Theorem 1.5, we have the following first

Poincaré inequality for infinite degenerate hypoelliptic system of vector fields.

Lemma 2.1. Suppose that the system of vector fields X satisfies the estimate

(1.2). If WHH ~WW, qW is Cy and non characteristic for X, then we have the

Poincaré inequality

kvk2L2ðWÞ a
1

l1

Xm
j¼1

kXjvk2L2ðWÞ; Ev A H 1
X ;0ðWÞ;ð2:7Þ

where l1 is the first eigenvalue of Dirichlet problem for 4X in W.

Remark. 1) By using this lemma, in the Hilbert space H 1
X ;0ðWÞ, we can

use kXjkL2ðWÞ ¼ ð
Pm

j¼1 kXjjk2L2ðWÞÞ
1=2 as norm.

2) It will be seen below that (2.7) holds if 4X þ c is hypoelliptic in W

for any c A CyðWÞ, and if H 1
X ;0ðWÞ is compactly embedded into L2ðWÞ. The

estimate (1.2) is a su‰cient condition for those.

Proof. We set

l1 ¼ inf
kjk

L2¼1;j AH 1
X ; 0

ðWÞ
fkXjk2L2g:

Suppose that l1 ¼ 0. Then there exists fjjgHH 1
X ;0ðWÞ such that kXjjkL2ðWÞ !

0 and kjjkL2ðWÞ ¼ 1. By using (1.2), H 1
X ;0ðWÞ is compactly embedded into

L2ðWÞ. The variational calculus deduces that there exists j0 A H 1
X ;0ðWÞ,

kj0kL2 ¼ 1, j0 b 0 satisfying

4Xj0 ¼ 0; kXj0kL2ðWÞ ¼ 0:

Since 4X is hypoelliptic in W, we have j0 A CyðWÞ and

Xjj0ðxÞ ¼ 0; Ex A W; and j ¼ 1; . . . ;m:

This implies that j0 is constant along the integral paths of vector fields of

X1; . . . ;Xm. Now the controllability of Proposition 2.1 deduces that j0 is

constant on each connected component of W.

Since qW is smooth and non characteristic, by taking x0 A qW, we may

assume that X1 transverse qW near x0. Then X1j0ðxÞ ¼ 0 implies that j0ðxÞ ¼ 0

near x0, which shows that j0 1 0 on W. This is impossible because kj0kL2 ¼ 1,

so that we prove finally l1 > 0.
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3. Weak solutions of linear Dirichlet problems

The regularity of weak solutions in Theorems 1.1 and 1.3 is based on the

results of linear equations which we first study in this section.

We have now the following result in the infinitely degenerate case.

Theorem 3.1. Suppose that the system of vector fields X verifies the estimate

(1.2) on ~WW, qW is Cy and non characteristic. For f A CyðWÞ and g A CyðqWÞ,
consider the operators L ¼

Pm
j¼1 X

�
j Xj þ aðxÞ with a A CyðWÞ, aðxÞb 0, and the

linear Dirichlet problem

Lu ¼ f in W

ujqW ¼ g:

�
ð3:1Þ

Then the Dirichlet problem (3.1) possesses a unique solution u A CyðWÞ.

Remark. 1) The assumption aðxÞb 0 is used for the existence of weak

sloutions and the uniqueness of solutions, but it is not necessary for the

regularity of solutions.

2) For the regularity of functions f and g, we can consider in Sobolev

space. Precisely, if we suppose that f A HsðWÞ, g A Hsþ3=2ðqWÞ for some

s > �3=2, we can prove, with a very small modification, that the solution of

Theorem 3.1 is in HsðWÞ.
3) If the boundary qW possesses the characteristic points, the problem of

regularity up to the boundary is very complicated and it is still an open problem

in the general case.

Existence of weak solution: Since g A CyðqWÞ, there exists ~gg A CyðWÞ such
that ~ggjqW ¼ g. We consider the following homogeneous Dirichlet problems

Lv ¼ f � L~gg ¼ ~ff in W

vjqW ¼ 0:

(

It follows from the Poincaré inequality (2.7) that L is positive in H 1
X ;0ðWÞ, and

hence the Lax-Milgram theorem gives the existence of weak solution v A H 1
X ;0ðWÞ

for any ~ff A L2ðWÞ. It is easy to see that u ¼ vþ ~gg is a weak solution of the

Dirichlet problem (3.1).

Cy regularity: The estimate (1.2) implies that L is hypoelliptic on the

interior of W, so that u A CyðWÞ. As for the Cy regularity of weak solution up

to the boundary, its proof is the same as the one of Theorem 1.1, so we send it

to the section 5.

Uniqueness of solution: If u is a weak solution of Dirichlet problem Lu ¼ 0

in W and ujqW ¼ 0, then above regularity results show u A CyðWÞ. We get

u1 0 in W by the maximum principle and the controllability as in the proof of

Lemma 2.1.
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The nonlinear equation (1.7) is quite di¤erent from (1.3) whoes nonlinear

term F ðx; uÞ is smooth with respect to u, so that the nonlinear composition

theorem is applicable to get the regularity of Fðx; uðxÞÞ from those of u. But

in equation (1.7), the nonlinear term is ~FFðuÞ ¼ au logjuj þ bu, which is smooth

if u0 0 but only continous near u ¼ 0. Remark that if u A LyðWÞ, we have
~FF ðuÞ A LyðWÞ.

To prove the regularity of weak solution for nonlinear Dirichlet problem

(1.7) we consider, in the first step, the Dirichlet problem (3.1) with f A LyðWÞ,
keeping ~FFðuÞ A LyðWÞ in mind.

Theorem 3.2. Suppose that qW is Cy and non characteristic for X. If

f A LyðWÞ, g A C 2ðqWÞ, then the Dirichlet problem (3.1) possesses a unique

solution u A C0ðWÞ.

Without loss of generality, we suppose that g ¼ 0. The existence of weak

solution and the uniqueness are the same as Theorem 3.1 since LyðWÞHL2ðWÞ.
We prove now the continuity of weak solution. We shall use the so-called

approximation method for f . By using Theorem 3.1, the Green function

Gðx; yÞ of L exists and has the following properties (see also [1]):

LGðx; �Þ ¼ dx; Gðx; yÞb 0; G A CyðW�Wnfðx; xÞ; x A WgÞ;

Gðx; yÞ ¼ Gðy; xÞ; Gðx; �ÞjqW ¼ 0; vðxÞ ¼
ð
W

Gðx; yÞdy A CyðWÞ:

In fact, v ¼
Ð
W
Gðx; yÞdy is the solution of problem (3.1) with f ¼ 1, g ¼ 0, so

that we have v A CyðWÞ. We prove now the continuity of weak solution by the

following two propositions.

Proposition 3.1. If f A LyðWÞ, then vðxÞ ¼ Gf ðxÞ ¼
Ð
W
Gðx; yÞ f ðyÞdy is a

weak solution of equation Lv ¼ f and v A LyðWÞ.

Proof. For j A Cy
0 ðWÞ, we have

hLðGf Þ; ji ¼ hGf ;Lji ¼
ð
W

ð
W

Gðx; yÞ f ðyÞdy
� �

LjðxÞdx:

Since Lj A Cy
0 ðWÞ, there exist, c A Cy

0 ðWÞ, 0aca 1, cðxÞ ¼ 1 for x A Supp j.

Then we haveð
W

ð
W

jGðx; yÞ f ðyÞLjðxÞjdx
� �

dya k f kLykLjkLy

ð
W

ð
W

Gðx; yÞcðxÞdx
� �

dy:

By Cy regularity result of Theorem 3.1 we get Gc A CyðWÞ, so that we have

proved

Gðx; yÞ f ðyÞLjðxÞ A L1ðW�WÞ:
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Then Fubini theorem implies that

hLGf ; ji ¼
ð
W

ð
W

Gðx; yÞLjðxÞdx
� �

f ðyÞdy ¼ h f ; ji:

Therefore in D 0ðWÞ we have LGf ¼ f and

kGf kLyðWÞ a k f kLyðWÞkGkLyðW;L1ðWÞÞ:

We prove now the continuity of v ¼ Gf on W for f A LyðWÞ. Suppose that

K0 HH � � �HHKj HHKjþ1 H � � �HHW

is a sequence of compact subset of W with the property dis ðKj; qKjþ1Þ ¼
a02

�j > 0. Let wj A Cy
0 ðK̊jþ1Þ, wjðxÞ ¼ 1 for x A Kj and ej is a mollifier of

radius a02
�j�1. Then for f A LyðWÞ, we have

fj ¼ ej � ðwj f Þ A Cy
0 ðWÞ; k fjkLy a k f kLy ; Supp fj HKjþ2;

and lim fj ¼ f in LyðWÞ. We have

Proposition 3.2. The sequence fvj ¼ Gfjg is equi-continuous and uniformly

bounded on W.

End of proof for Theorem 3.2. From this proposition, the weak solution of

equation Lu ¼ f is the uniform limit of Gfj by the Ascoli theorem. Further-

more, the weak solution u is continuous on W and ujqW ¼ 0.

Proof of Proposition 3.2. Since

kGfjkLyðWÞ a k fjkLyðWÞkGkLyðW;L1ðWÞÞ a k f kLyðWÞkGkLyðW;L1ðWÞÞ;

fvjg is uniformly bounded on W. For the equi-continuity, we first have

jGfjðxÞ � Gfjðx 0Þja k f kLyðWÞ

ð
W

jGðx; yÞ � Gðx 0; yÞjdy:

Claim: for any d > 0, and x 0 A W, there exists h > 0 such thatð
W

jGðx; yÞ � Gðx 0; yÞjdya d; Ex; x 0 A W; jx� x 0j < h:

Then the compactness of W implies the equi-continuous of fvj ¼ Gfjg on W.

We prove now the preceding claim. Since Gðx 0; �Þ A L1ðWÞ, there exists

h1 > 0 such thatð
Bðx 0;h1ÞVW

Gðx 0; yÞdya
ð
Bðx 0;2h1ÞVW

Gðx 0; yÞjðyÞdya
ð
Bðx 0;2h1ÞVW

Gðx 0; yÞdya d

4
;
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where j A Cy
0 ðBðx 0; 2h1ÞÞ, 0a ja 1, jðxÞ ¼ 1, Ex A Bðx 0; h1Þ. Since u1ðxÞ ¼ Gj

is the solution of problem Lu ¼ j, ujqW ¼ 0, we have that

u1ðxÞ ¼
ð
W

Gðx; yÞjðyÞdy ¼
ð
Bðx 0;2h1ÞVW

Gðx; yÞjðyÞdy A CyðWÞ:

Then there exists h1 b 2h2 > 0 such that

ju1ðxÞ � u1ðx 0Þja d

4
; Ex A W; jx� x 0j < h2:

Consequently for any x A W, jx� x 0j < h2 a h1=2,ð
Bðx 0;h1ÞVW

Gðx; yÞdya
ð
Bðx 0;2h1ÞVW

Gðx; yÞjðyÞdya d

2
;

and ð
W

jGðx; yÞ � Gðx 0; yÞjdya
ð
Bðx 0;h1ÞVW

jGðx; yÞ � Gðx 0; yÞjdy

þ
ð
WnBðx 0;h1Þ

jGðx; yÞ � Gðx 0; yÞjdy

a
3d

4
þ
ð
WnBðx 0;h1Þ

jGðx; yÞ � Gðx 0; yÞjdy;

but Gð� ; �Þ is uniformly continuous on Bðx 0; h1=2Þ � ðWnBðx 0; h1ÞÞ, then there

exist 0 < ha h2 such that

jGðx; yÞ � Gðx 0; yÞja d

4jWj ; Ejx� x 0j < h; Ey A WnBðx 0; h1Þ:

We have proved the proposition.

From this Theorem 3.2, we have the continuity of weak solution u for

nonlinear problems (1.7). In fact we have proved u A LyðWÞ in [19], and so

f ¼ au logjuj þ bu A LyðWÞ. Consequently u and f are also continuous in W.

To prove uðxÞ > 0 in interior of W, we need now the following strong maximum

principle for the continuous weak solution.

Lemma 3.1. Suppose that qW is Cy and non characteristic for X. If

u A CðWÞ is a weak solution of Dirichlet problem (3.1) with g A C2ðqWÞ and

f A CðWÞ. Let o ¼ fx A W; f ðxÞa 0g. Then u can not take its positive max-

imum on interior points of o unless it is constant on the connected component of

those points in the interior of o.
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Proof. As in the proof of Proposition 3.1 of [1], suppose that F is the set

of positive maximum points of u in o̊, F 0q and F 0 o̊. Then there exist

x0; x1 A o̊, r > 0 such that

Bðx0; rÞVF ¼ fx1g; Bðx0; 2rÞH o̊:

For k > 0, we set vðxÞ ¼ e�kjx�x0j2 � e�kr2 . For k big enough, there exist c1,

C1 > 0 such that LvðxÞa�C1 < 0 for any x A Bðx1; c1rÞ. For l > 0, set now

w ¼ uþ lv. Then we have that m0 ¼ wðx1Þ ¼ uðx1Þ ¼ max
o̊

u > 0. Choose

l > 0 small enough such that wðxÞam0 � d0 for all x A qBðx1; c1rÞ and for

some d0 > 0. Then we have that wðx1Þ ¼ m0 and

Lw ¼ f þ Lv ¼ ~ff a�C1 < 0; on Bðx1; c1rÞ; and

wðxÞam0 � d0; Ex A qBðx1; c1rÞ:

But we can not use directly Theorem 1.5 to get the contradiction, since w is only

continuous. Consequently we need to use the approximation method again.

We extend ~ff as a continuous function on Rn and take f ~ffjg
y
j¼1 HCyðRnÞ

such that k ~ffj � ~ff kLyðWÞ ! 0. For a ~gg A C2ðRnÞ with ~ggjqW ¼ gþ vjqW, take

f~ggjgyj¼1 HCyðRnÞ such that k~ggj � ~ggkC 2 ! 0. If wj is a solution to (3.1) with

f ¼ ~ffj, g ¼ ~ggjjqW, then wj A CyðWÞ. By using the Green function we see that

kwj � wkLyðWÞ a k~ggj � ~ggkLyðWÞ þ Cðk ~ffj � ~ff kLyðWÞ þ kL~ggj � L~ggkLyðWÞÞ:

Thus there exists j0 big enough such that for any jb j0,

kwj � wkLyðWÞ a d0=4; k ~ffj � ~ff kLyðWÞ aC1=2:

Therefore we get finally

Lwj0ðxÞ ¼ ~ffj0ðxÞa�C1=2 < 0; Ex A Bðx1; c1rÞ;

and

wj0ðxÞam0 �
3

4
d0; Ex A qBðx1; c1rÞ; wj0ðx1Þbm0 �

1

4
d0:

This is impossible from the maximum principle of Theorem 1.5. We have

proved Lemma 3.1.

From Theorem 3.2 and Lemma 3.1, we have proved the continuity and

positivity for the weak solution of Dirichlet problem (1.7). We state those

results by the following theorem.

Theorem 3.3. Under the hypothesis of Theorem 1.3, the weak solutions of

problems (1.7) belong to C0ðWÞ and uðxÞ > 0 for all x A W.
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In fact, if uðx0Þ ¼ 0 for an x0 A W then, by using the continuity of u,

there exists r > 0 such that f ðxÞ ¼ auðxÞ log uðxÞ þ buðxÞb 0 for any x A
Bðx0; rÞHW. Applying Lemma 3.1 to 1� u we have that uðxÞ ¼ 0 in

Bðx0; rÞ. Repeating this method we finally obtain u ¼ 0 in W, which is

impossible since the solution is non-trivial.

4. Littlewood-Paley theory for logarithmic Sobolev spaces

Let l > 0, and define the following logarithmic Sobolev’s space:

H
log
l ðRnÞ ¼ fu A L2ðRnÞ; ðloghxiÞlûuðxÞ A L2ðRnÞg;

where hxi ¼ ðe2 þ jxj2Þ1=2. We study now the Littlewood-Paley decomposition

for this function space as in [2, 21].

Let C0 ¼ fx A Rn; e < hxi < e3g, Ck ¼ ekC0, k A N , C�1 ¼ fx A Rn;

hxi < e2g, there exist c A Cy
0 ð�0; e2½Þ, j A Cy

0 ð�e; e3½Þ such that

cðhxiÞ þ
Xy
j¼0

jðe�jhxiÞ ¼ 1; Ex A Rn:

For f A L2ðRnÞ, we set

D�1 f ¼ cðLÞ f ; Dj f ¼ jðe�jLÞ f ; j A N :

Then f ¼
P

Dj f in L2ðRnÞ, and we have the following characterization for

function space H
log
l ðRnÞ.

Lemma 4.1. For l > 0, we have that

1) if u A H
log
l ðRnÞ, then

kDjukL2ðR nÞ a cj j
�l; kfcjgkl2 a kuk

H
log
l

ðR nÞ:

2) if u A L2ðRnÞ, and

kDjukL2ðR nÞ a cj j
�l; fcjg A l2;

then u A H
log
l ðRnÞ, and for any Sb 1

S2lkðlog LÞluk2L2ðR nÞ aC1l
2lkuk2L2ðR nÞ þ CS

2 S
2lkfcjgk2l2 ;

with C1, C2 independent of S, l and u.

Proof. 1) For u A H
log
l ðRnÞ, we have

kDjuk2L2 ¼
ð
jðe�jhxiÞ2jûuðxÞj2dxa j�2l

ð
Cj

ðloghxiÞ2ljðe�jhxiÞ2jûuðxÞj2dx:
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We set

c2j ¼
ð
Cj

ðloghxiÞ2ljðe�jhxiÞ2jûuðxÞj2dx:

Then the fact c2ðxÞ þ
Py

j¼0 jðe�jhxiÞ2 a 1 implies that

Xy
j¼�1

c2j a

ð
Rn

ðloghxiÞ2l
Xy
j¼�1

jðe�jhxiÞ2jûuðxÞj2dxa kuk2
H

log
l

ðRnÞ:

2) For S > 0, we have

S2lkðlog LÞluk2L2 a 3
X

Sð jþ3Þal

ðSð j þ 3ÞÞ2l
ð
jðe�jhxiÞ2jûuðxÞj2dx

þ 3
X

Sð jþ3Þ>l

ðSð j þ 3ÞÞ2lkDjuk2L2

a 3l2lkuk2L2 þ 3S2l
X

Sð jþ3Þ>l

ð j þ 3Þ2lj�2lc2j

a 3l2lkuk2L2 þ 3S2l
X
j

ð1þ 3=jÞ2Sð jþ3Þ
c2j

a 3l2lkuk2L2 þ 3ðe626ÞSS2lkfcjgk2l2 :

As in the classical case, for the second part in the preceding lemma, we

have more general results

Lemma 4.2. Suppose that fukgk AN is a sequence of L2ðRnÞ, with

Supp ûuk HBð0;KekÞ and for l > 1=2,

kukkL2ðR nÞ a ckk
�l; fckg A l2:

Then u ¼
P

k uk A H
log
l�1=2ðR

nÞ and for any Sb 1,

S2l�1kðlog LÞl�1=2
uk2L2ðR nÞ aC1ðl� 1=2Þ2l�1kuk2L2ðRnÞ

þ CS
2 S

2l�1ð2l� 1Þkfckgk2l2 ;

with C1, C2 independent of S, l and u.

Remark. We have a loss of 1=2 for the index because of the logarithmic

sum.

Proof. Since l > 1=2, we have that u ¼
P

k uk converges in L2ðRnÞ, in fact,

kukL2 a
X
k

kukkL2 a
X
k

ckk
�l

a kfckgkl2

X
k

k�2l

 !1=2
:
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We suppose now S ¼ 1, since the general case of S is similar as Lemma 4.1.

We set

u ¼
Xy
j¼�1

Dju ¼
Xy
j¼�1

vj ¼
Xy
j¼�1

X
k

Djuk:

Then

kuk2
H

log

l�1=2
ðR nÞ a 2

X
jþ3al�1=2

Dju

������
������
2

H
log

l�1=2
ðR nÞ

þ 2
X

jþ3>l�1=2

Dju

������
������
2

H
log

l�1=2
ðR nÞ

a 2ðl� 1=2Þ2l�1kuk2L2 þ 2
X

jþ3>l�1=2

ð j þ 3Þ2l�1kDjuk2L2 :

On the other hand, there exists N1 > 0 (depending only on K) such that for any

j > k þN1, Cj VBð0;KekÞ ¼ q, then Djuk ¼ 0. We have vj ¼
P

kbj�N1
Djuk,

and

kDjuk2L2 ¼
ð X

kbj�N1

Djuk

�����
�����
2

dxa
X

kbj�N1

k�2l

 ! X
kbj�N1

ð
k2ljDjukj2dx

 !

a ð2l� 1Þð j �N1Þ�2lþ1
X

kbj�N1

k2lkDjukk2L2 :

Setting now ~cc2j ¼
P

kbj�N1
k2lkDjukk2L2 , we have

X
j

~cc2j a
X
k

k2lkukk2L2 a
X
k

c2k :

Finally, for j þ 3 > l� 1=2,

j þ 3

j �N1

� �2l�1

a
j þ 3

j �N1

� �2ð jþ3Þ
a e2ðN1þ3ÞðN1 þ 4Þ2ðN1þ3Þ

aC2:

We have proved the lemma.

Lemma 4.3. Suppose that fukg is a sequence in CyðRnÞ and for l > 1=2

there exists a function v A H
log
l ðRnÞ satisfying the following: For any a A N n,

there exist Bjaj b 0 such that

kDaukkL2ðRnÞ aBjaje
kjajkDkvkL2ðR nÞ:

Then u ¼
P

k uk A H
log
l�1=2ðR

nÞ and for any Sb 1,

S2l�1kuk2
H

log

l�1=2
ðR nÞ aCSððl� 1=2Þ2l�1kvk2L2ðRnÞ þ S2l�1ð2l� 1Þkvk2

H
log
l

ðR nÞÞ;
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with CS depending only on B0, B½S �þ2 and C1, C2 the constants in Lemmas 4.1

and 4.2.

Proof. As in the lemma 4.2, we have u ¼
P

k uk A L2. We decompose,

uk ¼ u1k þ u2k ¼ cðe�k�1LÞuk þ ð1� cðe�k�1LÞÞuk:

Then u1 ¼
P

u1k satisfies the hypothesis of Lemma 4.2, we have for Sb 1,

S2l�1ku1k2
H

log

l�1=2
ðR nÞ aC1ðl� 1=2Þ2l�1

B2
0kvk

2
L2 þ CS

2 B
2
0S

2l�1ð2l� 1Þkvk2
H

log
l

ðR nÞ:

We study now u2 ¼
P

u2k , with the conditions

Supp u2k H fx A Rn; hxib ekg; kDau2kkL2 aBae
kjajkDkvkL2 :

For kb pþ 3, Cp V fx A Rn; hxib ekg ¼ q, we have Dpu
2 ¼

P
kapþ2 Dpu

2
k .

Then

kDpu
2k2L2 a

X
kapþ2

e2k

 ! X
kapþ2

e�2kkDpu
2
kk

2
L2

 !

a 2e2ðpþ2Þ
X

kapþ2

e�2kkDpu
2
kk

2
L2

a 2e4p�2lþ1
X

kapþ2

e�2kkhDiðlog LÞl�1=2Dpu
2
kk

2
L2 :

Set now ~cc2p ¼
P

kapþ2 e
�2kkhDiðlog LÞl�1=2Dpu

2
kk

2
L2 . We have

Xy
p¼�1

~cc2p a
X
k

e�2kkhDiðlog LÞl�1=2
u2kk

2
L2 :

By Lemma 4.1, we have

S2l�1kðlog LÞl�1=2ðu2Þk2L2 aC1ðl� 1=2Þ2l�1kuk2L2 þ CS
2 S

2l�1kf~ccpgk2l2 :

We study now kf~ccpgkl2 . For simplicity of the notation, we replace l� 1=2 by

l in what follows,

khDiðlog LÞlu2kk
2
L2

¼
ð
hxi�2ð½S �þ1Þhxi2½S �þ4ðloghxiÞ2lð1� cðe�k�1hxiÞÞ2jûukðxÞj2dx;

and if ð½S � þ 1Þðk þ 2Þb l,

hxi�2ð½S �þ1ÞðloghxiÞ2lð1� cðe�k�1hxiÞÞ2

a e�2ð½S �þ1Þðkþ2Þðk þ 2Þ2lð1� cðe�k�1hxiÞÞ2;
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if ð½S � þ 1Þðk þ 2Þ < l,

hxi�2ð½S �þ1ÞðloghxiÞ2lð1� cðe�k�1hxiÞÞ2

a e�2ð½S �þ1Þðkþ2Þ l

½S � þ 1

� �2l
ð1� cðe�k�1hxiÞÞ2:

Consequently

Xy
p¼�1

~cc2p a
X

ð½S �þ1Þðkþ2Þ<l

e�2ke�2ð½S �þ1Þðkþ2Þ l

½S � þ 1

� �2l
kukk2H ½S �þ2

þ
X

ð½S �þ1Þðkþ2Þbl

e�4ð½S �þ1Þe�2kð½S �þ2Þ 1þ 2

k

� �2l
k2lkukk2H ½S �þ2 ;

where H ½S �þ2 is classical Sobolev space on Rn. From the hypothesis of the

lemma,

kukkH ½S �þ2 aB½S �þ2e
kð½S �þ2ÞkDkvkL2 ;

we have

Xy
p¼�1

~cc2p aB2
½S �þ2ðS�2ll2lkvk2L2 þ kvk2

H
log

l�1=2
ðR nÞÞ:

We have proved the lemma with the constant CS depending on B0, B½S �þ2 and

C1, C2.

We study now the non-linear composition for the function of space

H
log
l�1=2ðR

nÞ. We have the following result.

Theorem 4.1. Suppose that F A CyðRÞ, Fð0Þ ¼ 0, and u A H
log
l ðRnÞV

LyðRnÞ a real function for l > 1=2. Then FðuÞ A H
log
l�1=2ðR

nÞVLyðRnÞ and for

any Sb 1

S2l�1kF ðuÞk2
H

log

l�1=2
ðR nÞ aCS l� 1

2

� �2l�1

kuk2L2ðR nÞ þ S2l�1ð2l� 1Þkuk2
H

log
l

ðR nÞ

 !
;

with CS depending only on supjtjakukLy jF
ð jÞðtÞj and kuk j

Ly for j¼ 0; 1; . . . ; ½S �þ2.

Remark. This theorem is still true for the vector value function u ¼
ðu1; . . . ; umÞ and Fðt1; . . . ; tmÞ A CyðRmÞ.

Proof. We have firstly

kF ðuÞkL2 ¼ kFðuÞ � Fð0ÞkL2 a ðsupjtjakukLy ÞjF
0ðtÞj kukL2 :
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We denote, for kb 1, Sku ¼
Pk�2

j¼�1 Dju, then for u A H
log
l ðRnÞVLyðRnÞ, we

have FðuÞ ¼ limk!þy F ðSkuÞ in L2ðRnÞ, so that

F ðuÞ ¼ FðS1uÞ þ
Xy
k¼2

ðF ðSkuÞ � FðSk�1uÞÞ ¼
Xy
k¼1

fk

with f1 ¼ FðS1uÞ and for k > 1

fk ¼
ð1
0

F 0ðSk�1uþ tDkuÞdtDku:

Since for any a A N n,

kDaðSk�1uþ tDkuÞkLy aCjaje
kjajkukLy ; kDaDkukL2 a eðkþ3ÞjajkDkukL2 ;

the Faà-di-Bruno formula implies that

kDa fkkL2 aBjaje
kjajkDkukL2

with Bjaj depending only on supjtjakukLy jF
ð jÞðtÞj and kuk j

Ly for j ¼
0; 1; . . . ; jaj þ 2.

Then
P

k fk satisfies the hypothesis of Lemma 4.3, and so we have proved

the theorem.

To study the regularity up to the boundary for nonlinear problems, we

introduce the following tangential logarithmic Sobolev spaces (see [26]): For

l > 0, we set

H
log
0;l ðR

nÞ ¼ fu A L2ðRnÞ; ðloghðx 0; 0ÞiÞlûuðxÞ A L2ðRnÞg;

and

H
log
0;l ðR

n
þÞ ¼ fu A L2ðRn

þÞ; ðloghðx 0; 0ÞiÞlFx 0uðx 0; xnÞ A L2ðRn
þÞg;

where x ¼ ðx 0; xnÞ A Rn�1 � R, Rn
þ ¼ fðx 0; xnÞ; x 0 A Rn�1; xn > 0g. We have

H
log
0;l ðR

nÞjR n
þ
¼ H

log
0;l ðR

n
þÞ:

We use now the tangential Littlewood-Paley decomposition:

D 0
�1 f ¼ cðL 0Þ f ; D 0

j f ¼ jðe�jL 0Þ f ; j A N ;

where FðjðL 0Þ f Þ ¼ jðhðx 0; 0ÞiÞ f̂f , and the function spaces H
log
0;l ðR

n
þÞ is char-

acterized by X
j2lkD 0

j uk
2
L2ðR n

þÞ < þy:

We have the similar results as Lemmas 4.1–4.3 and Theorem 4.1 for the

tangential function spaces.
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5. Nonlinear hypoellipticity

We consider now our nonlinear function t log t and weak solution

u A H 1
X ;0ðWÞ of problem (1.7). From Theorem 3.3, we have that u A C0ðWÞ

and uðxÞ > 0 for all x A W. Take a; b A Cy
0 ðWÞ with aHH b. Let N0 be a

fixed positive integer and suppose that

kDlakLy aClN
jlj
0 ; uðxÞb 2c0 > 0; Ex A Supp b:

Let w A Cy
0 ðRÞ, 0a wa 1 and wðtÞ ¼ 1, tb c0, wðtÞ ¼ 0, ta c0=2. We have

GðtÞ ¼ wðtÞt logjtj A CyðRÞ:

Then, for u A C0ðWÞ, uðxÞ > 0, x A W the solution of problem (1.7), we have

au log u ¼ aðbuÞ logðbuÞ ¼ aGðbuÞ:

For the nonlinear term in equation (1.3), we have aFðx; uÞ ¼ aFðx; buÞ for any

aHH b. Therefore in the interior of W, we have the same smooth nonlinear

term in two cases of Theorems 1.1 and 1.3. By using Theorem 4.1 and its

remark, we have the following estimate: If bu A H
log
l ðRnÞVLyðRnÞ for some

l > 1=2, then for any Sb 1, we have

kðlog LSÞl�1=2ðaFðx; uÞÞk2L2 aA2
Sðl2l�1N

2ðSþ2Þ
0 kbuk2L2ð5:1Þ

þ ð2l� 1Þkðlog LSÞlðbuÞk2L2Þ;

where AS depends on S, kukLy and kaðxÞF ðx; tÞkC½S �þ2ðW�½�kukLy ;kukLy �Þ, but not

on l, N0.

By interpolation, the estimate (1.2) implies that: For any small e > 0, any

N > 0, there exists Ce;N > 0 such that

klog Lvk2L2 a e
Xm
p¼1

kXpvk2L2 þ Ce;Nkvk2H�N ; Ev A Cy
0 ð ~WWÞ;ð5:2Þ

where H�N is classical Sobolev space. For small d > 0, we set Ld ¼
ð1� d4Þ�1, then this is a uniformly bounded family of operators on HmðRnÞ
for any m A R, and LdðauÞ A H 2ðRnÞ if u A L2

locðWÞ. We prove now the fol-

lowing proposition.

Proposition 5.1. Suppose that the system of vector fields X satisfies the

logarithmic regularity estimate (1.2), and u A H 1
X ; locðWÞVLy

locðWÞ is a weak

solution of equation (1.3). Then for any a A Cy
0 ðWÞ and any l A N , Sb 1, we

have

kðlog LSÞlLdðauÞkL2ðR nÞ a ðM0lÞllmSRS;ð5:3Þ
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where M0 depends only on Supp a, mS depends only on S, RS depends on AS of

(5.1) and kukL2ðWÞ. Furthermore the constant M0, mS and RS are independent of

small d > 0 and l A N .

Proof of first part of Theorem 1.1. Nonlinear interior regularity

By using the estimate (5.3) with S ¼ 4eM0, we have

khDi2LdðauÞkL2 a
Xy
l¼0

kðlog L2ÞlLdðauÞkL2ðl!Þ�1

a
Xy
l¼0

kðlog LSÞlLdðauÞkL2

2

S

� �l
ðl!Þ�1

aRS

Xy
l¼1

1

2

� �l
lmS þ kaukL2 < þy;

where we have used the estimate ll
a ell!. Since RS, mS independent of d,

we have proved au A H 2ðRnÞ. Now LdðauÞ A H 4, the similar calculus as above

give that au A H 4ðRnÞ if we take S ¼ 2� 4eM0 in (5.3). By recurrence we

get that au A HmðRnÞ for any m A N . It follows from the Sobolev embedding

theorem that au A CyðRnÞ. Since a A Cy
0 ðWÞ is arbitrary, we have proved

u A CyðWÞ.

Proof of Proposition 5.1. For lb 1 fixed, we choose the functions of

Cy
0 ðWÞ as in [15, 16],

a ¼ al HH al�1 HH � � �HH a1 HH a0 ¼ b;

such that

kDlajkLy aCll
jlj; El A N nð5:4Þ

with Cl depending only on a0. For the proof of Proposition 5.1, we prove the

following estimate: for any 1a ja l, and any ja ka l, we have

kðlog LSÞ jLdðakuÞkL2 a ðM0lÞ jlmSRSð5:5Þ

with the constant as in Proposition 5.1.

We need also the following two results about pseudo-di¤erential calculus,

whose proofs will be given in the next section.

First result is about the pseudo-di¤erential operators as a regularlizer.

Proposition 5.2. For any m;m 0 A N , we have

kðak � 1Þðlog LSÞ jLdðakþ1uÞk2Hm aCS;m;m 0 ð j!l3mþ2m 0þ2Sþ3nþ4Þ2kbuk2H�m 0 ;

with CS;m;m 0 independent of l, j and d, and
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kakðlog LSÞ jLdðakþ1uÞk2H�S aCSð j!l2Sþ3nþ7Þ2kbuk2L2 ;

with CS independent of l, j and d.

For the commutators, we have

Proposition 5.3. Let X be vector fields, 1a ja l, ja ka l, we have

k½X ; akðlog LSÞ jLdakþ1�akuk2L2 aCSðl2jjjujjj2j;k;S þ ð j!Þ2l10ðSþnþ2Þkbuk2L2Þ;

and

k½X ; ½X ; akðlog LSÞ jLdakþ1��akuk2L2 aCSðl4jjjujjj2j;k;S þ ð j!Þ2l10ðSþnþ2Þkbuk2L2Þ;

with CS independent of j, k, l and d, where

jjjujjj2j;k;S ¼
X

0aj 0aminf j;Sþ2g

j!

ð j � j 0Þ!

� �2
kðlog LSÞ j�j 0

Ldak�j 0uk2L2 :

We prove now (5.5) by induction on j.

1) For j ¼ 1, 1a ka l� 1, take akþ1Lda
2
kLdðakþ1uÞ A H 1

0 ðWÞ as test

function in (1.3),

Xm
p¼1

ð
W

ðXpuÞXpðakþ1Lda
2
kLdðakþ1uÞÞdx

¼
ð
W

akþ1ðFðx; uÞ � X0uÞðLda
2
kLdðakþ1uÞÞdx:

Then it follows from (5.4), the Cauchy-Schwarz inequality and the fact

jhX0v; vijaCkvk2L2 for reals functions and real vector X0, that

Xm
p¼1

kXpakLdðakþ1uÞk2L2 aC1kakþ1uk2L2 þ C2l
2kakuk2L2 ;

where C1 and C2 are the constants in (5.1) and (5.4). On the other hand, (1.2)

gives that

klog LðakLdðakþ1uÞÞk2L2 a ekXðakLdðakþ1uÞÞk2L2 þ Cekakþ1uk2L2 :

We have for any Sb 1,

klogðLSÞLdðakþ1uÞk2L2 aS2ekXðakLdðakþ1uÞÞk2L2 þ S2Cekakþ1uk2L2

þ klogðLSÞðak � 1ÞLdðakþ1uÞk2L2

aS2eðC1kakþ1uk2L2 þ C2l
2kakuk2L2Þ

þ S2Cekakþ1uk2L2 þ klogðLSÞðak � 1ÞLdðakþ1uÞk2L2 :
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For the last term of right hand side, Proposition 5.2 gives

klogðLSÞðak � 1ÞLdðakþ1uÞk2L2 aCSl
4Sþ6nþ8kbuk2L2 :

We have proved (5.5) for j ¼ 1 if we choose e > 0 small such that eS2 a 1 and

M 2
0 bC1 þ C2 þ C3 þ 1; R2

S b ðSC1=S þ CSÞkbuk2L2 ;

2mS b 10ðS þ nþ 2Þ:

2) Suppose now that there exists a ja l� 1 such that (5.5) is true for any

pa j. We shall prove (5.5) for j þ 1. Firstly, take d ! 0, we have for any

pa j and pa ka l

kðlog LSÞpðakuÞkL2 a ðM0lÞplmSRS;ð5:6Þ

and

X
0aj 0aminf j;Sþ2g

j!

ð j � j 0Þ!

� �2
kðlog LSÞ j�j 0

Ldak�j 0uk2L2 aCSðM0lÞ2jl2mSR2
S:ð5:7Þ

For ja ka l� 1, set

v ¼ akþ1Ldðlog LSÞ ja2kðlog LSÞ jLdðakþ1uÞ;

then v A H 1
0 ðWÞ, using v as test function in (1.3),

ð
W

Xm
p¼1

X �
p Xpu

 !
v dx ¼

ð
W

ðF ðx; uÞ � X0uÞv dx:

By using integration by parts, the Cauchy-Schwarz inequality and the fact that

jhX0v; vijaCkvk2L2 , we have that

Xm
p¼1

kXpakðlog LSÞ jLdðakþ1uÞk2L2

a
1

2
klog LSakðlog LSÞ jLdðakþ1uÞk2L2 þ 8kðlog LSÞ j�1Ldðakþ1Fðx; uÞÞk2L2

þ 8
Xm
p¼0

k½akðlog LSÞ jLdakþ1;Xp�ðakuÞk2L2

þ 12
Xm
p¼0

k½akðlog LSÞ jLdakþ1;X
�
p �ðakuÞk

2
L2

þ 8

l2

Xm
p¼0

k½½akðlog LSÞ jLdakþ1;X
�
p �;Xp�ðakuÞk2L2 þ l2kðlog LSÞ jLdðakþ1uÞk2L2
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þ 2kbFðx; uÞkL2kðlog LSÞ jðak � 1Þakðlog LSÞ jLdðakþ1uÞkL2

¼ ð1Þ þ ð2Þ þ � � � þ ð7Þ:

By the induction hypothesis, for any ja ka l, estimate (5.1) gives

ð2Þ ¼ 8kðlog LSÞ j�1Ldðakþ1F ðx; akuÞÞk2L2

aA2
Sðl2j�2l2Sþ4kakuk2L2 þ 2ð j � 1Þkðlog LSÞ jðakuÞk2L2Þ

aA2
Sðl2Sþ4l2ð j�1Þkbuk2L2 þ 2ð j � 1ÞðM0lÞ2jl2mSR2

SÞ:

The first estimate of Proposition 5.3 and (5.7) give

ð3Þ þ ð4ÞaCSðl2ðM0lÞ2jl2mSR2
S þ l2jl10ðSþnþ2Þkbuk2L2Þ:

The second estimate of Proposition 5.3 yields

ð5ÞaCSðl2ðM0lÞ2jl2mSR2
S þ l2jl10ðSþnþ2Þkbuk2L2Þ;

and by Proposition 5.2 we have

ð7ÞaCSl
2jl10ðSþnþ2Þkbuk2L2 :

The estimation of term (6) follows from the induction hypothesis. If mS b

5ðS þ nþ 2Þ then we have finally

Xm
p¼1

kXpakðlog LSÞ jLdðakþ1uÞk2L2 a
1

2
klogðLSÞakðlog LSÞ jLdðakþ1uÞk2L2

þ ~CCSðM0lÞ2jþ2l2mSR2
S:

Using (5.2) with N ¼ S and Proposition 5.2, we get

klog Lakðlog LSÞ jLdðakþ1uÞk2L2

a e
Xm
p¼1

kXpakðlog LSÞ jLdðakþ1uÞk2L2 þ Ce;Skakðlog LSÞ jLdðakþ1uÞk2H�S

a
e

2
klogðLSÞakðlog LSÞ jLdðakþ1uÞk2L2 þ e ~CCSðM0lÞ2jþ2l2mSR2

S

þ Ce;Sð j!Þ2l10ðSþnþ2Þkbuk2L2 :

By using the first inequality of Proposition 5.2, we have

klogðLSÞðak � 1Þðlog LSÞ jLdðakþ1uÞk2L2 aCSðð j þ 1Þ!Þ2l10ðSþnþ2Þkbuk2L2 :

In view of mS b 5ðS þ nþ 2Þ again, we get
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kðlog LSÞ jþ1Ldðakþ1uÞk2L2

a
eS2

2
kðlog LSÞ jþ1

Ldðakþ1uÞk2L2 þ eS2 ~CCSðM0lÞ2jþ2l2mSR2
S

þ S2Ce;Sð j!Þ2l2mSkbuk2L2 þ 1þ eS2

2

� �
CSðð j þ 1Þ!Þ2l2mSkbuk2L2 :

Choose e > 0 small enough such that eS2 a 1, eS2 ~CCS a 1=4, we get

kðlog LSÞ jþ1Ldðakþ1uÞk2L2 a
1

2
ðM0lÞ2jþ2l2mSR2

S þ 2S2Ce;Sð j!Þ2l2mSkbuk2L2

þ 3CSðð j þ 1Þ!Þ2l2mSkbuk2L2 :

We have proved (5.5) if we take

R2
S b 2ð2S2Ce;Sþ1 þ 3CSÞkbuk2L2 :

Regularity up to the boundary

Fix a x0 A qW and take a su‰ciently small neighbourhood V0 of x0 in ~WW.

We use the standard process of localization and a Cy change of variable to

flatten out the boundary part qWVV0. Without loss of generality, we suppose

that g ¼ 0. If u A LyðWÞVH 1
X ðWÞ is a weak solution of equation (1.3), we

have already the interior regularity u A CyðWÞ. On the domain WVV0, after

straighten (we keep the same notation for the solution u), we have the following

equation (see [6, 9, 26]):

q2xnðauÞ �
Pm�1

j¼1 Y �
j YjðauÞ ¼ qxnða0buÞ þ Y0ðbuÞ þ ~FFðx; buÞ; in Rn

þ

buðx 0; 0Þ ¼ 0; for x 0 A Rn�1

(
ð5:8Þ

where a; b; a0 A Cy
0 ðRn

þÞ, aHH b with Supp b a neighborhood of 0 in Rn, and

Yj ¼
Pn�1

k¼1 ajkðx 0; xnÞqxk , j ¼ 0; 1; . . . ;m� 1 are the tangential vector fields. We

have that the system of vector fields Y ¼ ðqxn ;Y1; . . . ;Ym�1Þ satisfies still the

logarithmic regularity estimates (1.1) or (1.2) on a neighborhood OHRn of 0.

Remark that we have bu A LyðRn
þÞVH 1

Y ;0ðRn
þÞ.

Let L 0 ¼ ðeþ jD 0j2Þ1=2 with D 0 ¼ ðDx1 ; . . . ;Dxn�1
Þ. On account of (1.2),

for any small e > 0, there exists Ce > 0 such that

kðlog L 0Þvk2L2ðRnÞ a e
Xm�1

j¼1

kYjvk2L2ðR nÞ þ kqxnvk
2
L2ðR nÞ

 !
þ Cekvk2L2ðR nÞ;ð5:9Þ

for all v A Cy
0 ðOVRn

þÞ. This is true for v A H 1
Y ;0ðOVRn

þÞ.
Firstly for the nonlinear term we have the similar result as in (5.1): Sup-

pose that bu A H
log
0;l ðR

n
þÞVLyðRn

þÞ for some l > 1=2, then for any Sb 1, we

have
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kðlog L 0SÞl�1=2ða ~FF ðx; buÞÞk2L2ðR n
þÞ aA2

Sðl2l�1kbuk2L2ðRn
þÞð5:10Þ

þ ð2l� 1Þkðlog L 0SÞlðbuÞk2L2ðR n
þÞÞ;

where AS depends on S, kukLy and kaðxÞ ~FFðx; tÞk
C½S �þ2ððR n

þ�½�kukLy ;kukLy �Þ, but not

on l.

If the equation (1.3) is linear, namely, when we consider the regularity up to

the boundary for Theorem 3.1, we use the following estimate: If f A CyðRn
þÞ,

then for any l A N , any Sb 1, and a A Cy
0 ðRn

þÞ,

kðlog L 0SÞlðaf ÞkL2ðR n
þÞ a l!kL 0Sðaf ÞkL2ðR n

þÞ:

For small d > 0, we set L 0
d ¼ ð1� d4x 0 Þ�1, with 4x 0 ¼

Pn�1
j¼1 q2xj , this is a

tangential regularization operators. As for Proposition 5.1, we have that for

any l A N , and any Sb 1,

kðlog L 0SÞlL 0
dðauÞkL2ðR n

þÞ a ðM0lÞllmSRS;ð5:11Þ

with the same constants as in (5.3). By using the estimates (5.9) and (5.10), the

proof of this estimate is exactly as that of Proposition 5.1, for example, in the

step 2 of the proof for Proposition 5.1, we take here

v ¼ akþ1L
0
dðlog L 0SÞ ja2kðlog L 0SÞ jL 0

dðakþ1uÞ;

as test function in (5.8). In fact, we have v; qxnv;L
0v A L2ðRn

þÞ and vðx 0; 0Þ ¼ 0,

then v A H 1
0 ðRn

þÞ. Moreover, akþ1L
0
dðlog L 0SÞ ja2kðlog L 0SÞ jL 0

dakþ1 is a tangen-

tial pseudo-di¤erential operators, thus all pseudo-di¤erential calculus in the proof

is tangential, and the integration by part for the variable xn take only once.

Now the estimate (5.11) implies that L 0mðauÞ A L2ðRn
þÞ for any m A N and

any a A Cy
0 ðOVRn

þÞ, and we have already qxnðauÞ A L2ðRn
þÞ, so that we have

au A H 1ðRn
þÞ. For mb 2, we have, by using the equation (5.8),

q2xnðauÞ ¼
Xm�1

j¼1

Y �
j YjðauÞ þ qxnða0buÞ þ Y0ðbuÞ þ ~FF ðx; buÞ A L2ðRn

þÞ;

then, we have au A H 2ðRn
þÞ. By induction we prove that au A HmðRn

þÞ for any

m A N . We have proved finally au A CyðRn
þÞ by Sobolev embedding theorem.

Take a ¼ 1 near 0 A Rn, we have proved u A Cyð ~OOVRn
þÞ for ~OO a neighborhood

of 0 in Rn. Thus we get the Cy regularity of solution up to the boundary.

6. Pseudo-di¤erential calculus for the symbol of logarithmic type

To prove Propositions 5.2 and 5.3, we recall two elementary lemmas

about the pseudo-di¤erential calculus (see for example [13]). For a symbol

pðx; xÞ A Sm
1;0 and k A N , we set
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jpjðmÞ
k ¼ sup

x;x AR n

sup
jaþbjak

jpðaÞðbÞðx; xÞjhxi
jaj�m; ðpðaÞðbÞðx; xÞ ¼ qa

xD
b
xpðx; xÞ:Þ

Lemma 6.1. Let pðx; xÞ A Sm1

1;0 and qðx; xÞ A Sm2

1;0. For 0a ya 1 set

ryðx; xÞ ¼ Os�
ðð

e�iy�hpðx; xþ yhÞqðxþ y; xÞ dydhð2pÞn ;

where Os�
Ð Ð

denotes the oscillatory integral (see § 6 of [13] Chapter 1). Then

ryðx; xÞ A Sm1þm2

1;0 , more precisely, for any k A N we have

jryjðm1þm2Þ
k aCk;njpjðm1Þ

kþnþ1jqj
ðm2Þ
kþnþ1þjm1j;ð6:1Þ

where Ck;n is a positive constant depending only on k and n.

The lemma is only a special case of Lemma 2.4 of [13] Chapter 2, except

for the precise numbers of su‰ces given in the right hand sides of (6.1). In

view of this lemma, it is easy to get the following lemma, by using the usual

asymtotic formula for the product of pseudodi¤erential operators.

Lemma 6.2. Let pðx; xÞ A Sm1

1;0 and qðx; xÞ A Sm2

1;0. Then for any N A N we

have

½P;Q� ¼
X

0<jaþbj<N

ð�1Þjaj

a!b!
Q

ðaÞ
ðbÞP

ðbÞ
ðaÞ þ RN ;

where P
ðbÞ
ðaÞ ¼ p

ðbÞ
ðaÞ ðx;DÞ. Here sðRNÞ ¼ rNðx; xÞ belongs to Sm1þm2�N

1;0 and sat-

isfy

jrN jðm1þm2�NÞ
k aC0jpjðm1Þ

kþNþjm2jþnþ1jqj
ðm2Þ
kþNþjm1jþnþ1ð6:2Þ

with a constant C0 > 0 independent of pðx; xÞ and qðx; xÞ.

Proposition 6.1. For any multi-index l0 0 there exists a Cl > 0 such that

for any real Sb 1 and any j A N we have

jql
x ðloghxiSÞ jÞjaClS

jljhxiS�jljj!;

and hence ðloghxiSÞ jÞ=j! belongs to SS
1;0 uniformly with respect to j.

Proof. The Faà-di-Bruno formula shows that for any l0 0,

ðlog jhxiÞðlÞ ¼
X

1aj 0aminfjlj; jg

j!

ð j � j 0Þ! ðlog
j�j 0hxiÞoj 0;lðxÞ;

where oj 0;lðxÞ belong to S
�jlj
1;0 uniformly with respect to j. Multiplying S j by

both sides, we get
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jðlog jhxiSÞðlÞjaCl

X
1aj 0aminfjlj; jg

j!

ð j � j 0Þ!
log j�j 0hxiS

hxiS
S j 0hxiS�jlj

aClS
jljhxiS�jlj

X
1aj 0aminfjlj; jg

j!

ð j � j 0Þ! ð j � j 0Þ!

aCljljSjljhxiS�jljj!:

The proof of the above proposition and the Leibniz formula yield.

Corollary 6.1. For any l it follows that

ððlog LSÞ jLdÞðlÞ ¼
X

0aj 0aminfjlj; jg

j!

ð j � j 0Þ! ðlog LSÞ j�j 0LdðS j 0 ~ood
j 0;lðDÞÞ;

where f ~ood
j 0;lðxÞ; 0 < d < 1g is a bounded set of S

�jlj
1;0 . Furthermore, if we put

~LLS
j; d ¼ ðlog LSÞ jLd=j! then for any k A N we see

jsð ~LLS
j; dÞj

ðSÞ
k aCkS

kð6:3Þ

with a constant Ck independent of j, d and S, which implies that those symbols

belong to a bounded set of SS
1;0 uniformly with respect to j and d.

Proof of Proposition 5.2. In view of Corollary 6.1, it follows from Lemma

6.2 that for any N A N ,

ðak � 1Þðlog LSÞ jLdðakþ1uÞ=j!

¼ ðak � 1Þ
X
jlj<N

1

l!
ðakþ1ÞðlÞð ~LLS

j; dÞ
ðlÞbuþ ðak � 1ÞRNbu;

where the first term of the right hand side vanishes, and it follows from (5.4)

that

1

j!
kðak � 1Þðlog LSÞ jLdðakþ1uÞkHm aCml

mkðLmRNL
m 0 ÞL�m 0

bukL2 :

If we choose the smallest N such that NbS þmþm 0, then LmRNL
m 0

is a L2

bounded operator and it follows from the Calderón-Vaillancourt theorem that

1

j!
kðak � 1Þðlog LSÞ jLdðakþ1uÞkHm aC0Cml

mjsðLmRNL
m 0 Þjð0Þnþ1kbukH�m 0 ;

where C0 depends only on n. By means of (6.1) and (6.2) we have

jsðLmRNL
m 0 Þjð0Þnþ1 aCm;m 0 jsðRNÞjðS�NÞ

nþ1þmþm 0þnþ1

aC 0
m;m 0 jsð ~LLS

j; dÞj
ðSÞ
mþm 0þ3ðnþ1ÞþN

jakþ1jð0Þmþm 0þ3ðnþ1ÞþNþS
:
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In view of (6.3) and (5.4), we obtain the first estimate of Proposition 5.2, that

is,

kðak � 1Þ ~LLS
j; dðakþ1uÞkHm aCS2mþ2m 0þ3nþ4l3mþ2m 0þ2Sþ3nþ4kbukH�m 0 :ð6:4Þ

By means of the Leibniz formula we have jsðak ~LLS
j; dÞj

ðSÞ
k0

aCSl
k0 , and it follows

from (6.1) that

jsðL�Sak ~LLS
j; dÞj

ð0Þ
nþ1 aCSl

Sþ2nþ2;

which yields the second estimate of Proposition 5.2.

Proof of Proposition 5.3. As to the first estimate it su‰ces to show

k½X ; ~LLS
j; dakþ1�akukL2 aCSðljjjujjjj;k;S=j!þ l5ðSþnþ2ÞkbukL2Þ;ð6:5Þ

because of (6.4) with ðm;m 0Þ ¼ ð1; 0Þ; ð0; 1Þ. If we write

~LLS
j; dakþ1 ¼

X
0ajlja½S �þ1

1

l!
ðakþ1ÞðlÞð ~LLS

j; dÞ
ðlÞ þ R½S �þ2;

then we have

k½X ;R½S �þ2�akukL2 aCSl
5ðSþnþ2ÞkbukL2 ;

similarly as in the proof of Proposition 5.2. By using Lemma 6.2 again we

have

½X ; ~LLS
j; dakþ1�aku1�

X
0ajlja½S �þ1

0<jgþg 0 ja½S �þ1�jlj

ð�1Þjgj

l!g!g 0!
X

ðgÞ
ðg 0Þðakþ1ÞðlþgÞð ~LLS

j; dÞ
ðlþg 0ÞðakuÞ;

where we denote by 1, neglecting terms which can be estimated by the second

term of the right hand side of (6.5). In view of jlþ g 0 þ gjbmaxf1; jlþ gjg, it
follows from (5.4) and the first formula of Corollary 6.1 that

k½X ; ~LLS
j; dakþ1�akukL2 aCS

Xminf½S �þ1; jg

j 0¼0

l
X½S �þ1

p¼0

l

L

� �p

~LLS
j 0; dak�j 0u

����
����
L2

þ l5ðSþnþ2ÞkbukL2 ;

because of ak ¼ ðak � 1Þak�j 0b þ ak�j 0 for j 0 b 1 and the formula similar to

(6.4). Noting ðl=hxiÞp a 1þ ðl=hxiÞ½S �þ1 we obtain (6.5). For the proof of

the second estimate it su‰ces to show

k½X ; ½X ; ~LLS
j; dakþ1��akukL2 aCSðl2jjjujjjj;k;S=j!þ l5ðSþnþ2ÞkbukL2Þð6:6Þ

on account of (6.4). Note that
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½X ; ½X ; ~LLS
j; dakþ1��aku1

X
0<jlþgþg 0 ja½S �þ2

Cl; g; g 0 ½ðakþ1ÞðlþgÞX
ðgÞ
ðg 0Þð ~LL

S
j; dÞ

ðlþg 0Þ;X �ðakuÞ

1
X

0<jlþgþg 0 ja½S �þ2

X
0<jkþk 0ja

½S �þ2�jlþgþg 0 j

X
k¼k1þk2
k 0¼k 0

1
þk 0

2

Cl; g; g 0;k1;k2;k 0
1
;k 0

2
ðakþ1Þðlþgþk1Þ

� X
ðkÞ
ðk 0ÞX

ðgþk 0
1
Þ

ðg 0þk2Þð ~LL
S
j; dÞ

ðlþg 0þk 0
2
ÞðakuÞ:

Since it follows that jlþ gþ g 0 þ kþ k 0jbmaxf2; jlþ gþ k1Þjg we obtain (6.6)

by the same way as to (6.5).
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