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Nonlinear Hypoellipticity of Infinite Type
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Abstract. We study the regularity of weak solutions for a class of second order semi-
linear infinitely degenerate elliptic equations. We get the regularity of weak solutions
up to the boundary for Dirichlet problem, by noting the logarithmic regularity esti-
mate for a linear principal part. In relation to this linear part, we also show the
controllability and strong maximum principle for second order hypoelliptic operators
even in the case where they degenerate infinitely. Model equations naturally come
from some variational problems, if one replace the Laplace operator in such as
Yamabe problems by degenerate elliptic operators. In the infinitely degenerate case, a
permissible nonlinear term is not fractional power, compared with elliptic or subelliptic
case. To treat this nonlinear term, the nonlinear microlocal analysis is developed in
the logarithmic Sobolev space.
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1. Introduction

In this work, we study the C® regularity of weak solutions for a class
of second order semi-linear infinitely degenerate elliptic equation. Consider a
system of vector fields X = (X,...,X),) defined on an open domain Q< R".
In the infinite degenerate case, the following is called logarithmic regularity
estimate,

m
(1.1) I(log 4)°ul[7> < C$> | Xullz2 + lullz o, Vue CF (),
j=1

where 4 = (e + \D|2)l/ 2= (D). If the system X satisfies the finite type of
Ho6rmander’s condition then (1.1) holds for any real s > 0. On the other hand
(1.1) admits the infinite degeneracy of the system X, and the estimate (1.1) with
s > 1 always implies the interior hypoellipticity of the second order operator
Ay =" X' X;, where X;* is the formal adjoint of X; (see [16]).  We recall
that the linear partial differential operator P is hypoelliptic in Q if, for any open
QcQ ue?'(Q) and Pue C*(Q) imply ue C*(Q2). Some sufficient condi-
tions for the estimate (1.1) can be seen in the Appendix of [19], and further
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sufficient conditions for variants of (1.1) have been investigated in the research
of linear hypoelliptic operators (see [17, 18] and references therein, cf., [5, 11, 12]
as for recent related works in the complex analysis). The simplest example
for (1.1) is the system in R® such as X| = 0y, X» = d,, X3 = exp(—|x1|_l/s)(3x3
with s > 0 (see [14, 15, 16]). The operator Ay for this example degenerates
infinitely on Ip={x; =0}. The example with infinite degeneracy on a
union of surfaces I’ = Uj]“/ is the system in R? such as X =0y, X2 =
exp(—(x? sin®(n/x;))""/*)d,,, and we see that if I = {x; = 1/j}, je Z\{0},
I'n = {x; = 0}, then X is transversal to all I}, je Z and X, vanishes infinitely
on I' = U‘/‘EZ I—)

It is known in [16] that the estimate (1.1) with s =1 is not sufficient for
hypoellipticity, but the following weak form of estimates is sufficient: For any
small ¢ > 0, there exists C, > 0 such that

m
(1.2) llog Av|7: <& [ Xolz: + Collollz.,  Voe CF(9Q).
i=1

J=

The estimate (1.1) with s> 1 implies immediately the estimate (1.2) by
interpolation. We have a very simple example which satisfies the estimate
(1.2), but not (1.1) for any s> 1. It is the system in R such as X; = d,,,
Xy =8y, X3 =exp(—(|x1| [log|x1|])™")dy,, (see [15, 19]).

Associated with the system of vector fields X = (X1,..., X)), we define
function spaces:

Hy(Q)={uel*(Q); Xuel*Q),j=1,...,m},

which are Hilbert spaces. We say that ue H} . (Q), if cue H}(Q) for any
xe CP(Q). '

For a smooth surface S of Q, we say that x, € S is a non characteristic
point for the system of vector fields X, if there exists at least one vector field of
Xi,...,X,, which is transversal to S at xop. We say that S is non characteristic
for X if it is non characteristic for any point xo € S. In this case, if u € HL(Q),
the trace exists and belongs to L(S), see [7].

Take Q c< Q and suppose that 02 is C* and non characteristic for X.
We define Hy ((Q) = {ue Hy(Q);ul,o = 0}. Then Hy ((2) is a Hilbert sub-
space in H}(Q), containing C;°(R2), and moreover the extension of an element
of H) ,(2) by 0 belongs to H}(Q) (see Lemma 2.1 of [19]). Since for any
veH}(!O(Q) there exists a mollifier family {p,,& >0} such that p,xve Cf,
lim, o p, v =v in L* and || X(p, *v)|> < C{|Xv|;> + ||v];.} with C inde-
pendent of ¢, the estimate (1.2) holds for any ve H }(70(9), which implies that
Hj (2) is embedded compactly in L*(Q).

We consider the following semi-linear equation:
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(1.3) Axu+ Xou = F(x,u) in Q

where F e C*(2 x R) and X, a vector field on Q.
We have now the following nonlinear hypoelliptic result:

Theorem 1.1. Suppose that the system of vector fields X satisfies the
logarithmic regularity estimate (1.2), and uwe H) , (Q)NLE(Q) is a weak
solution of equation (1.3). Then we have the hypoellipticity, namely, u € C* ().

Furthermore, for the regularity up to the boundary, assume that 0Q2 is C* and
non characteristic. If g€ C*(0Q) and u e HL(Q) N L*(Q) is a weak solution of

equation (1.3) with u|,, = g, then ue C*(Q).

Remark. If the function F in (1.3) is linear for u, the interior regularity is
just hypoellipticity of operators Ay + Xy (see [16]), but the regularity up to the
boundary for linear Dirichlet problem is new. We remark that the regularity
up to the boundary 0Q even in linear case can not be expected in general if 02
possesses characteristic points for the system X.

We give here an example of equation (1.3) coming from a variational
problem. From (1.1), we have the following logarithmic Sobolev inequality

(see [19]),
log<e+ |v|j>
[ollz:

forall ve H}(,O(Q). Suppose that 1 <k < 2(s — 1), take 4 = (ai,...,a;) € R",
and consider the following variational problems:

2s—1

a4 | e

m
2 2
dx < Co{z 1Kol + |U|L2}7

j=1

m k
1.5 I, = inf Xvl?, — a'J v|? log(e + v?))’dx p.
( ) A U|Lz—l$veH)1(_0(Q){JZ_l:| / HLZ Z J Q| ‘ ( ( ))

J=1

Theorem 1.2. Assume that the system of vector fields X verifies the
regularity estimate (1.1) for s >3/2, 0Q is C* and non characteristic. Then
Iy is an attained minimum in Hy ((Q), and the minimizer belongs to C*(Q).

In fact, by exactly the same calculus as in [19], the inequality (1.4) and
Poincaré inequality (see Lemma 2.1) give the existence of minimizer u € Hy ((Q)
for the variational problems (1.5), and the minimizer is a bounded non trivial
positive weak solution of the following Euler-Lagrange equation;

(1.6) Axu = F(u),

with nonlinear term
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; 3

k
> (1togte+ )7+

F(1) (log(e + zz))f‘l> + bote C*(R),

e+ 12

where by is a constant depending on the minimizer u.

Since by can not be freely chosen, Theorem 1.2 is just a result of variational
problems, which gives certain semi-linear partial differential equations.

As natural semi-linear partial differential equations from which one can
start, we can consider the semi-linear Dirichlet problems

(1.7) {Axu:au loglu| + bu in Q2

Ulpo =0,

where a,b € R.

These Dirichlet problems (1.7) correspond to those in the elliptic and
subelliptic case (see [3, 9, 23]), where the nonlinear terms are the form of
uP~' + Ju, and p > 2 is the corresponding Sobolev’s index. For our infinitely
degenerate operators, we have only the logarithmic Soboloev inequality (1.4),
so that our nonlinear terms are logarithmic. Here the nonlinear function
F(f) = at log|t| + bt are only continuous at /=0. We can not use directly
Theorem 1.1 to problem (1.7).

Theorem 1.3. Suppose that 0Q is C* and non characteristic for the system
of vector fields X. Assume that the system of vector fields X verifies the estimate
(1.1) for s> 3/2. Then, if a <0, the Dirichlet problem (1.7) has at least one
solution ue C*(Q)N C*Q) and u(x) >0 for xe Q.

As to this semi-linear problem (1.7), let us recall the results obtained in
[19]; by using the variational principle we proved that the semi-linear Dirichlet
problem (1.7) possesses at least one non-negative weak solution u e H} ((2)N
L*(Q) with [lu] ;2 >0. The proof of boundedness of weak solution is
principal result of [19], where we need s > 3/2 in the estimate (1.1). For the
regularity of this weak solutions of (1.7), we see that if I” is the set of infinitely
degenerate points of Q for X, then the system of vector fields X satisfies the
finite type of Hormander’s condition on Q\F , so that the regularity results of
[20, 22] and maximal principle of J.-M. Bony [1] imply that ue C*(Q\I')N
Co%Q\I') and u(x) >0 for all xe Q\I.

In this work, we study the crucial part for the C* regularity of solution
at the infinitely degenerate points /" of Q. In the equation (1.7), the nonlinear
functions F(f) = at log|t| + bt € C*(R\{0}), but they are only continuous at
t=0. To get the higher regularity of solution u, we need that the nonlinear
composition F(u) has (almost) same regularity as u (see precisely Theorem 4.1),
and hence we have to show u(x) >0 for any xe€ Q. To this end, we prove,
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firstly in section 2, the controllability and maximum principle for hypoelliptic
operators Ay.

Theorem 1.4. Let Q be a bounded and connected open subdomain of £,
L(X1,...,Xn) be the Lie algebra spanned by the system of vector fields X and
their commutators. If Ay + c(x) is hypoelliptic in Q for any ¢ e C*(Q), then
any two points of Q can be linked by continuous curve made of a finite numbers of
the integral paths of vector fields belonging to ¥ (Xi,...,Xy), (this property is
called the controllability).

Remark. 1) It should be noted that the controllability follows only from
the hypoellipticity of Ay + ¢(x). Conversely, it is known (see [14, 15, 16, 18])
that the controllability does not imply the hypoellipticity of Ay in general.
The first example with 0 < s <1 given at the beginning of this introduction,
satisfies the controllability but not the hypoellipticity.

2) Logarithmic regularity estimate (1.2) implies the hypoellipticity of
L=Ax+c(x) in any open subdomain of Q and for any ce C*(Q) (see
[16, 18]).

3) The controllability results given in this proposition enable us to define
the distance (Carnot-Carathéodory metric) associated with Ay similarly to the
finitely degenerate case (cf., [10, 8]). This metric might set light aglow in the
analysis for infinitely degenerate hypoelliptic operators (cf., another aspect by
[4]).

At the present, from this controllability results we have immediately the
strong maximum principle, on account of Bony’s result ([1]).

Theorem 1.5. Suppose that Ax + c(x) is hypoelliptic in Q for any ce
C*(Q). We consider the operators L = Ay + a(x) with ae C*(Q), a(x) > 0.
If ue C*(Q), Lu <0, then u can not take its positive maximum on interior points
of Q except that it is constant on the connected component of those points.

The structure of the paper is as follows: We prove the controllability and
maximum principle for hypoelliptic operators in the second section. The third
section consists of the proof for the continuity and strict positivity of weak
solutions of problems (1.7). The fourth section is devoted to the Littlewood-
Paley theory for non-homogeneous Sobolev spaces defined by logarithmic type
weights, and the nonlinear calculus. In the fifth section, we prove our Theorem
1.1 and Theorem 1.3. In the last section, we study pseudo-differential calculus
for logarithmic symbol.

2. Controllability and maximum principle

We prove now Theorem 1.4, that is, the controllability results for
hypoelliptic operators. Let 2 be a bounded and connected open sub-domain
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of Q. Denote by ZL(Xi,...,X,) the Lie algebra spanned by the system of
vector fields X and their commutators. For xpe 2, we denote by @, a
maximal subset of Q whose points can be linked to x; along a continuous curve
made of finite numbers of the integral paths of vector fields belonging to
ZL(X1,...,Xn). We have that U Q,, is a partition of Q, ie. for any

xer

X1, X2 € 2, we have that Q,, =Q,, or Q, NQ,, = . We prove Theorem 1.4
as the following proposition.

Proposition 2.1. If L = Ay + ¢(x) is hypoelliptic in Q for any ¢ € C*(Q),
then we have

(2.1) Q,=Q for any xy € Q.

Furthermore, the conclusion is also valid if the operators L is replaced by
Ay + Xo + ¢(x), and if Qy, is defined by Lie algebra ¥(Xo, X1, .., Xm).

Proof. We shall prove the second statement of the proposition by two
steps.

Claim 1: If Q. # & then Q,, is open.

It follows from the assumption that there exist ype £,, and an ¢>0
such that B(y¢,¢) < Qy,, where B()o,¢) denotes a ball with a radius ¢ > 0 and
centered at yp € 2. Let zp be an arbitrary point in Q,,. Then we can find a
suitable continuous curve, made of integral paths of vector fields belonging to

ZL(Xo,...,Xn), which links zy and yy via xo. More precisely, there exist an
N

interval [0, 7] = |J[Tj-1,Tj] (To=0,Ty =T) and a piecewise smooth vector
j=1

field Z belonging smoothly to #(Xj, ..., X,,) in each subinterval [7;_;, T;] such
that x(7',z9) = yo, where x(#;z) denotes the solution to

d.
7’: = Z(x(1)),  x(0)=z.
By means of the continuity of the solution with respect to the initial value,
there exists a 0 > 0 such that x(7;z) = B(yo,¢) if z€ B(zp,0). This shows
B(zp,0) = Q,,. Since zj is arbitrary we get the conclusion.

Set B= () Q. Since Q is connected it suffices to show

X()GQ

Claim 2: (Q\B) = .

Suppose this is not valid. Then 3Ixy ¢ 2, and it follows from step 1 that
Q. = . For the multi-index J = (ji,...,jk), 1 <j, <m, let X; denote the
repeated commutator [Xj,[X},,...,[X} ,X;]...]]. For yeQ, we set

Jos Jk—13

(2.2) I', := sub-tangent space of y e spanned by

{X5(¥);VI = (J1y- -5 i), 1 < jr <m}.
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We have obviously
(2.3) dim(/y) <n-—1 for all ye Q,,.

In fact if yg € Q, such that dim(7,) =n, then the system of vector fields X
satisfies the finite Hormander’s condition in a neighborhood of yy and yy € éyo»
which is contradictory to f)x() = . For the proof of claim 2, we shall show
that if there exists xp e 2 such that dxg ¢.(°2xO, then there exists a function
ce C*(Q) such that the operator Ax + Xy + ¢(x) is non-hypoelliptic; more
precisely,

Q,, contains a submanfold S such that all X; are tangent to S and
there exist a ¢(x) and a singular solution v on S to
Axv+ Xov + c(x)v = 0.

a) We want to prove that dim(/},) <n — 2 forany y € Q.. If there exists
a yo € 2, such that dim(/},) =n — 1, then one can find linearly independent
vectors Xy, (o), ..., Xy, (yo) such that

I';, = sub-tangent space spanned by {X7, (»o),..., Xy, ()}

It follows from the continuity with respect to y that Xy (»),..., Xy, (y) are
linearly independent in a sufficiently small neighborhood wy of y9. By means
of (2.3) we have dim(/}) =n—1 for any y e wyN,, and

(2.4) I', = sub-tangent space spanned by {X; (»),...,X;, ,(»)}
Vy e wyNQy,.
Consider C* mapping

n—1
&, :R" 'sa= (ay...,ap-1) — (exp IZanJ/) yo€R"
J=1
for t > 0. If a is in a sufficiently small neghborhood U of 0, this mapping is
well defined for 0 <7 <1. We have

rank % . =rank(Xy,,..., X;, )]0y, =n—1

because the solution of differential equation with respect to ¢ is differentiable
with respect to the parameter a. Therefore the image of a small neighborhood
U< R"" by the mapping @ makes a smooth hypersurface S,, through yy,
which is generated by X (y),..., X, ,(y) and S,, = Q,, Uw,y. By using (2.4),
all vector fields Xp,..., X, tangent to smooth surface S,,.

Remark that our problem is different from Frobenius theorem. We
construct only one surface (or submanifold) passing through yo, and (2.4)
implies that 7,,S,, = I, for any ye S, < Q.
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Decompose wy into two parts wy = @y US,, Uwy and denote by n(y) the
unit normal vector of S,, at y. If v is a function such that v =1 in w; and
v =0 in another side, then it follows from the Gauss theorem that we have for

any pe C*(wg), j=0,...,m

Qo= | expa=[ Godi=| xateds=o
@o wy Syy
since X;(y,n(y)) =0 for any yeS,, j=0,...,m. We have proved Xjv =0,
j=0,...,min 2'(wy) and so (4x + Xp)v =0 in Z'(wy). This is contradictory
to the hypoellipticity of Ay + Xp in Q.
b) Suppose that there exists 2 < k <n—1 such that

(2.5) dim(l}) <n—k for all ye Q,,.

Then we shall show dim(/}) <n—k—1 for all yeQ,,. If there exists a
Yo € 4, such that dim(7,)) = n — k then, by the same reason as in the step a),
there exists a submanifold S,, of codimension k, generated by a suitable
base Xj,...,X; ., such that S, = Q.. By taking the change of variables
we may assume locally in a small neighborhood w of yy=(0,y;) that
Syo = {(O,Xk+1, ey Xp } and

n
= Zd;ﬁ,,(x)&x,, with a, 7, (0, Xk41,...,x,) =0 for /=1,... k.
On account of (2.5) we have for any j=0,...,m
X; =Y arj(x)y,  with a;(0,xc1,...,x,) =0 for /=1,... Kk,

because of the Cramer formula. In new variables, we have

XX ® 1,5 = G(x) ® L, X/ X6

k n
J . Z Z (Ox,ay,;)(0,x")a; j(0,x")0,,¢(0,x")dx"
R”//

(=1 i=k+1

]S 05032, 50,5")) "
RS ¢ i=k+1
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where ¢;(x) = —Z;f:l Soiii1 Ox,((0x,dr,5)(x)a; j(x)). For Xy we have the term

Xoo(x') @ 1,9y = O(x") ® 1, X5 9>

k
_ _J S (04,0)(0,")5(0, x")dx"
R '

/=1

+ j S 6y (ro(0,x")p(0, ")) d”
R

5
= —<a(x)o(x)®1,9>  for all ¢(x) e Ci°(w),

where ¢o(x) = XK 0,d,.0(x). With ¢(x) = >0 ¢i(x) we have shown

Ay +Xo+c(x)0(x)®1)=0 in 2'(w),

which is the contradiction. If we repeat this inductive procedure we attains to
the fact that dim(7},) =0 for all y € Q,, that is, Q. = {xo}. In this case we
also find J,, is a singular solution to (4x + Xy + ap)v = 0 with ao(x) = div(Xp).
Now the proof is complete.

Remark. If we denote the change of variables by z = y/(x) with the original
variable z, then the singular solution in the step b) is written by the original
variables as

GO ® Dy 1.

'aw@
0z

The construction of the singular solution in the step b) is also applicable in
the case S of codimension 1 though the singular solution in the step a) was
constructed with ¢(x) = 0.

Exactly the same proof as the last part of the step a) gives also the
following results (see [7] for finitely degenerate case)

Proposition 2.2. If L = Ay is hypoelliptic in Q and if S a smooth surface
of Q, then the set of non characteristic points of S for X is an open and dense set
in S.

If xo e S and V,, a neighbourhood of x( in £, then Vy, NS possesses the
non characteristic points. In fact, if it is not true, V,, NS is a smooth surface
and all vector fields tangent to it, then Ay is non-hypoelliptic in V.

Proof of Theorem 1.5. From Proposition 2.1, we can joint any two points
of Q2 by a continuous curve made of a finite numbers of the integral paths
of vector fields belonging to Z(Xi,...,X,). By using proposition 2.1 of
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Bony [1], the continuous curve can be approximated uniformly by a piecewise
continuous integral paths of vector fields Xi,...,X,,, then propagation of
maximum of J.-M. Bony (see [1]) deduces Theorem 1.5.

From the maximum principle of Theorem 1.5, we have the following first
Poincaré inequality for infinite degenerate hypoelliptic system of vector fields.

Lemma 2.1. Suppose that the system of vector fields X satisfies the estimate
(1.2). If Qcc= @, 02 is C* and non characteristic for X, then we have the
Poincaré inequality

| —

(2.7) o720 <

Y

()

: ZHXjUHZLZ(Q)a VUGH)l(,O(‘Q)v
=1

where A1 is the first eigenvalue of Dirichlet problem for Ay in €.

Remark. 1) By using this lemma, in the Hilbert space H }(70([2), we can
use || X0l ) = (S 1X0ll720)'/* as norm.

2) It will be seen below that (2.7) holds if Ay + ¢ is hypoelliptic in Q
for any ce C*(Q), and if Hy ((2) is compactly embedded into L?(Q). The
estimate (1.2) is a sufficient condition for those.

Proof. We set

A= inf {I1Xpllz:}-
ol 2=1pe ), o(2) -

Suppose that 41 = 0. Then there exists {¢;} = Hy ((£2) such that [|[ X ;|12 —

0 and |lgjl[;20)=1. By using (1.2), H} ,(2) is compactly embedded into

L?*(Q). The variational calculus deduces that there exists ¢, € H )'(70(!2),

looll2 =1, @y =0 satisfying

Lxpy =0, X0l 12() = 0.
Since Ay is hypoelliptic in Q, we have ¢, e C*(Q2) and
Xipp(x) =0,  VxeQ, and j=1,...,m.

This implies that ¢, is constant along the integral paths of vector fields of
Xi,...,Xm. Now the controllability of Proposition 2.1 deduces that ¢, is
constant on each connected component of Q.

Since 02 is smooth and non characteristic, by taking x( € 022, we may
assume that X transverse d€2 near xo. Then Xj¢p,(x) = 0 implies that ¢,(x) = 0
near xo, which shows that ¢, = 0 on Q. This is impossible because ||@| ;> = 1,
so that we prove finally 2; > 0.
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3. Weak solutions of linear Dirichlet problems

The regularity of weak solutions in Theorems 1.1 and 1.3 is based on the
results of linear equations which we first study in this section.
We have now the following result in the infinitely degenerate case.

Theorem 3.1. Suppose that the system of vector fields X verifies the estimate
(1.2) on Q, 0Q is C* and non characteristic. For f € C*(Q) and ge C*(0R),
consider the operators L =", X;*X; + a(x) with a e C* (Q), a(x) =0, and the
linear Dirichlet problem

6.1) {Luf in Q

Uy =9

Then the Dirichlet problem (3.1) possesses a unique solution ue C*(Q).

Remark. 1) The assumption a(x) >0 is used for the existence of weak
sloutions and the uniqueness of solutions, but it is not necessary for the
regularity of solutions.

2) For the regularity of functions f and g, we can consider in Sobolev
space. Precisely, if we suppose that f e H*(Q), ge H*"3/?(0Q) for some
s> —3/2, we can prove, with a very small modification, that the solution of
Theorem 3.1 is in H*(Q).

3) If the boundary 00 possesses the characteristic points, the problem of
regularity up to the boundary is very complicated and it is still an open problem
in the general case.

Existence of weak solution: Since g € C*(0Q), there exists § € C*(Q) such
that g|,, =¢g. We consider the following homogeneous Dirichlet problems

{Lv:f—Lg:f in Q

U|(:\Q - 0.

It follows from the Poincaré inequality (2.7) that L is positive in H} ((2), and
hence the Lax-Milgram theorem gives the existence of weak solution v € H }(’0(9)
for any fe L2(Q). It is easy to see that u=uv+§ is a weak solution of the
Dirichlet problem (3.1).

C” regularity: The estimate (1.2) implies that L is hypoelliptic on the
interior of Q, so that u e C* (). As for the C* regularity of weak solution up
to the boundary, its proof is the same as the one of Theorem 1.1, so we send it
to the section 5.

Uniqueness of solution: If u is a weak solution of Dirichlet problem Lu =0
in Q and u,, =0, then above regularity results show ue C*(Q2). We get
u =0 in Q by the maximum principle and the controllability as in the proof of
Lemma 2.1.
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The nonlinear equation (1.7) is quite different from (1.3) whoes nonlinear
term F(x,u) is smooth with respect to u, so that the nonlinear composition
theorem is applicable to get the regularity of F(x,u(x)) from those of u. But
in equation (1.7), the nonlinear term is F(u) = au log|u| + bu, which is smooth
if u #0 but only continous near ¥ =0. Remark that if u e L*(Q), we have
F(u) e L*(Q).

To prove the regularity of weak solution for nonlinear Dirichlet problem
(1.7) we consider, in the first step, the Dirichlet problem (3.1) with f e L*(Q),

keeping F(u) € L*(€) in mind.

Theorem 3.2. Suppose that 0Q is C* and non characteristic for X. If
felL*(Q), ge C*(0RQ), then the Dirichlet problem (3.1) possesses a unique
solution ue C°(Q).

Without loss of generality, we suppose that ¢ = 0. The existence of weak
solution and the uniqueness are the same as Theorem 3.1 since L*(Q) = L?(Q).
We prove now the continuity of weak solution. We shall use the so-called
approximation method for f. By using Theorem 3.1, the Green function
G(x,y) of L exists and has the following properties (see also [1]):

LG(x,-) =0y, G(x,y) =0, GeCP(Qx AN{(x,x);xe Q}),
G(x,») = G(yx), Gl )p=0,  vx)= j G(x, y)dy € C*(@).

In fact, v = [, G(x, y)dy is the solution of problem (3.1) with f =1, g =0, so
that we have v e C*(Q). We prove now the continuity of weak solution by the
following two propositions.

Proposition 3.1. If f € L™(Q), then v(x) = Gf (x) = [, G(x,y)f(y)dy is a
weak solution of equation Lv = f and ve L*(Q).

Proof. For pe Cy"(2), we have

(G0 = <G Lo = | (j

G(x, y)f(y)dy> Lo(x)dx.
Q

Since Ly € C;°(R), there exist, Y € C;°(2), 0 < <1, y(x) =1 for x € Supp ¢.
Then we have

|, (L G, y)f(y)L¢(x)ldX> dy < flu Lol | (L G(x, yw(x)dx) .

By C* regularity result of Theorem 3.1 we get Gy € C*(Q), so that we have
proved

G(x,»)f(y)Lop(x) e L'(Q x Q).
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Then Fubini theorem implies that

<um@:LKLwauwmﬂﬂn@=qm>

Therefore in 2'(Q2) we have LGf = f and
16/ 1|2y < NNl Cll 20, 1(2))-
We prove now the continuity of v = Gf on Q for f € L*(Q). Suppose that
Kycc---ccKjccKjjc---ccQ

is a sequence of compact subset of € with the property dis (Kj, 0Kjii) =
%27 > 0. Let ;€ Cf(Kj1), x(x) =1 for xe K; and ¢ is a mollifier of
radius %p27~'. Then for f e L*(RQ), we have

Li=gx () e Q). Nfille= <Wfll=>  Supp fj = Kjya,
and lim f; = /" in L*(2). We have

Proposition 3.2. The sequence {v; = Gf;} is equi-continuous and uniformly
bounded on Q.

End of proof for Theorem 3.2. From this proposition, the weak solution of
equation Lu = f is the uniform limit of Gf; by the Ascoli theorem. Further-
more, the weak solution u is continuous on Q and ul,, = 0.

Proof of Proposition 3.2. Since

1Gfill = @) < 1l =@ 1Ol e 0, 11@)) < I lle @)1 Gll =@, 1 (2))

{v;} is uniformly bounded on Q. For the equi-continuity, we first have
GA5) = GH) = @y | 160 ) = G )y,
Claim: for any 6 > 0, and x’' € Q, there exists # > 0 such that
L) |G(x, y) — G(x', y)|dy <6, Vx, x € Q, |x — x| < 1.
Then the compactness of Q implies the equi-continuous of {v; = Gf;} on Q.

We prove now the preceding claim. Since G(x',-) e L'(Q), there exists
7, > 0 such that

)

EEN ST

G(x', y)p(y)dy < J G(x', y)dy <

G(x', y)dy < J
B(x',2n,)NQ2

JB(X'JH)“Q B(x',2n;)NQ
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where 9 € C° (B(x",2171)), 0 <9 <1, 9p(x) = 1, Vx € B(x', ;). Since u;(x) = Gp
is the solution of problem Lu = ¢, u|,, =0, we have that

i () :j G(x, y)p(y)dy :j G(x, )p(y)dy € C* ().
Q B(x',20,)NQ

Then there exists #; > 2#, > 0 such that
N9 5 /
|H1(x)*ul(x)|ﬁz, VXE.Q, |X*X|<772.
Consequently for any xe Q, |x — x'| <#, <n,/2,

)

G(x,y)dy < J G(x, y)p(y)dy < g

JB(X’,m)ﬂQ B(x’,2n,)NQ

and

j IG(x, y) — G(x', y)ldy < j IG(x, ) — G(x', y)\dy
Q B(x',n)NQ

+j IG(x, y) — G, y)ldy
Q\B(x', )

< 3—5+J

4 Jasea
but G(-,-) is uniformly continuous on B(x’,7,/2) x (Q\B(x',n,)), then there
exist 0 < # <#, such that

|G(x7 y) - G(X,, y)|dy7

P) _
|G(x,y) = G(x', y)| < Tk Vix — x| <5, Vy e Q\B(x',ny).

We have proved the proposition.

From this Theorem 3.2, we have the continuity of weak solution u for
nonlinear problems (1.7). In fact we have proved u e L* () in [19], and so
f = auloglu| + bue L*(Q). Consequently u and f are also continuous in Q.
To prove u(x) > 0 in interior of 2, we need now the following strong maximum
principle for the continuous weak solution.

Lemma 3.1. Suppose that 0Q is C* and non characteristic for X. If
ue C(Q) is a weak solution of Dirichlet problem (3.1) with ge C?*(0Q) and
feC(Q). Let w={xeQ;f(x)<0}. Then u can not take its positive max-
imum on interior points of w unless it is constant on the connected component of
those points in the interior of w.
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Proof.  As in the proof of Proposition 3.1 of [1], suppose that F is the set
of positive maximum points of u in @, F # & and F # w. Then there exist
Xo,X] €@, p >0 such that

B(xo,p) N F = {x}, B(x0,2p) = .

For k >0, we set v(x) = e Kx=xl* _¢=k0*  For k big enough, there exist ci,
C; > 0 such that Lv(x) < —C; <0 for any x € B(xy,c1p). For A >0, set now
w=u+Jv. Then we have that mo = w(x;) =u(x;) =max u>0. Choose

2 >0 small enough such that w(x) <my—Jy for all xe é%(xl,clp) and for
some Jp > 0. Then we have that w(x;) =mg and

Lw=f+Lv :f <—-C; <0, on B(xy,cp), and
w(x) <my—3Jy, VxedB(xy,c1p).

But we can not use directly Theorem 1.5 to get the contradiction, since w is only
continuous. Consequently we need to use the approximation method again.

We extend f as a continuous function on R" and take { f } ~, < C*(R")
such that ||f;— f||,. g — 0. For a ge C*(R") with g|,, —g+v|m, take
{g;}2) = C*(R") such that ||g; —gllc> — 0. If w; is a solution to (3.1) with
f= ]j, g = gjlag, then w; e C*(Q). By using the Green function we see that

W = wll o) < 195 = Gl @) + CULSG = fll= @) + 1Lg; = Lgll - @)-

Thus there exists jo big enough such that for any j > jj,

le - WHL"‘(Q) < 50/45 Hf; 7f~||L’L‘(Q) < C1/2
Therefore we get finally
Lwj,(x) = f,(x) < =C1/2< 0, Vxe Blxi,ap),

and
3 1
wj, (X) < mg — 4—‘50, Vx € 0B(x1,c1p); wj, (x1) = mg — Z(SO'

This is impossible from the maximum principle of Theorem 1.5. We have
proved Lemma 3.1.

From Theorem 3.2 and Lemma 3.1, we have proved the continuity and
positivity for the weak solution of Dirichlet problem (1.7). We state those
results by the following theorem.

Theorem 3.3. Under the hypothesis of Theorem 1.3, the weak solutions of
problems (1.7) belong to C°(Q) and u(x) >0 for all x e Q.
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In fact, if u(xp) =0 for an xp € 2 then, by using the continuity of u,
there exists r >0 such that f(x)=au(x)logu(x)+bu(x) >0 for any xe
B(xp,r) = Q. Applying Lemma 3.1 to 1—u we have that u(x)=0 in

B(xp,r). Repeating this method we finally obtain =0 in @, which is
impossible since the solution is non-trivial.

4. Littlewood-Paley theory for logarithmic Sobolev spaces

Let 7 > 0, and define the following logarithmic Sobolev’s space:
H/®(R") = {ue L*(R"); (log<&)) a(¢) € L*(R")},

where (&) = (€2 + [¢& |2)1/ 2. We study now the Littlewood-Paley decomposition
for this function space as in [2, 21].

Let (goz{fGRn;€< <f><€3}, G Zek(go, keN, € :{feR”;
(&Y < €}, there exist e CF(]0,€%]), p e Ci(Je,e*[) such that

0

Y +D ple &) =1,  VEeR"

j=0
For f e L*(R"), we set
Af=w(A)f,  4f =p(e?A)f, jeN.

Then f =3 4;f in L*(R"), and we have the following characterization for
function space H,(R").

Lemma 4.1. For />0, we have that
1) if ue H(R"), then

1jull 2y < 7™, el < llall ee oy
2) if ue L*(R"), and
[l 2y < i, {e}el?
then ueH/log(R”), and for any S >1
S*||(log A) ull7gry < Cit ™ ull2ry + C5 ¥ {172,
with Cy, Cy independent of S, ¢ and u.

Proof. 1) For ue H)°(R"), we have

[ 4jull7 = J¢(€‘-’<é>)2|ﬁ(f)|2df < j—”j (log<&y)* p(e<&y) a(¢)| dé.

G
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We set
G = [ oacerotercen e P
Then the fact (&) + Y7 p(e7<¢))* < 1 implies that
Se< JR”(log<f>)2/ > p(e<E) lae)Pdé < H”Hfﬁogm )
Jj=-1 Jj=-1

2) For S >0, we have

S¥log AYul} <3 3 (SG+3)Y [oleicelae) e

S(j+3)</

+3 ) (SG+3) |dul
S(j+3)>¢

<3¢ |ul7: +38 > (43
S(j+3)>¢ ’

< 3% |ull7> +38* ) (1 43/ e?
7

<3¢ ||u25 + 3(529) 5% ||{c;}|%.

As in the classical case, for the second part in the preceding lemma, we
have more general results

Lemma 4.2. Suppose that {wc},.y is a sequence of L*(R"), with
Supp i = B(0, Ke*) and for £ >1/2,

ltrc|| p2rmy < ek, {ery el
Then u =7, uy eH/Ogl/z(R”) and for any S > 1,
S M(log A) ™ ullZa e, < Ci (4 = 1/2)* Hlull g2
+ G20 = DIz,
with Cy, C, independent of S, / and u.

Remark. We have a loss of 1/2 for the index because of the logarithmic
sum.

Proof.  Since £ > 1/2, we have that u = ", u; converges in L>(R"), in fact,

12
lll e < D7 laell < D ek ™ < {erdll 2 <Zk2/> .
k k P
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We suppose now S = 1, since the general case of S is similar as Lemma 4.1.
We set

o0

”_ZA”_ZUJ ZZAJW‘
j=—1 j=-1 j==1 k
Then
2 2
el oy <2 D2 A +2 > Au

j+3</-1)2 JH3>—1/2

Hl%/ (Rn) Hl%/ (R")

<2(/ =12 Mulza +2 Y G434l
JH3>0-1/2
On the other hand, there exists N; > 0 (depending only on K) such that for any
j>k+ Ny, (gjﬂB(O,Ke") = (&, then A‘,-uk =0. We have v = Zij*Nl Ajuk,
and

2
||Aju\|§2:J > A dxg( > k”)( > Jk2”|Ajuk|2dx>
k>j—N; k>j—N; k>j—N;
<@/ =10 -N)FST K A7

k>j—N;
Setting now & =>";.; n k|| Ajui )72, we have
2 2012 2
DG < Dkl < Yok
J k k

Finally, for j+3>/—1/2,

3\ 3 \20+3)
<'J+N> = (J +N) < @MIN 42T < 0.
— 1V] — V]

We have proved the lemma.

Lemma 4.3. Suppose that {u;} is a sequence in C*(R") and for { > 1/2
there exists a function veH/log(R”) satisfying the following: For any o€ N”,
there exist B, >0 such that

”DaukHLZ(R”) = Blm\ekla‘HAkUHLZ(R”)~
Then u=">, uy EH/I % 2(R") and for any S > 1,

st ||u||§1;ﬁ/2w) < Cs((4 = 1/2)* Mol 2 ey + S¥ 71270 - 1)||v||i,;og(m>),
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with Cs depending only on By, Bjs).o and C\, Cy the constants in Lemmas 4.1
and 4.2.

Proof. As in the lemma 4.2, we have u =), u e L>. We decompose,
ue = u} +uf = Y(e ) 4+ (1 — (e 1 4)we
Then u' = Zu,l satisfies the hypothesis of Lemma 4.2, we have for S > 1,

S%’_l”ul”i[ < Cl(/ N 1/2)2/713(%”””%2 + C2SB3S2/_1(2/ — I)HUHi[/]Og(Rn)'

(R
We study now u? =Y u?, with the conditions
Supp up = {E e R" <& ="}, |ID%ugl| 2 < Bue || Apv]| -

For k>p+3, 6,N{¢eR" & =e"} =@, we have Au® =37 _,.,Au;.

Then
4077 < < > ez") ( > ez"lll’ﬂilliz)
k<p+2 k<p+2

<220 N e X Al
k<p+2

<2ep 3" (DY (log A) TP}

k<p+2

Set now & =37, _, ., e F|[<KD)(log A2 4,u2|3.. We have

i < X loz a) il

By Lemma 4.1, we have
S l(log 4) P72 < C1(4 = 1/2)* M ul72 + €S {E 7

We study now ||{¢,}||,2. For simplicity of the notation, we replace / — 1/2 by
/ in what follows,

IKD>(log A) uf7-
— [P l0g(e) (1~ we <) (O
and if ([S]+ 1)(k+2) =7,
(& BHD (logd &)™ (1 = Y(e 1<)
PR e+ 2)7 (1 =y (e O s
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if ([S]+ )(k+2) <,

(&2 log¢&y) ¥ (1 — (e ™1¢e))’

asnen (4 N o e )
<e SES (I—y(e 1K)

Consequently

) o /N )
c]f < Z o2k o= 2([STH1)(k+2) (W) Iletse || 71512

20
+ Z e—4([S]+1)e—2k([S]+2) (1 + g) kz{””k”%—][-ﬁ']ﬁa
S|+ (k+2) =7/ k

where HS1*2 is classical Sobolev space on R". From the hypothesis of the
lemma,

|l gisr> < B[S]Jrzek([SHz)||Akv||L2’
we have
- 2 2
> & < Byl ol + el o)
p=-1 B

We have proved the lemma with the constant Cs depending on By, Bis);> and
C, C.

We study now the non-linear composition for the function of space
H)* »(R"). We have the following result.

Theorem 4.1. Suppose that F e C*(R), F(0)=0, and ue H))(R")N
L*(R") a real function for £ > 1/2. Then F(u) € H;igl/z(R”) NL*(R") and for
any S =1

2/-1
S NE@ee ey < Cs ( (/ - 2) |72 ey + S (24 — 1)||ulli,;og<m)> :

7, for j=0,1,...,[S]+2

with Cs depending only on supj, ... |[FO(2)| and ||ul

Remark. This theorem is still true for the vector value function u =
(uy,...,uy) and F(ty,...,t,) € C*(R™).

Proof. We have firstly

IF @)l 2 = 1F(u) = FO)| > < (supy< . ) [ F' (D] lJull -
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We denote, for k> 1, Siu= Z/]‘, 2 Au, then for ue H%(R")NL*(R"), w

have F(u) = limy_ .., F(Sku) in LZ(R”), so that

0 0
F(u) = F(Sw) + > (F(Siu) = F(Sk1w) = > fi
k=2 k=1
with f; = F(S\u) and for k > 1
1
fi = J F’(Sk_ﬂ/l + tAu)dtAu.
0
Since for any ae N",
1D*(Sk—ru + td4g) | o < Coge ™ lul| oy D" At 2 < P A 12,

the Faa-di-Bruno formula implies that
ID* ficll > < By || yu]] -

with By, depending only on supy . |FY(5)] and |
0,1,... 0| +2.

Then ), fi satisfies the hypothesis of Lemma 4.3, and so we have proved
the theorem.

To study the regularity up to the boundary for nonlinear problems, we
introduce the following tangential logarithmic Sobolev spaces (see [26]): For
¢ >0, we set

for j=

Hy%(R") = {u e L*(R"); (log{(¢',0))) (&) € L*(R")},
and
Hy}(RY) = {ue L*(RY); (log{(&',0))) Fyu(&', x) € L*(RY)},
where &= (&',&,) e R x R, R" = {(x',x,);x' e R" ', x,, > 0}. We have
Hy'} (R") gy = Hy'} (RY).
We use now the tangential Littlewood-Paley decomposition:
AL =W f,  Af =p(e?A)f, jeN,

where 7 (p(A')f) = p({(&',0)>)f, and the function spaces Héf’/g,(Rf’r) is char-
acterized by

.2/ 2
ZJZ/HAJII"”LZ(Ri) < +o00.

We have the similar results as Lemmas 4.1-4.3 and Theorem 4.1 for the
tangential function spaces.
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5. Nonlinear hypoellipticity

We consider now our nonlinear function ¢log¢ and weak solution
ue H} ((2) of problem (1.7). From Theorem 3.3, we have that ue C%(Q)
and u(x) >0 for all xe Q. Take o,fe Cyr(Q) with « cc . Let Ny be a
fixed positive integer and suppose that

|D*al|;.. < C;,N(‘)M7 u(x) = 2¢y >0, VxeSuppfp.

Let ye CP(R), 0<y<1and y(t)=1, t=co, x(t) =0, t <¢o/2. We have
G(t) = y(1)t log|t] € C*(R).
Then, for ue C%(Q), u(x) >0, xeQ the solution of problem (1.7), we have

ou log u = a(fu) log(pu) = aG(fu).

For the nonlinear term in equation (1.3), we have oF(x,u) = aF (x, fu) for any
oo << fi.  Therefore in the interior of 2, we have the same smooth nonlinear
term in two cases of Theorems 1.1 and 1.3. By using Theorem 4.1 and its
remark, we have the following estimate: If fue H}Og(R”) NL*(R") for some
/> 1/2, then for any S > 1, we have

(5.1)  |[(log A3) 2 (aF (x,u)) 72 < A2 NG | ull; 2
+ (24 = 1)||(log A5Y (Bu)|32),

where Ag depends on S, [[ul| ;. and [o(x)F(x, 1)[| cisrz oy , but not
on /, Ny.
By interpolation, the estimate (1.2) implies that: For any small ¢ > 0, any

N >0, there exists C; y > 0 such that

=Nl e, llull oo ])

m
(5:2) llog Avl|7> <& | Xpoll72 + Canllellyv,  Voe CF(Q),
p=1

where H~V is classical Sobolev space. For small 6 >0, we set A;=
(1 —0A)™", then this is a uniformly bounded family of operators on H™(R")
for any me R, and As(ou) € H*(R") if ue Ly (2). We prove now the fol-
lowing proposition.

Proposition 5.1. Suppose that the system of vector fields X satisfies the
logarithmic regularity estimate (1.2), and ueH}(’loc(Q)ﬂL{‘gc(S)) is a weak

solution of equation (1.3). Then for any o€ C{°(2) and any £/ €N, S =1, we
have

(5.3) | (log A45) As(e)|| 2 gary < (Mol " Rs,
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where My depends only on Supp o, ms depends only on S, Rs depends on As of
(5.1) and ||ull;2(q).  Furthermore the constant Mo, ms and Rs are independent of
small 6 >0 and £ € N.

Proof of first part of Theorem 1.1. Nonlinear interior regularity
By using the estimate (5.3) with S = 4eM,, we have

1(tog A7)/ As (o) 2 (£1) ™

NgE

KDY As() | 2 <

~
Il

0

0

/!
<3 l(log A5Y Ag(o)] - @ (!

/=0

© /1 /
< RSZ<2> ™S + |lowl| 2 < 00,
/=1

where we have used the estimate // < e’/!. Since Rs, ms independent of d,
we have proved au e H*(R"). Now As(oau) € H*, the similar calculus as above
give that oue H*(R") if we take S =2 x4eM, in (5.3). By recurrence we
get that ou e H™(R") for any me N. It follows from the Sobolev embedding
theorem that oue C*(R"). Since ae C°(Q) is arbitrary, we have proved
ue C*(Q).

Proof of Proposition 5.1. For ¢ >1 fixed, we choose the functions of
Cy(2) as in [15, 16],

o=0y CC oy | CC - CC o CC ao:ﬂ7
such that
(54) D%yl . < Ci/* VieN™

with C; depending only on ay. For the proof of Proposition 5.1, we prove the
following estimate: for any 1 < j </, and any j <k </, we have

(5.5) [[(log AS)-jA(s(ocku)\|Lz < (MM)'V"“’SRS

with the constant as in Proposition 5.1.

We need also the following two results about pseudo-differential calculus,
whose proofs will be given in the next section.

First result is about the pseudo-differential operators as a regularlizer.

Proposition 5.2. For any m,m' € N, we have
(o = 1)(log A%) As(@t1u) |77 < Comme (122553042 Bu

with Cs e independent of ¢, j and o, and



56 Yoshinori MoriMOTO and Chao-Jiang Xu

o (log As(og1u) |7 < Cs (! ul|z2,
o (log A°)! As(oes110) 755 < Cs(J1>5"7)2] | pu
with Cs independent of /, j and o.
For the commutators, we have
Proposition 5.3. Let X be vector fields, 1 < j </, j<k </, we have
I[X ax(log A%) sl g2 < Cs(¢ullf s + ()¢ OS2 pul| L),
and
I1X, (X, i (log 4%) Asoues el 72 < Cs(Z*Null} g s + (1)) ul ),
with Cs independent of j, k, { and o, where
. 2
2 7! o )
Neelly 1. s = ——7 ) l(log A%)" ™ Asoyejuu| 72
( )!
0<j/<min{j,542) \J ~ )

We prove now (5.5) by induction on ;.
1) For j=1, 1<k</-1, take 14503 A5(011u) € H} (Q) as test
function in (1.3),

m

ZJ (X[,u)Xp(ockHA,;a,%/l,;(ockﬂu))dx
p=172

= JQ k-1 (F()C7 u) — Xou) (Aéa]%AJ(akJrlu))dx.

Then it follows from (5.4), the Cauchy-Schwarz inequality and the fact
|<Xov,v)| < C||v||7> for reals functions and real vector X, that

m
Y X ds(unu)72 < Crllowsullzs + Cof*llogul 72,

p=1

where C; and C, are the constants in (5.1) and (5.4). On the other hand, (1.2)
gives that

log A(oAs(atrrru))|I7> < el X (oueAs (1)) |72 + Collowesru|7»-
We have for any S > 1,
[log(A%) As(o110) |72 < S| X (o As(oacs120)) |72 + S Col oy 1] 72
+ log(4%) (o — 1) Ao (o410 1
< S%&(Cullowr1ull7: + Co>|loeu][72)

+ 87 Collowsul| 72 + [log(A%) (o — 1) As(oes 11|72
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For the last term of right hand side, Proposition 5.2 gives
Hog(A4%) (on = V) As(ou1) |72 < Cs/* | Bu 7.
We have proved (5.5) for j =1 if we choose ¢ > 0 small such that ¢S* < 1 and
M= Ci+ Gt Gl RE=(SCys+ Cs)lullls,
2mg = 10(S+n+2).

2) Suppose now that there exists a j </ — 1 such that (5.5) is true for any
p <j. We shall prove (5.5) for j+ 1. Firstly, take 6 — 0, we have for any
p<jand p<k</

(5.6) l|(log As)p(ocku)HLz < (M) R,
and

iV Svi—j' 2 2% ,2ms p2
(5.7) > T |(log A5) ™ Asoe_jul|7> < Cs(Mot)? £*™s RE.

0=’ <min{j,S+2}
For j<k</-—1, set
v = o1 45(log A5) a2 (log A5) As(oys 1),

then v e HJ(Q), using v as test function in (1.3),

JQ (pzm; Xp*Xpu> vdx = JQ(F(X’ u) — Xou)v dx.

By using integration by parts, the Cauchy-Schwarz inequality and the fact that
|<Xov,0)| < C|lv||>, we have that

m
S X (log A5) Ao 120)|12:
p=1

1 ; i
< 3 log A5y (log AS)’A(;(ockHu)Hiz + 8||(log 45)/ IA(;(ockHF(x, u))Hiz

m

+8> " |low(log A%) Asotirr, X,) (o) |7
p=0

m
+12 Z o (log A%)! Asagesr, X, () |7 -

m

8 A i A
+ ;Z [l (log A5) Agocsr, X1, X, (man)l|z2 + 22| (log A%)! As(oes 1) |22
/0
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+ 2B (x5l fog A4°) (o — 1) log A4 As(o 1)
=)+Q2)+---+ ().
By the induction hypothesis, for any j < k </, estimate (5.1) gives
(2) = 8| (log 4%)~" A (s F (i, tga0) |12

< A5 o 72 + 2 — 1)l (log 4%) () lI72)

< AU Bullz + 20 = D)(Mof) Y £ RS).
The first estimate of Proposition 5.3 and (5.7) give

(3) + (4) < Cs(¢2(Mot) 7 £s RE 4 ¥ 10+ gy |17,).

The second estimate of Proposition 5.3 yields

(5) < Cs(L2(Mol) 12" RE + (¥ 10+ | By||7 ),
and by Proposition 5.2 we have

(7) < Csfzjflo(SJrnH)HﬂuHiz-

The estimation of term (6) follows from the induction hypothesis. If mg >
5(S 4+ n+2) then we have finally

m
. 1 .
> X (log A5) As(oyes1u)][7> < 3 log(A®)ou(log A%) As(oci110) |72
p=1
+ éS(MO/) 2j+2/2l715R§.
Using (5.2) with N =S and Proposition 5.2, we get
log Ao (log A4°) Ay (e 1) 172
m
<&y ||Xpou(log 45) As(ew1u) |72 + Cy sllo(log A5) As(e114) 35
p=1
e A - A
< 5 lllog(4%)z (log 4°%) As(aaru) |72 + eCs (Mo )72/ RS
+ Cous(7)*¢ 0 ful 1.
By using the first inequality of Proposition 5.2, we have
log(A%) (o — 1) (log 4°%) As(ous1u)|72 < Cs((j + 1)1 Bul 7.

In view of mg > 5(S+n+2) again, we get
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I(tog A%)7 A5 172

S2 i - .
= 87 [(log A5) ! As(oeru) |72 + &S? Cs (Mot ) ¥ 242" RS

eS?
+ 82, s Wl + (1455 ) (G + DY
Choose ¢ > 0 small enough such that &S < 1, ¢S?>Cs < 1/4, we get

. 1 )
(log %) As(onsrt)[2: < 5 (Mot) 72 /2" RS + 252 C, ()42 | pu 12

+3Cs((+ D))" | Bul 7.
We have proved (5.5) if we take
R% > 2(25%C, 511 + 3Cs)||Bull .

Regularity up to the boundary

Fix a xp € 02 and take a sufficiently small neighbourhood V; of x( in Q.
We use the standard process of localization and a C* change of variable to
flatten out the boundary part 22N V,. Without loss of generality, we suppose
that g =0. If ue L*(Q)NH}(Q) is a weak solution of equation (1.3), we
have already the interior regularity u € C*(Q). On the domain QN V, after
straighten (we keep the same notation for the solution ), we have the following
equation (see [6, 9, 26]):

58) { (o) = S ¥, Yy o) = O, (aofu) + Yo(Bu) + F(x. fu), in RY
Bu(x',0) =0, for x' e R"!

where o, f, a9 € Cf° (RT_), o == f with Supp f a neighborhood of 0 in R", and
Y, = Z,’:;ll ag(x',x,)0y,, j=0,1,...,m —1 are the tangential vector fields. We
have that the system of vector fields Y = (0y,, Y1,..., Y1) satisfies still the
logarithmic regularity estimates (1.1) or (1.2) on a neighborhood ¢ = R" of 0.
Remark that we have fue L*(R")NH} ((R%).

Let A' = (e+|D'|*)'? with D' =(D,,,...,Dy ). On account of (1.2),
for any small ¢ > 0, there exists C, > 0 such that

m—1

(5:9)  ll(log A")ullZ:an < 8(2 1Yj0l172 ey + 1105, 0
j=1

2 2
|L2(R”)> + Cellvll72(rm

for all ve C"(ONRY). This is true for ve Hy ((ONRY).

Firstly for the nonlinear term we have the similar result as in (5.1):  Sup-
pose that ﬁueHé?f(Ri)ﬂLm(Rﬁ) for some ¢ > 1/2, then for any S > 1, we
have
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(=1/2/ 1 2 [— 2
(5.10)  [[(log A™)" ™V (aF (x, Bu))|[7 2 < AS( " |1Bull7 2 ar)

+ (24 = 1)||(log ™) (Bu) |72k,

where As depends on S, ||u||;.. and |lo(x)F(x, l)”c[sw((
on /.

If the equation (1.3) is linear, namely, when we consider the regularity up to
the boundary for Theorem 3.1, we use the following estimate: If f € Cw(R_ﬁ),
then for any /e N, any S>1, and o€ Ca”(R_ﬁ),

| (log A/S)/(O(f)HLZ(RD < (!HA/S(“f)”LZ(RD'

For small 6 > 0, we set A5 = (1 —0A) !, with Ay = Zj”:_ll 6%/, this is a

tangential regularization operators. As for Proposition 5.1, we have that for
any /€ N, and any S > 1,

) but not

R X[ ull oo s [lull oo

(5.11) [[(log A,S){A(;(au)HLZ(RK) < (Mo/) ™ Rs,

with the same constants as in (5.3). By using the estimates (5.9) and (5.10), the
proof of this estimate is exactly as that of Proposition 5.1, for example, in the
step 2 of the proof for Proposition 5.1, we take here

v = oy A}(log A’S) o (log A'S) (o ),

as test function in (5.8). In fact, we have v,d,,v, 4've L*(R") and v(x’,0) =0,
then ve HJ(R"). Moreover, oy 4j(log A"S)/ o} (log AS) Ajoys1 is a tangen-
tial pseudo-differential operators, thus all pseudo-differential calculus in the proof
is tangential, and the integration by part for the variable x, take only once.

Now the estimate (5.11) implies that A" (ou) € L*(R") for any m e N and
any oe C(ONR7Y), and we have already 0,, (o) € L>(R"), so that we have
oue H'(R"). For m >2, we have, by using the equation (5.8),

-1
0% (ow) = > Y, Y;(om) + 0, (aofu) + Yo(Pu) + F(x, Bu) € LA(R"),
Jj=1

3

then, we have ou € H*(R"). By induction we prove that au € H™(R") for any
me N. We have proved finally au e C* (R_f_) by Sobolev embedding theorem.
Take o = 1 near 0 € R", we have proved ue C*(ONR") for O a neighborhood
of 0 in R". Thus we get the C® regularity of solution up to the boundary.

6. Pseudo-differential calculus for the symbol of logarithmic type

To prove Propositions 5.2 and 5.3, we recall two elementary lemmas
about the pseudo-differential calculus (see for example [13]). For a symbol
p(x,&) e S and ke N, we set
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Pl = sup sup [p5 (v, OO (pF)(x,€) = azDIp(x,¢).)
x,£eR" |a+p|<k

Lemma 6.1. Let p(x,&) € S7 and gq(x,&) € S| For 0 <0 <1 set

dydn

(271')” I

where Os — [ denotes the oscillatory integral (see §6 of [13] Chapter 1). Then
ro(x, &) e S{i’é*mz, more precisely, for any k€ N we have

ro(x,¢) = Os = J J e Mp(x, &+ On)g(x + p, &)

+
(61) |Vﬁ‘(ml ™) < C n|p|k+n+l| |knrn+1+\m1|’

where Cy , is a positive constant depending only on k and n.

The lemma is only a special case of Lemma 2.4 of [13] Chapter 2, except
for the precise numbers of suffices given in the right hand sides of (6.1). In
view of this lemma, it is easy to get the following lemma, by using the usual
asymtotic formula for the product of pseudodifferential operators.

Lemma 6.2. Let p(x,&) € )"y and q(x,&) € S1%. Then for any N e N we
have

_1) ;
o= Y EDTowph i,

131
0<|o+p|<N “ﬁ

where Pgm = p<f>(x, D). Here a(Ry) = ry(x,&) belongs to Slrf’(';’mrN and sat-

: %) (2)
isfy
(m1+my—N) m
(62) |rN|k T < C0|p|k+]N+\mz\+n+l|q|k+N+\m1\+n+1

with a constant Cy > 0 independent of p(x,&) and q(x,&).

Proposition 6.1. For any multi-index A # 0 there exists a C; > 0 such that
for any real S =1 and any je N we have

|04 (log<&>™)))| < €81 ¢EyS )1,

and hence (log(&YS))/j! belongs to Sty uniformly with respect to j.

Proof. The Faa-di-Bruno formula shows that for any A # 0,

(log/¢e)® =" >

1</’ <min{|4|,/} (

i 08/ <)y (&),

where w;: ;(£) belong to Sy, ‘0" uniformly with respect to j. Multiplying S/ by
both sides, we get
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. log/ (&S

|(10gj<f>5)u)| <C;, — Sj’<f>S*W
lsj"s%;l{\il«,j} U=t <&F
<osis S G- )

1<’ <min{|],j} (="
< G2 SIS,
The proof of the above proposition and the Leibniz formula yield.

Corollary 6.1. For any / it follows that

S 1 o L
(log A5 4) P = S =L (log A5) 7 4587 &, (D)),
o< Ly U = 7! 7

where {w,)(f) 0<d<1} is a bounded set of S| 9y ‘. Furthermore, if we put
,(, = (log/l )Y A5/j! then for any ke N we see
(6.3) |0(4/§6)|k < Gs*

with a constant Cy independent of j, 6 and S, which implies that those symbols
belong to a bounded set of Sfo uniformly with respect to j and o.

Proof of Proposition 5.2. In view of Corollary 6.1, it follows from Lemma
6.2 that for any N e N,

(o — 1)(log A5 As(ogr 1) /!

! 50
= (= 1) D = (o) 5y (45) B+ (o — D Rwpu,
[A|<N
where the first term of the right hand side vanishes, and it follows from (5.4)
that

1 i ’ —m'
FH(ock — 1) (log A5) A5 (o 12)|| gy < Cont " | (A™ Ry A™ ) A But| ;-

If we choose the smallest N such that N > S + m + m’, then A" RyA™ is a L*
bounded operator and it follows from the Calderén-Vaillancourt theorem that

1 : ,
111 = Dllog 45) As(all s < CoCnt "lo(4" Ry A" N 1Be g

where Cp depends only on n. By means of (6.1) and (6.2) we have

(S—=N)
n+1+m+m'+n+1

oA Ry A™ )| < Conorlo(R)|

n+1

’
=< Cm m’| (A )|m+m '+3(n+1) +N|“k+1 |m+m '+3(n+1)+N+S"
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In view of (6.3) and (5.4), we obtain the first estimate of Proposition 5.2, that
is,

6.4) (g — 1)/1]55(ock+1u)||Hm < CSIMI I pI 2SI g

By means of the Leibniz formula we have |0(o¢k/I/§,;)|,((f> < Cg/%, and it follows
from (6.1) that

|U(A_S°‘k/i]§5)|£gz1 < Cot St

which yields the second estimate of Proposition 5.2.
Proof of Proposition 5.3. As to the first estimate it suffices to show
(6.5) 11X Ao Jowull 2 < Cs(ZNull g, /7t + ¢ Bul| 12),

because of (6.4) with (m,m’) = (1,0),(0,1). If we write

s
A7 soe41 = E

0< A <[S]+1

(oks1) 1y (A55) Y + Ry,

2| -

then we have
10X, Rispolenad 2 < Cs/>O 42 ul

similarly as in the proof of Proposition 5.2. By using Lemma 6.2 again we
have

—~

o . ,
) X(/))(“kﬂ)(/wy) (A5 (o),

[XyA}?ﬂkH]“k” =" Aylyt =0

0< |2 <[S]+1
0<ly+y'|<[S]+1-]4]
where we denote by =, neglecting terms which can be estimated by the second
term of the right hand side of (6.5). In view of |1+ ' + 9| > max{1,|A+y|}, it
follows from (5.4) and the first formula of Corollary 6.1 that

min{[S| L} IS 2 NP
(A) A/§,5ak_-7 u

11X, /Ilfaak+l}“k“||L2 <Cs Z / Z
j'=0 p=0

+ 5 B,

L2

because of oy = (ox — 1)ox—jf + ox—j» for j'>1 and the formula similar to
(6.4). Noting (£/<EY)” < 1+ (£/<E)! we obtain (6.5). For the proof of
the second estimate it suffices to show

(6.6) X, [X, Aot ]]oweu] - < Cs(¢lu

ik s/t + ST 1Bull )

on account of (6.4). Note that
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~ ” ~ A !
X A llwu= D0 Coprl () oy X (55 57, X ()

0<|A+y+y'| < [S]+2

= E , E : E : Ci,w’,chbff{,fcg(O‘k+1)(x+y+xl)

0<l 1 <[SH2 O<lirn’|<  KHriks
[S]H2—|Aty+y!| €' =01+

Do Iy k)
x XX () (o),

Since it follows that |2+ y + ' + k + x'| = max{2,|A+y +x1)|} we obtain (6.6)
by the same way as to (6.5).

[1]
(2]
[3]
[4]

[5]

[9]

(10]

(1]
[12]

(13]
[14]

(15]

[16]

References

Bony, J.-M., Principe du maximum, inégalit¢ de Harnack et unicité du probléme de Cauchy
pour les opérateurs elliptiques dégénérées, Ann. Inst. Fourier, 19 (1969), 227-304.

Bony, J.-M., Calcul symbolique et propagation des singularités pour les équations aux
dérivées partielles non linéaires, Ann. Sci. Ecole Norm. Sup., 14 (1981), 209-246.

Brezis, H. and Nirenberg, L., Positive solutions of nonlinear elliptic equations involving
critical Sobolev exponents, Comm. Pure Appl. Math., 36 (1983), 437-477.

Christ, M., Hypoellipticity: geometrization and speculation, Complex analysis and geometry
(Paris, 1997), Progr. Math., 188, Birkhduser, Basel, (2000), 91-109.

Christ, M., Hypoellipticity in the infinitely degenerate regime, Complex analysis and ge-
ometry (Columbus, OH, 1999), Ohio State Univ. Math. Res. Inst. Publ., 9 de Gruyter, Berlin
(2001), 59-84.

Derridj, M., Un probléme aux limites pour une classe d’opérateurs du second ordre
hypoelliptiques, Ann. Inst. Fourier, 21 (1971), 99-148.

Derridj, M., Sur un théoreme de traces, Ann. Inst. Fourier, 22 (1972), 73-83.
Fefferman, C. L. and Phong, D. H., Subelliptic eigenvalue problems, Proceedings of the
conference on harmonic analysis in honor of Antoni Zygmund, Wadsworth Math. Series,
(1981), 590-606.

Jerison, D., The Dirichlet problem for the Kohn-Laplacian on the Heisenberg group, Parts 1
and II, J. Funct. Anal., 43 (1981), 97-142.

Jerison, D. and Sanchez-Calle, A., Subelliptic second order differential operators, Complex
analysis, IIT (College Park, Md., 1985-86), Lecture Notes in Math., 1277, Springer, Berlin,
(1987), 46-77.

Kohn, J. J., Hypoellipticity at points of infinite type, Analysis, geometry, number theory: the
mathematics of Leon Ehrenpreis (Philadelphia, 1998), Contemp. Math., 251 (2000), 393-398.
Kohn, J. J., Superlogarithmic estimates on pseudoconvex domains and CR manifolds, Ann.
of Math., 156 (2002), 213-248.

Kumano-go, H., Pseudo-differential operators, MIT Press, 1982.

Kusuoka, S. and Stroock, D., Applications of the Malliavin calculus, Part II, J. Fac. Sci.
Univ. Tokyo Sect. IA, Math., 32 (1985), 1-76.

Morimoto, Y., Hypoellipticity for infinitely degenerate elliptic operators, Osaka J. Math.,
24 (1987), 13-35.

Morimoto, Y., A criterion for hypoellipticity of second order differential operators, Osaka
J. Math., 24 (1987), 651-675.



[17]

(18]

[19]
(20]

21]

Nonlinear Hypoellipticity of Infinite Type 65

Morimoto, Y. and Morioka, T., The positivity of Schrodinger operators and the hypo-
ellipticity of second order degenerate elliptic operators, Bull. Sci. Math., 121 (1997), 507-547.
Morimoto, Y. and Morioka, T., Hypoellipticity for elliptic operators with infinite degeneracy,
“Partial Differential Equations and Their Applications” (Chen Hua and L. Rodino, eds.),
World Sci. Publishing, River Edge, NJ, (1999), 240-259.

Morimoto, Y. and Xu, C.-J., Logarithmic Sobolev inequality and semi-linear Dirichlet
problems for infinitely degenerate elliptic operators, Astérisque, 284 (2003), 245-264.

Xu, C.-J., The Dirichlet problems for a class of semilinear sub-elliptic equations, Nonlinear
Anal., 37 (1999), 1039-1049.

Xu, C.-J., Nonlinear microlocal analysis, General theory of partial differential equations
and microlocal analysis (Trieste, 1995), Pitman Res. Notes Math. Ser., 349, Longman, Harlow,
(1996), 155-182.

Xu, C.-J., Regularity problem for quasi-linear second order subelliptic equations, Comm.
Pure Appl. Math., 45 (1992), 77-96.

Xu, C.-J., Semilinear subelliptic equations and Sobolev inequality for vector fields satisfying
Hoérmander’s condition, Chinese J. Contemp. Math., 15 (1994), 183-193.

Xu, C.-J., Subelliptic variational problems, Bull. Soc. Math. France, 118 (1990), 147-169.
Xu, C.-J., Operateurs sous-elliptiques et régularit¢ des solutions d’équations aux dérivées
partielles non linéaires du second ordre en deux variables, Comm. Partial Differential
Equations, 11 (1986), 1575-1603.

Xu, C.-J. and Zuily, C., Smoothness up to the boundary for solutions of the nonlinear and
nonelliptic Dirichlet problem, Trans. Amer. Math. Soc., 308 (1988), 243-257.

nuna adreso:

Yoshinori Morimoto

Graduate School of Human and Environmental
Studies

Kyoto University

Kyoto 606-8501

Japan

E-mail: morimoto@math.h.kyoto-u.ac.jp

Chao-Jiang Xu

Université de Rouen

UMR 6085-CNRS, Mathématiques
Avenue de I’Université, BP. 12
76801 Saint-Etienne du Rouvray
France

E-mail: Chao-Jiang. Xu@univ-rouen.fr

(Ricevita la 17-an de marto, 2006)



