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Abstract We prove in this work the trace and trace lifting theorems for the Sobolev spaces associated
with a system of Hörmander’s vectors fields of order 2. The case of non-degenerate characteristic points
for left invariant vector fields on the Heisenberg group is also studied.

Résumé Dans ce travail, nous démontrons des théorèmes de trace et de relèvement pour les espaces de
Sobolev associés à un système de champs de vecteurs satisfaisant la condition de Hörmander à l’ordre 2.
Le cas des points caractéristiques non dégénérés pour les champs de vecteurs invariants à gauche sur le
groupe d’Heisenberg est aussi traité.
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1. Introduction

The main purpose of this paper is to study the problem of restriction of functions that
belongs to Sobolev spaces associated with left invariant vector fields for the Heisenberg
group H

d. This group is the space R
2d+1 of the (non-commutative) law of product

(x, y, s) · (x′, y′, s′) = (x + x′, y + y′, s + s′ + (y | x′) − (y′ | x)).

The left invariant vector fields are

Xj = ∂xj + yj∂s, Yj = ∂yj − xj∂s with j ∈ {1, . . . , d} and S = ∂s = 1
2 [Yj , Xj ].

In all that follows, we shall denote by Z the family defined by Zj = Xj and Zj+d = Yj .
We associate Sobolev spaces to this system of vector fields through the following defi-

nition.
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Definition 1.1. Let k be a non-negative integer, we denote by Hk(Hd) the Sobolev
space of order k which is the space of the functions u in L2(Hd) (for the usual Lebesgue
measure on R

2d+1) such that

Zj1 · · ·Zj�
u ∈ L2 for any (jm)1�m�� ∈ {1, . . . , 2d}� with � � k.

When s is any non-negative real number, we can, as in the case of classical Sobolev
spaces on R

n, define the space Hs(Hd) by complex interpolation (see, for instance, [7]).
As in the usual case, other definitions of Sobolev spaces can be used (and the spaces are

the same): the definition using integral and kernel (see [23] and [24]), or the definition
using the Littlewood–Paley theory based on Fourier transform on the Heisenberg group
(see [2]), or the definition using the Weyl–Hörmander calculus (see [11]).

The key point is that Z satisfies Hörmander’s condition at order 2, which means that
the family (Z�, [Z�, Zm]) spans the whole tangent space. Hörmander’s sub-elliptic theorem
implies that the space Hs(Hd) is included in the usual Sobolev space Hs/2(R2d+1) when s

is positive.
These spaces Hs(Hd) have properties which look very much like the ones of usual

Sobolev spaces: Sobolev embeddings are true with exponents where the real dimen-
sion 2d + 1 becomes the homogeneous one 2d + 2 (see, for instance, [12] and [20]),
Poincaré’s inequality (see [19]), Hardy’s inequality, tame estimates (see [1]) and exten-
sion properties (see [21]).

In this work, we are interested in problems of trace and trace lifting on a smooth
hypersurface of H

d in the framework of Sobolev spaces. In the framework of Hölder
spaces, this problem has been studied by Jerison in [18].

First of all, let us point out that the problem of existence of trace appears only when s

is less than or equal to 1. The space Hs(Hd) is included in Hs/2(R2d+1). So if s is strictly
larger than 1, this implies that the trace on any smooth hypersurface exists and belongs
to the usual Sobolev space H(s/2)−(1/2) of the hypersurface.

So the existence of traces makes problem when s ∈ ] 12 , 1]. Two very different cases
then appear: the one when the hypersurface is non-characteristic, which means that any
point M0 of the hypersurface Σ is such that Z|M0 �⊂ TM0Σ, and the one when some
point M0 of the hypersurface Σ is characteristic, which means that Z|M0 ⊂ TM0Σ.

It is well known that a compact hypersurface without boundary has always at least
one characteristic point (see, for example, [4]). Things being what they are, the problem
of traces is of course a local one. So it is relevant to assume a hypersurface to be non-
characteristic. This case is quite well understood. Since the work of Derridj (see [14]), it
is known that in this non-characteristic case, traces of functions in H1(Hd) exist in L2.
Always in this non-characteristic case, Pesenson (see [22]) has proved trace and trace
lifting theorems for the spaces Hk(Hd) when d is greater than or equal to 2. Moreover,
these results are also valid for Sobolev spaces defined with Lp for p greater than 1 (see
also [13] and [15]). The reason why this hypothesis d � 2 is required is that the proof
uses in a crucial way the fact that Z ∩ TΣ is of rank 2d − 1 and satisfies Hörmander’s
condition at order 2. This is of course not the case when d = 1, because, in this case,
Z ∩ TΣ is of rank 1. In the characteristic case, even the existence of traces in L2(Σ) is
a problem.
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The fact that we deal with the case when d = 1 impose us to reconsider the non-
characteristic case. The theorem we shall prove in the non-characteristic case can be
stated in the general case of a hypersurface of R

n. To do this, let us state the following
definition which is a modification of the classical one.

Definition 1.2. Let PΣ = (PΣ,j)1�j�N be a family of smooth vector fields tangent to a
submanifold Σ of R

n and k a positive integer. We denote by Hk(PΣ) the set of functions u

in Hk/2(Σ) such that

PΣ,j1 · · ·PΣ,j�
u ∈ L2(Σ) for any (jm)1�m�� ∈ {1, . . . , N}� with � � k.

When s is a positive real number, the space Hs(PΣ) is defined by complex interpolation.

Here the submanifold Σ will be either R
n itself or a smooth hypersurface.

Remark. When the system of vector fields PΣ satisfies the Hörmander condition at
order 2, the above definition is the same if we substitute L2 to Hk/2.

Let Σ be a smooth non-characteristic hypersurface for a system P def= (Pj)1�j�N (this
means that P is not tangent to Σ). The C∞-module spanned by P ∩TΣ is of finite type.
Let us denote by PΣ

def= (PΣ,j)1�j�N a finite system of generators of the system P ∩ TΣ.
The trace theorem is the following.

Theorem 1.3. Let Σ be a non-characteristic hypersurface for the system P; the restric-
tion to Σ map, denoted by γΣ , can be extended in an onto continuous map from Hs(P)
to Hs−(1/2)(PΣ) when s is greater than 1

2 .

Let us point out that it implies in particular that γΣ is continuous from the
space Hs(P) into the space H(s/2)−(1/4)(Σ). A similar theorem has been proved by
Berhanu and Pesenson in [8] in the case when the system PΣ still satisfies the Hörmander
condition at order 2 on the hypersurface Σ and for s = 1.

Let us go to the problem of characteristic case in the Heisenberg group. The set of
characteristic points of a compact hypersurface may have a complicated structure. For
instance, this set may contain curves that may be or may be not integral curves of one
of the vector fields Z. The result we shall prove here demands a hypothesis about the
nature of the set of characteristic points. Let us state it.

Definition 1.4. Let M0 be a point of a smooth hypersurface Σ of H
d. This point M0 is

said to be a non-degenerate characteristic point if and only if

(i) the point M0 is characteristic, which means that Z|M0 ⊂ TM0Σ;

(ii) for any 1-form θ of T �
R

2d+1 that vanishes on TΣ and such that θ(M0) �= 0, the
system (LZ�

θ|TM0Σ)1���2d spans the cotangent bundle T �
M0

Σ, where LZ denotes
the Lie derivative with respect to Z.
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Remarks.

(i) It is easy to see that the non-degenerate characteristic point is necessary iso-
lated. The non-degeneracy condition is equivalent to the fact that the matrix
(Z�Zmg(M0))1��,m�2d is invertible if g is a local defining function of the hyper-
surface Σ (see Proposition 5.1). Moreover, as Z|M0 is of rank 2d, it spans the
tangent space TM0Σ.

(ii) Two simple examples of non-degenerate characteristic points are the origin for the
hyperplane Σ0

def= (s = 0) and the two poles (0, 0,±1) of the Heisenberg sphere.

(iii) Let us point out that, as a non-degenerate characteristic is isolated, Theorem 1.3
implies that a trace exists in Ω \ {M0} where Ω is a neighbourhood of M0. The
point is to prove the trace belongs to L2(Ω) and to characterize the trace space
in Ω as an interpolation space.

This goal implies to define precisely the module of tangent vector fields on Σ which are
going to be the differentiations on which the Sobolev regularity of traces will be based.

Definition 1.5. Let Σ be a smooth hypersurface of H
d with a finite number of non-

degenerate characteristic points

M def= (Mj)1�j�N .

Let us denote by C∞
M the set of smooth functions a on Σ \ M such that for any integer k

and for any point Mj of M, a constant Ck exists such that in a neighbourhood of Mj ,
we have

|Dka(M)| � Ck|M − Mj |−k.

Let us notice that functions of C∞
M have singularities of type ‘homogeneous of degree 0’

at the points of M.

Definition 1.6. Let Σ be a smooth hypersurface of H
d with a finite number of

non-degenerate characteristic points Mdef=(Mj)1�j�N . Let us denote by ZΣ,M the
C∞

M-module of vector fields spanned by the set of all vector fields of Z ∩ TΣ that vanish
on M.

This module ZΣ,M is spanned by a finite number of smooth vector fields RΣ . If g is
a local defining function of Σ, a possible choice for RΣ is the family

Rj,k
def= Zj(g)Zk − Zk(g)Zj for 1 � j < k � 2d. (1.1)

This will be proved in Lemma 5.2. Let us mention now that the non-degeneracy condition
is crucial for the proof of this property.

For the sake of simplicity of the notation, we reorder the family RΣ
def= (Rj)1�j�N . In

all that follows we shall denote by ∆Σ the differential operator on Σ defined by

∆Σ
def= −

N∑
j=1

R�
jRj . (1.2)
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Let us point out that in the case when d = 1, there is only one vector field in the
family RΣ , which we shall denote by R.

When k is a non-negative integer, let us define the Sobolev spaces associated with this
module of vector fields.

Definition 1.7. If d � 2, we denote by THk(RΣ) the space of functions u of L2(Σ)
such that

Rj1 · · ·Rj�
u ∈ L2 for any (jm)1�m�� ∈ {1, . . . , d(2d − 1)}� with � � k.

If d = 1 and if k = 2j, we denote by THk(RΣ) the space of functions u of L2(Σ) such
that

R�u ∈ L2 for any � � k,

and
Tj1 · · ·Tj�

u ∈ L2 for any (jm)1�m�� ∈ {1, . . . , 4}� with � � j,

where (T�)1���4 is a family of generators of the module (on the ring of smooth functions
on Σ) of the vector fields tangent to Σ that vanish at the points of M.

Now, we can define the spaces THs(RΣ) for positive real numbers by complex inter-
polation. We shall prove the following theorem.

Theorem 1.8. Let Σ be a hypersurface with a finite number of non-degenerate char-
acteristic points. The restriction to Σ map, denoted by γΣ (defined on D(Hd)), can be
extended in an onto continuous map from H1(Hd) to TH1/2(RΣ).

Remark. Let us consider the case when d � 2. As proved in Proposition 5.6, the operator
∆Σ defined by (1.2) is self-adjoint with domain TH2(RΣ). Thus the space TH1/2(RΣ)
can be understood as the domain of the operator (−∆Σ)1/4.

2. Main ideas of the proofs and structure of the paper

The first case we study is the non-characteristic one. Let us give a flavour of the proof by
looking at a very simple case. Let us consider when in R

2 the system P is (∂x1 , x1∂x2) and
the hypersurface Σ is {x ∈ R

2/x1 = 0}. The system PΣ then reduces to 0. The above The-
orem 1.3 tells us that the map γΣ is continuous and onto from Hk(P) to H(k/2)−(1/4)(Σ).
Let us point out that this case is as different as possible from the case of the Heisenberg
group when d � 2.

Let us denote by û2 the Fourier transform of u with respect to the second variable. So,
we can write that, for any u in D(R2),

‖γΣ(u)‖2
H(k/2)−(1/4)(R) =

∫
〈ξ2〉k−(1/2)|û2(0, ξ2)|2 dξ2

= 2
∫

〈ξ2〉k−(1/2)
∫ 0

−∞

(
∂û2

∂x1
(x1, ξ2)

∣∣∣∣ û2(x1, ξ2)
)

dx1 dξ2.
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Using the Cauchy–Schwarz inequality, we get that

‖γΣ(u)‖2
H(k/2)−(1/4)(R)

� 2
∫

〈ξ2〉k−(1/2)
(∫ ∞

−∞

∣∣∣∣∂û2

∂x1
(x1, ξ2)

∣∣∣∣
2

dx1

)1/2(∫ ∞

−∞
|û2(x1, ξ2)|2 dx1

)1/2

dξ2

� 2‖∂x1u‖L2(R,H(k/2)−(1/2)(R))‖u‖L2(R,Hk/2(R)).

But, using Hörmander’s subelliptic theorem, we infer that Hk−1(P) ⊂ H(k−1)/2(R2).
So ∂x1u belongs to H(k/2)−(1/2)(R2). As k � 1, we have

H(k/2)−(1/2)(R2) ⊂ L2(R, H(k/2)−(1/2)(R)).

So the map γΣ is continuous.
Let us now consider a function v in H(k/2)−(1/4)(R) and let us state

u(x1, x2) = F−1
ξ2

(χ(x1〈ξ2〉1/2)v̂(ξ2)),

where χ is a function of D(R) with value 1 in a neighbourhood of 0. It is obvious
that γΣ(u) = v. Moreover, when k1 + 2k2 + k3 � k, we have

Nk1,k2,k3(u) def= ‖(x1∂x2)
k1∂k2

x2
∂k3

x1
u‖2

L2(R2)

=
∫

|(x1∂x2)
k1(∂x2)

k2(∂x1)
k3u(x1, x2)|2 dx1 dx2

= (2π)−1
∫

|xk1
1 ξk1+k2

2 〈ξ2〉k3/2χ(k3)(x1〈ξ2〉1/2)v̂(ξ2)|2 dx1 dξ2

� (2π)−1
∫

|yk1
1 χ(k3)(y1)〈ξ2〉(k1/2)+k2+(k3/2)v̂(ξ2)|2〈ξ2〉−1/2 dy1 dξ2

� (2π)−1
∫

|yk1
1 χ(k3)(y1)|2〈ξ2〉k−(1/2)|v̂(ξ2)|2 dy1 dξ2

� c‖v‖2
H(k/2)−(1/4)(R).

So the map γΣ is onto. When s is an integer, the proof of Theorem 1.3 consists in
substituting a weight for a Hörmander’s metric to 〈ξ2〉 in the above model case.

The third section of this paper consists first in recalling basic facts about Hörmander’s
pseudodifferential calculus and about Sobolev spaces in this framework. Afterwards we
explain the relation between the Sobolev spaces defined in this introduction and the
Weyl–Hörmander calculus.

The fourth section is devoted to the proof of Theorem 1.3 in the case when s is an
integer. We follow the same lines as in the above proof.

The fifth section is devoted to the study of the characteristic case for the Heisenberg
group. The method used, as possibly inferred by the introduction of the ring C∞

M is
a ‘blow-up’ type method. Let us explain it in the simple case when Σ is the hyper-
plane Σ0

def= (s = 0) and the characteristic point is the origin.
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Let us consider a function ϕ of D(R\{0}) such that

∀t, 0 < |t| � 1,
∞∑

p=0

ϕ(2pt) = 1.

Let us introduce the Heisenberg distance to the origin ρ, which is

ρ(x, y, s) = ((x2 + y2)2 + s2)1/4.

If u ∈ D(R2d+1 \ {0}) supported in {ρ(x, y, s) � 1}, we have

u =
∞∑

p=0

ϕpu,

where ϕp(x, y, s) = ϕ(2pρ(x, y, s)). Now let us compute Z(ϕpu) for Z ∈ Z. The Leibnitz
formula implies that

Z(ϕpu) = ϕpZu + uZϕp.

But Zϕp = 2pϕ′(2pρ)Zρ. Moreover, when ρ � 1, we have |Zρ| � c. So it turns out that

‖Z(ϕpu)‖2
L2 � C22p‖ϕ′

pu‖2
L2 + 2‖ϕpZu‖2

L2 .

By definition of ϕp, we have 22p ∼ ρ−2 on the support of ϕ′
pu. From this, we deduce that

22p‖ϕ′
pu‖2

L2 � C

∫ |ϕ′
pu|2

ρ2 dxdy ds.

As the functions ϕ′
p′u and ϕ′

pu have disjoint supports as soon as |p − p′| is large enough,
we have

∞∑
p=0

22p‖ϕ′
pu‖2

L2 � C

∫ |u|2
ρ2 dxdy ds.

Let us recall the well-known H1-Hardy inequality on the Heisenberg group.

Lemma 2.1. A constant C exists such that, for any function u in H1(Hd) supported in
the Heisenberg ball B(0, 1), we have

∫
R2d+1

|u(s, x, y)|2
ρ2(s, x, y)

dxdy ds � C
2d∑

j=1

‖Zju‖2
L2 .

For the reader’s convenience, we present a sketchy proof of it.

Proof. Following the usual case we introduce

R =
d∑

j=1

(xj∂xj
+ yj∂yj

) + 2s∂s =
d∑

j=1

(xjXj + yjYj) + s[Y1, X1].
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As the divergence of R is equal to the homogeneous dimension 2d + 2 and as Rρ−2 =
−2ρ−2, we have, for any u in D(R2d+1 \ {0}), through integrations by parts,

− d

∫
u2

ρ2 dxdy ds =
∫ d∑

j=1

(
xj

ρ
Xj +

yj

ρ
Yj

)
u

u

ρ
dxdy ds

−
∫

Y1

(
s

ρ2

)
uX1u dxdy ds +

∫
X1

(
s

ρ2

)
uY1u dxdy ds.

As we have ∣∣∣∣Zj

(
s

ρ2

)∣∣∣∣ � Cρ−1,

the Cauchy–Schwarz inequality together with the fact that the space D(R2d+1 \ {0}) is
dense in H1(Hd) gives the lemma. �

It turns out that
∞∑

p=0

∑
Z∈Z

‖Z(ϕpu)‖2
L2 � C‖u‖2

H1(Hd). (2.1)

Now, let us use the dilation of parameter 2p on the Heisenberg group and let us state

up(x, y, s) = (ϕpu)(2−px, 2−py, 2−2ps).

A simple computation shows that

‖Zup‖L2 = 2pd‖Z(ϕpu)‖L2 .

Moreover, the support of the function up is included in a ring C = {ρ(x, y, s) ∼ 1} of
the Heisenberg distance ρ. This ring C is a compact subset of H

d which is independent
of p and that does not cross the origin. So the hypersurface Σ0 is non-characteristic on
the support of up and results of Theorem 1.3 can be applied to up. So, we deduce in
particular that

‖γΣ0(up)‖2
L2 � C

(∑
Z∈Z

‖Zup‖2
L2 + ‖up‖2

L2

)

� C22pd‖ϕpu‖2
H1(Hd).

Then, a dilation on Σ0 tells us that

‖γΣ0(ϕpu)‖L2 � C‖ϕpu‖H1(Hd).

Inequality (2.1) implies that
∞∑

p=0

‖γΣ0(ϕpu)‖2
L2 � C‖u‖2

H1(Hd).

The fact that the family γΣ0(ϕpu) is almost orthogonal in L2 allows us to conclude that
the map γΣ0 can be continuously extended from H1(Hd) to L2(Σ0). The complete proof
of Theorem 1.8 will be the purpose of the fourth section.
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3. The Weyl–Hörmander calculus and Sobolev spaces

We shall use the Weyl–Hörmander calculus and weighted Sobolev spaces in this context.

3.1. Basic Weyl–Hörmander calculus

Let us recall briefly the basic definitions and notation. For further details, we shall
refer to [5], [9], [10], [11], [12] and [17].

We say that g is a Hörmander metric if g is a measurable function from T �
R

n into the
set of positive quadratic form which satisfies

(i) the slowness condition, i.e.

gX(X − Y ) � 1
c0

⇒ c−1
0 gX � gY � c0gX ; (3.1)

(ii) the uncertainty principle, i.e.

1 � λg(X)2 def= sup
T

gσ
X(T )

gX(T )
with gσ

X(T ) = sup
W �=0

[T, W ]2

gX(W )
; (3.2)

and

(iii) the temperance condition, i.e.

c−1
0 (1 + gσ

Y (X − Y ))−N0gX � gY � c0(1 + gσ
Y (X − Y ))N0gX . (3.3)

We say that a positive function m on T �
R

d is a g-weight if(
m(X)
m(Y )

)±1

� C̃∆(X, Y )Ñ

with ∆(X, Y ) def= 1 + max{gσ
X(UX − UY ), gσ

Y (UX − UY )}
and gσ

X(UX − UY ) = inf
(X′,Y ′)∈UX×UY

gσ
X(X ′ − Y ′). (3.4)

The function ∆ measures how far away X and Y are (in the sense of the metric g) and
satisfies, for some integer N0,

sup
X∈T �Rn

∫
T �Rn

∆−N0(X, Y )|gY |1/2 dY < ∞. (3.5)

We can define the class S(m, g) of the smooth functions a on T �
R

d such that

‖a‖k,S(m,g)
def= sup

j�k, X∈T �
R

n

gX(Tj)�1

|∂T1 · · · ∂Tj
a(X)|

m(X)
< ∞.

We shall use the Weyl quantization which is given by

awu(x) = (2π)−n

∫
T �Rn

ei〈x−z,ξ〉a( 1
2 (x + z), ξ)u(z) dz dξ.
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Let us denote by [X, Y ] the standard symplectic form on T �
R

n. We have the following
composition formula aw ◦ bw = (a#b)w with

(a#b)(X) = π−2n

∫
T �Rn×T �Rn

e−2i[X−Y1,X−Y2]a(Y1)b(Y2) dY1 dY2.

Now, let us remark that if a and b are two smooth compactly supported functions
on T �

R
n, there is no reason why a#b should be so. The relevant notion is the following

one.

Definition 3.1. Let γ be a positive quadratic form on T �
R

n such that γσ � γ and Y a
point of T �

R
n. We equip S(T �

R
n) with the following semi-norms (denoted by semi-norms

of confinement)

‖a‖k,conf(γ,Y ) = sup
X∈T �

R
n

j�k, γ(Tj)�1

(1 + γσ(X − Bγ(Y, r)))j/2|∂T1 · · · ∂Tj a(X)|.

Let g be a Hörmander’s metric and (aY )Y ∈T �Rn a family of functions of S(T �
R

n). This
family is uniformly confined if and only if, for any integer k,

‖(aY )‖k,conf(g) = sup
Y ∈T �Rn

‖aY ‖k,conf(gY ,Y ) < ∞.

The interest of this concept is described by the following lemma, proved in [10].

Lemma 3.2. Let g be a Hörmander’s metric and a and b two functions of S(T �
R

n).
For any pair of integers (k, N), an integer � and a constant C exist such that, for any
couple (Y, Z) of T �

R
n × T �

R
n, we have

‖a#b‖k,conf(gY ,Y ) + ‖a#b‖k,conf(gZ ,Z) � C∆(Y, Z)−N‖a‖�,conf(gY ,Y )‖b‖�,conf(gZ ,Z).

Lemma 3.3. For any integer N , a constant C and an integer M exist such that, if the
family (aY )Y ∈T �Rn is a uniformly confined family of symbols, if b belongs to S(m, g),
then

‖(m−1(Y )aY #b)‖N,conf(g) + ‖(m−1(Y )aY b)‖N,conf(g)

+ ‖(λg(Y )m−1(Y )(aY #b − aY b)‖N,conf(g) � C‖(aY )‖N,conf(g)‖b‖k,S(m,g).

It will be convenient here to assume that the metric g is strongly tempered (see [9] for
a precise definition). All the metrics used here are so. This property implies in particular
the following lemma, proved in [9].

Lemma 3.4. Two uniformly confined families (ϕY ) and (ψY ) exist such that for any X

in T �
R

n, we have∫
T �Rn

ϕY (X)|gY |1/2 dY =
∫

T �Rn

(ψY #ϕY )(X)|gY |1/2 dY = 1.

We can also assume that (ϕY ) is such that the support of ϕY is included in the ball of
centre Y and radius r (for some fixed positive number r) for the metric gY .
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Let us recall the concept of Sobolev spaces associated with a g-weight introduced by
Beals in [5].

Definition 3.5. Let m be a g-weight. The space H(m, g) is the set of tempered distri-
butions u such that

‖u‖H(m,g) =
(∫

T �Rn

m2(Y )‖ϕw
Y u‖2

L2 |gY |1/2 dY

)1/2

< ∞.

The space H(m, g) is also the set of tempered distributions u on R
n such that, for

any a ∈ S(m, g), we have awu ∈ L2. Moreover H(1, g) = L2. As proved in [9], the
space H(m, g) is ‘almost independent’ of the metric g. So in all that follows, we shall
drop the metric g and shall denote the Sobolev space H(m). The study of these Sobolev
spaces has been developed in [5], [6], [9], [10], [11], [12] and [25]. We shall often use the
fact that, if [A, B]θ denotes the complex interpolation space between A and B associated
with θ in [0, 1], we have

[H(m1), H(m2)]θ = H(m1−θ
1 mθ

2). (3.6)

The Weyl quantization associates to a symbol a in S(m1, g) an operator on S ′(Rn).
Those operators act on the Sobolev spaces in the following way.

Proposition 3.6. Let a be in S(m1, g) for some g-weight m1. Then for any g-weight m,
a constant C and an integer k exist (depending only on the constants that appear in
inequalities (3.1)–(3.4) for g, m and m1) such that for any u in H(m),

‖awu‖H(m−1
1 m) � C‖a‖k,S(m1,g)‖u‖H(m).

In the next section, we shall need the following technical lemma.

Lemma 3.7. Let a be a complex valued measurable function on T �
R

n, (θY ) a uniformly
confined family and v a measurable function from T �

R
n to L2(Rn). A constant C and

an integer k exist (depending only on the constants related to g and m) such that, if

u
def=

∫
T �Rn

a(Y )θw
Y (vY )|gY |1/2 dY,

then we have

‖u‖2
H(m) � C‖(θY )‖2

k,conf(g)

∫
T �Rn

|a(Y )|2m2(Y )‖vY ‖2
L2 |gY |1/2 dY.

To prove this lemma, let us first observe that by definition of the H(m) norm, we have

‖u‖2
H(m) =

∫
(T �Rn)3

m2(Z)a(Y )a(Y ′)(ϕw
Zθw

Y vY | ϕw
Zθw

Y ′vY ′)L2

× |gY |1/2|gY ′ |1/2|gZ |1/2 dY dY ′ dZ.
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Using Lemma 3.2 we get that, for any integer N , a constant C and an integer k exist
such that

|(ϕw
Zθw

Y vY | ϕw
Zθw

Y ′vY ′)L2 | � C‖(θY )‖2
k,conf(g)∆(Y, Z)−N∆(Y ′, Z)−N‖vY ‖L2‖vY ′‖L2 .

As m is a g-weight, we have

m2(Z) � Cm(Y )m(Y ′)∆(Y, Z)Ñ∆(Y ′, Z)Ñ .

So for any integer N a constant C exists such that

m2(Z)|(ϕw
Zθw

Y vY | ϕw
Zθw

Y ′vY ′)L2 |
� C‖(θY )‖2

k,conf(g)m(Y )m(Y ′)∆(Y, Z)−N∆(Y ′, Z)−N‖vY ‖L2‖vY ′‖L2 .

Using the Cauchy–Schwarz inequality with respect to the measure

∆(Y, Z)−N∆(Y ′, Z)−N |gY |1/2|gY ′ |1/2|gZ |1/2 dY dY ′ dZ

we get that

‖u‖2
H(m) � C‖(θY )‖2

k,conf(g)

∫
(T �Rn)3

|a(Y )|2m2(Y )‖vY ‖2
L2

× ∆(Y, Z)−N∆(Z, Y ′)−N |gY |1/2|gY ′ |1/2|gZ |1/2 dY dY ′ dZ.

Using (3.5) and integrating first in Y ′, and in Z, we find that

‖u‖2
H(m) � C‖(θY )‖2

k,conf(g)

∫
T �Rn

|a(Y )|2m2(Y )‖vY ‖2
L2 |gY |1/2 dY.

So the lemma is proved.

3.2. The link with classical Sobolev spaces

Here we mainly follow [11] (see also [26]). Let us consider a family of smooth vec-
tor fields P = (Pj)1�j�N on R

n which are supposed to be bounded as well as all their
derivatives. Let us recall Lemma 1.2.1 and Corollary 1.2.2 of [11].

Lemma 3.8. Let a be defined by

a(X) = a(x, ξ) def=
N∑

j=1

(Pj(x) | ξ)2.

The function m and the metric g defined by

m(X) = (〈ξ〉 + a(X))1/2, gX(dx,dξ) = m−2(X)(〈ξ〉2 dx2 + dξ2)

have the following properties. The metric g is a Hörmander metric on T �
R

n. The func-
tion m is g-weight on T �

R
n. The function a belongs to S(m, g) and for any k, the
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semi-norms ‖a‖k,S(m2,g) depend only on the supremum of a finite number of derivatives
of the coefficients of the vector fields Pj .

Moreover, the function m is a weight for the metric g(1/2),(1/2) defined by

g(1/2),(1/2)(x,ξ)
(dx2, dξ2) = 〈ξ〉 dx2 +

1
〈ξ〉dξ2.

The main theorem in this section is the following.

Theorem 3.9. Let P be a family of vector fields. Then for any positive s, we have that
the spaces Hs(P) and H(ms) are equal. Moreover, a constant C exists such that

C−1‖u‖H(ms) � ‖u‖Hs(P) � C‖u‖H(ms).

The above constant C depends only on the supremum of a finite number of derivatives
of the coefficients of the vector fields Pj .

Proof. Let us prove this theorem. By Definition 1.2 and Lemma 3.6, it is enough to
prove this theorem for integer index. The fact that H(mk) is embedded in Hk(P) follows
immediately from Corollary 4.4 of [9] and from the fact that Pj1 · · ·Pj�

with � � k is an
operator the symbol of which belongs to S(mk, g).

Let us point out that in all results of [9], the constants of continuity and the constants
of equivalence between norms depend only on the constants that appear in (3.1)–(3.4).

The proof of the opposite inequality is a little bit more delicate. The proof is similar
to the proof of Theorem 2.1 of [11]. The idea is to decompose the phase space T �

R
n in

regions where the vector fields are the ‘main terms’. More precisely, for any positive real
number A let us define

E def=
{

Y

/ N∑
j=1

(Pj(y) | η)2 � A2〈η〉
}

and

Ej
def= E ∩

{
Y/(Pj(y) | η)2 � 1

2N

N∑
j=1

(Pj(y) | η)2
}

.

The region Ej can be understood as the region where the vector field Pj is elliptic.
Moreover, in the union of the Ej , which of course contains E , the function λg is greater
than (2N)−1A.

Now, for any compactly supported smooth function on R
n we have, for any family (ϕY )

which satisfies Lemma 3.4 with the metric g defined in Lemma 3.8,

‖u‖2
H(mk) =

∫
T �Rn

m2k(Y )‖ϕw
Y u‖2

L2 |gY |1/2 dY

�
N∑

j=0

Ij,k(u),
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with

I0,k(u) def=
∫

T �Rn\E
m2k(Y )‖ϕw

Y u‖2
L2 |gY |1/2 dY,

Ij,k(u) def=
∫

Ej

m2k(Y )‖ϕw
Y u‖2

L2 |gY |1/2 dY.

As in T �
R

n \ E , we have
m(Y ) � (A + 1)〈η〉1/2,

we can write that

I0,k(u) � (A + 1)2k

∫
Y ∈T �Rn

〈η〉k‖ϕw
Y u‖2

L2 |gY |1/2 dY.

Theorem 6.9 of [9] implies that

I0,k(u) � C(A + 1)2k‖u‖2
Hk/2(Rn).

So we have

‖u‖2
H(mk) � C(A + 1)2k‖u‖2

Hk/2(Rn) +
N∑

j=1

Ij,k(u). (3.7)

Let us admit for a while the following lemma, very close to Lemma 2.2 of [11].

Lemma 3.10. For any j in {1, . . . , N}, two uniformly confined families (δj,Y ) and (Rj,Y )
exist such that for any Y ∈ Ej ,

ϕw
Y = m−k(Y )δw

j,Y P k
j + λ−1

g (Y )Rw
j,Y .

Using the fact that on the set Ej the function λg is greater than (2N)−1A, we get from
this lemma that

Ij,k(u) �
∫

T �Rn

‖δw
j,Y P k

j u‖2
L2 |gY |1/2 dY +

∫
Ej

m2k(Y )λg(Y )−2‖Rw
j,Y u‖2

L2 |gY |1/2 dY

�
∫

T �Rn

‖δw
j,Y P k

j u‖2
L2 |gY |1/2 dY +

(
2N

A

)2 ∫
Ej

m2k(Y )‖Rw
j,Y u‖2

L2 |gY |1/2 dY.

As the families (δw
j,Y ) and (Rw

j,Y ) are uniformly confined, we have, applying Lemma 2.3
of [11],

Ij,k(u) � C‖P k
j u‖2

L2 + CA−2‖u‖2
H(mk).

So if we choose A large enough, Theorem 3.9 is proved. �

Proof. Now let us prove Lemma 3.10. For any Y ∈ Ej , let us write

ϕY (X) =
ϕY (X)

(Pj(x) | ξ)k
(Pj(x) | ξ)k.
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The support of ϕY is included in a gY -ball of centre Y and radius r. So, using the Taylor
inequality we get for any X = (x, ξ) in the support of ϕY that

|(Pj(x) | ξ) − (Pj(y) | η)| � Cr〈η〉1/2.

As Y is supposed to be in Ej , we deduce that∣∣∣∣ (Pj(x) | ξ)
(Pj(y) | η)

− 1
∣∣∣∣ � Cr

A
.

So, if A is large enough, we have that, for any X belonging to the support of ϕY ,
∣∣∣∣ (Pj(x) | ξ)
(Pj(y) | η)

∣∣∣∣
±1

� 1 + r. (3.8)

Let us define

δj,Y
def=

⎧⎪⎨
⎪⎩

mk(Y )ϕY (X)
(Pj(x) | ξ)k

if Y ∈ Ej ,

0 if Y �∈ Ej .

As Y ∈ Ej we have thanks to inequality (3.8) and Lemma 3.3 that the family (δj,Y ) is
uniformly confined. So we get that

ϕw
Y = m−k(Y )δw

j,Y ◦ P k
j + λ−1

g (Y )Rw
j,Y ,

with

Rw
j,Y

def= λg(Y )m−k(Y )((δj,Y (Pj(x) | ξ)k)w − δw
j,Y ◦ P k

j ).

Lemma 3.3 ensures that the family (Rw
j,Y ) is uniformly confined. So Lemma 3.10 is

proved. �

4. The non-characteristic case when s is an integer

4.1. Some geometrical properties

In the non-characteristic case, we consider any system P. The intersection P ∩ TΣ can
be described in a very simple way.

Lemma 4.1. Let Σ be a non-characteristic hypersurface for a C∞-module P of vector
fields of finite rank. Let us consider a vector field P in P transverse to Σ. Then for any
point M of Σ, the space TMΣ ∩ P|M is the projection of P|M on TMΣ in the direction
of P .

In the case when Z is the module of the vector fields associated with the Heisenberg
group H

d with d � 2, then Z ∩ TΣ satisfies also the Hörmander condition at order 2.

The proof of this lemma is easy and thus omitted. The second property is used in the
works of Pesenson (see [22]) and Berhanu and Pesenson (see [8]).
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4.2. Weight associated with a system of vector fields

The problem of restriction and trace lifting is obviously a local problem. So, near a non-
characteristic point of a hypersurface, we may suppose that the hypersurface is x1 = 0
and that the family P contains the vector field ∂x1 . For technical reasons that will appear
clearly in the next section, we shall have to consider a family of systems of vector fields.

Throughout this subsection, we shall denote by Pθ
def= (Pj,θ)1�j�N, θ∈Θ a family of

vector fields the coefficients of which depend on a parameter θ ∈ Θ and such that

P1,θ = ∂x1 and Pj,θ =
n∑

�=2

P �
j,θ(x1, x

′)∂x�
for j ∈ {2, . . . , N}. (4.1)

Moreover, we assume that the coefficients and all their derivatives are bounded uniformly
with respect to the parameter θ. Throughout this subsection, we shall denote by C a
generic constant which depends only on a finite number of the Ck defined by

Ck = sup
|α|�k
θ∈Θ

sup
1�j�N
1���n

‖∂αP �
j,θ‖L∞

and Σt = {(x1, x
′) ∈ R

n; x1 = t}. So, it is obvious that PΣt,θ = (P2,θ(t, ·), . . . , PN,θ(t, ·)).
The following lemma is mainly Lemma 1.2.1 of [11].

Lemma 4.2. Let (aθ)θ∈Θ be the family of functions defined by

aθ(t, X ′) = aθ(t, x′, ξ′) def=
N∑

j=2

(Pj,θ(t, x′) | ξ′)2.

The functions mθ and the metrics gθ,t defined by

mθ(t, X ′) = (aθ(t, X ′) + 〈ξ′〉)1/2,

gθ,t,X′(dx′, dξ′) = m−2
θ (t, X ′)(〈ξ′〉2 dx′2 + dξ′2)

have the following properties.

(i) The metrics gθ,t are Hörmander metrics on T �
R

n−1 uniformly with respect to the
parameter (θ, t) in Θ × R.

(ii) The functions mθ(t, ·) are gθ,t-weights on T �
R

n−1 uniformly with respect to the
parameter (θ, t) in Θ × R.

(iii) The functions aθ(t, ·) belong to S(m2
θ(t, ·), gθ,t) with, for any k,

sup
θ∈Θ
t∈R

‖aθ(t, ·)‖k,S(m2
θ(t,·),gθ,t) < ∞.

(iv) The functions (Pj,θ(t, x′) | ξ′) belong to S(mθ(t, ·), gθ,t) with, for any k,

sup
θ∈Θ
t∈R

‖(Pj,θ(t, x′) | ξ′)‖k,S(mθ(t,·),gθ,t) < ∞.
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(v) The functions mθ(t, ·) are g weights uniformly with respect to (θ, t) in Θ×R where g

is the metric on T �
R

n−1 defined by

g(x′,ξ′)(dx′2, dξ′2) = 〈ξ′〉 dx′2 +
1

〈ξ′〉 dξ′2.

Here, uniformly with respect to the parameter (θ, t) in Θ × R means that the constants
that appear in (3.4) do not depend on (θ, t).

Again as in [11], we have the following proposition.

Proposition 4.3. For any positive s, the space Hs(PΣt,θ) is equal to the space
H(ms

θ(t, ·)) uniformly in the following sense; a constant C exists such that for any (θ, t)
in Θ × R,

C−1‖u‖H(ms
θ(t,·)) � ‖u‖Hs(PΣt,θ) � C‖u‖H(ms

θ(t,·)).

Now we can prove the following lemma.

Lemma 4.4. For any integer k, a constant C exists such that for any u in Hk(Pθ) and
for any θ in Θ we have

1
C

‖u‖2
Hk(Pθ) �

k∑
j=0

∫
R

‖∂j
t u(t, ·)‖2

H(mk−j
θ (t,·)) dt � C‖u‖2

Hk(Pθ).

Proof. Using Proposition 4.3, we immediately get that

k∑
j=0

∫
R

‖∂j
t u(t, ·)‖2

H(mk−j
θ (t,·)) dt � C‖u‖2

Hk(Pθ).

In another way, PΣt,θ,j are tangential vector fields. So, for j� ∈ {2, . . . , N}, � = 1, . . . k,
we have

‖[∂t, [PΣt,θ,j1 , · · · [PΣtθ,jk−1 , PΣtθ,jk
] · · · ]]u(t, ·)‖L2(Rn−1) � C‖u(t, ·)‖H1(Rn−1).

As m2
θ(t, x

′, ξ′) � 〈ξ′〉, we have

‖[∂t, [PΣt,θ,j1 , · · · [PΣtθ,jk−1 , PΣtθ,jk
] · · · ]]u(t, ·)‖L2(Rn−1) � C‖u(t, ·)‖H(m2

θ(t,·)).

So we have

‖P J1
Σt,θ,j1

∂k1
t · · ·P J�

Σt,θ,j�
∂k�

t u(t, ·)‖L2(Rn−1) � C

k∑
i=1

‖∂i
tu(t, ·)‖H(mk+j−i

θ (t,·)),

where k = k1 + · · · + k�, j = |J1| + · · · + |J�|. Then the lemma is proved. �
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4.3. An ‘elementary’ proof of Theorem 1.3 for integer index

Basically, we are going to follow the lines of the proof given in the beginning of § 2. As
in the next section we need a uniform version of the restriction theorem, we are going to
do the proof with a parameter θ.

Proof. The continuity of the restriction operator is an immediate consequence of the
following proposition.

Proposition 4.5. A constant C exists such that for any θ in Θ and any u in Hk(Pθ),
we have

sup
t∈R

‖u(t, ·)‖
H(mk−(1/2)

θ (t,·)) � C‖u‖Hk(Pθ).

Let us consider a g-partition of unity (θY )Y ∈T ∗Rn−1 and let us assume that u is
in D(Rn). Let us state

IY (u)(t) def= m2k−1
θ (t, Y )‖θw

Y u(t, ·)‖2
L2(Rn−1).

As in the beginning of § 2, we write that this function is the integral of its derivative. So,
it turns out that

IY (u)(t) = (2k − 1)
∫ t

−∞
∂tmθ(t′, Y )mθ(t′, Y )2k−2‖θw

Y u(t′, ·)‖2
L2(Rn−1) dt′

+ 2
∫ t

−∞
mθ(t′, Y )2k−1(θw

Y ∂tu(t′, ·) | θw
Y u(t′, ·))2L2(Rn−1) dt′.

We have that

∂tmθ(t, X ′) =
∂taθ(t, X ′)
2mθ(t, X ′)

.

As the function aθ is non-negative, we have

(∂taθ(t, X ′))2 � 2aθ(t, X ′) sup
t∈R

|∂2
t aθ(t, X ′)|.

As a constant C (which does not depend on (θ, t)) exists such that

sup
t∈R

|∂2
t aθ(t, X ′)| � C〈ξ′〉2,

we deduce from the fact that aθ(t, X ′) + 〈ξ′〉 = m2
θ(t, X

′) that

|∂taθ(t, Y )| � Cmθ(t, Y )〈ξ′〉 � Cm3
θ(t, Y ). (4.2)

So we infer that |∂tmθ(t, X ′)| � Cm2
θ(t, X

′) So, we have that

IY (u)(t) � C

∫ t

−∞
mθ(t′, Y )2k‖θw

Y u(t′, ·)‖2
L2(Rn−1) dt′

+ 2
∫ t

−∞
mθ(t′, Y )2k−1(θw

Y ∂t′u(t′, ·) | θw
Y u(t′, ·))2L2(Rn−1) dt′.
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The Cauchy–Schwarz inequality implies that

IY (u)(t) � C

∫ t

−∞
mθ(t′, Y )2k‖θw

Y u(t′, ·)‖2
L2(Rn−1) dt′

+ C

∫ t

−∞
mθ(t′, Y )2k−2‖θw

Y ∂t′u(t′, ·)‖2
L2(Rn−1) dt′.

So it turns out that

sup
t∈R

mθ(t, Y )2k−1‖θw
Y u(t, ·)‖2

L2(Rn−1) ∈ L1(dY ).

Moreover, for any Y ∈ T ∗
R

n−1, the function t → m
k−(1/2)
θ (t, Y )θw

Y u(t, ·) is continuous.
The application of Lebesgue’s convergence theorem concludes the proof. �

But applying this method to ∂j
t for j � k − 1, we have in fact proved the first part of

the following theorem.

Theorem 4.6. The map Γ defined by

Γ

⎧⎪⎪⎨
⎪⎪⎩

Hk(Pθ) →
k−1⊕
j=0

H(mk−j−(1/2)
θ (0, ·))

u �→ (γj(u))0�j�k−1 with γj(u) def= γΣ(∂j
x1

u)

is continuous and onto.

As the trace problem is a local one, using Proposition 4.3 this theorem implies Theo-
rem 1.3 in the case of integer index.

4.4. Trace lifting theorem

Let us prove in this subsection the following theorem, which obviously implies the
second part of Theorem 4.6.

Theorem 4.7. A map R exists such that

R :
k−1⊕
j=0

H(mk−j−(1/2)
θ (0, ·)) → Hk(Pθ)

is continuous and such that Γ ◦ R = Id.

Proof. Let us consider the families (ψw
Y ) and (φw

Y ) given by Lemma 3.4 and a func-
tion χ ∈ D(R) with value 1 in the neighbourhood of 0. If (v0, . . . , vk−1) belongs to

k−1⊕
j=0

H(mk−j−(1/2)
θ (0, ·)),
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let us state

u =
k−1∑
j=0

Rj(vj) with Rj(v)(x1, x
′) def=

∫
T �Rn−1

xj
1

j!
χ(x1mθ(x1, Y ))(ψw

Y φw
Y )(v)(x′) dY.

It is obvious that γj(u) = vj . The only thing we have to prove is that Rj is continuous
from H(mk−j−(1/2)

θ (0, ·)) into Hk(Pθ). First of all let us write that

Rj(v)(x1, x
′) =

∫
T �Rn−1

mθ(x1, Y )−jχY,j(x1)ψw
Y φw

Y (v)(x′) dY,

with

χY,j(x1)
def=

(x1mθ(x1, Y ))j

j!
χ(x1mθ(x1, Y )).

By definition of the H(mk
θ(x1, ·)) norm, we have

ρj,k
def=

∫
R

dt ‖Rj(v)(t, ·)‖2
H(mk

θ (t,·))

=
∫

R

dt

∫
T �Rn−1

m2k
θ (t, Y )‖φw

Y Rj(v)(t, ·)‖2
L2(Rn−1) dY.

The Taylor inequality implies that

|mθ(t, Y ) − mθ(0, Y )| � |t| sup
t

|∂tmθ(t, Y )|.

By definition of mθ and using inequality (4.2) we have that

|mθ(t, Y ) − mθ(0, Y )| � C|t|〈η〉.

Because the function t �→ mθ(t, Y ) is greater than 〈η〉1/2, this implies that

(
mθ(t, Y )
mθ(0, Y )

)±
� C(1 + 〈η〉t2)1/2, (4.3)

and by definition of Rj and by Lemma 3.7, we can write

ρj,k �
∫

R

dt

∫
T �Rn−1

m2k−2j
θ (t, Y )χ2

Y,j(t)‖φw
Y (v)‖2

L2(Rn−1) dY

� C

∫
R

dt

∫
T �Rn−1

m2k−2j
θ (0, Y )(1 + 〈η〉t2)2N0χ2

Y,j(t)‖φw
Y (v)‖2

L2(Rn−1) dY.

The support of the function χY,j is included in the set of t such that

|t| � Cmθ(t, Y )−1.

But as mθ(t, Y ) is greater than 〈η〉1/2, the support of χY,j is included in

[−C〈η〉−1/2, C〈η〉−1/2].
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So the function (1+〈η〉t2)2N0χ2
Y,j(t) is bounded. Using again the inequality (4.3), it turns

out that, on the support of χY,j , we have

(
mθ(t, Y )
mθ(0, Y )

)±
� C.

So the support of χY,j is included in the ball of centre 0 and radius Cm−1
θ (0, Y ). As the

function χY,j is bounded, we have that∫
R

(1 + 〈η〉t2)N0χ2
Y,j(t) dt � Cm−1

θ (0, Y ).

So, by definition of the H(mk−j−(1/2)
θ (0, ·)) norm, we get

ρj,k � C

∫
T �Rn−1

m2k−2j
θ (0, Y )m−1

θ (0, Y )‖φw
Y (v)‖2

L2(Rn−1) dY

= ‖v‖2
H(mk−j−(1/2)

θ (0,·)).

Following exactly the same lines, we have, for 1 � i � j,∫
R

‖∂i
tRj(v)(t, ·)‖2

H(mk−j−i
θ (t,·)) dt � C‖v‖2

H(mk−j−(1/2)
θ (0,·)).

So the operator R is continuous thanks to Lemma 4.4, the theorem is proved. �

5. The characteristic case in the curved situation

In this section, we go back to the case when the vector fields are those associated with
the Heisenberg group.

5.1. Some geometric properties of non-degenerate characteristic points

The aim of this subsection is the proof of some propositions that will ensure the
geometric nature and so the invariance through the action of diffeomorphism of the
objects we are going to work with.

Proposition 5.1. Let Σ be a hypersurface of H
d and g one of its local defining functions.

A characteristic point of Σ is non-degenerate if and only if the matrix

(Zi · Zj · g(M0))1�i,j�2d

is invertible. Moreover, the function G defined by

G

{
Σ → R

2d

M �→ (Zj · g(M))1�j�2d

(5.1)

is a diffeomorphism near M0.



530 H. Bahouri, J.-Y. Chemin and C.-J. Xu

Let g be a local defining function of Σ. Of course, dg vanishes on TΣ. As Zi(M0)
belongs to TM0Σ, we have LZi

(dg)(M0) = d(Zig)(M0). But, the system Z|M0 spans
TM0Σ. So the fact that the system (LZi(dg)(M0))1�i�2d spans T �

M0
Σ is equivalent to

the fact that the matrix 〈d(Zi · g), Zj〉 = Zi · Zj · g is invertible at point M0. Conversely,
let θ be a 1-form that vanishes on TΣ and such that θ(M0) �= 0. A function a that does
not vanish at M0 exists such that θ = adg. Thanks to Leibnitz formula that

LZj (θ)(M0)|TM0Σ = a(M0)d(Zjg)(M0)|TM0Σ .

The fact that the function a does not vanish at point M0 implies the first part of the
proposition.

The fact that the point M0 is characteristic means that G(M0) = 0. As the system Z|M0

spans the tangent space at point M0 the invertibility of the matrix (ZiZjg(M0))1�i,j�2d

means that dG(M0) is invertible. So the local inverse theorem implies the result.

Remark.

(i) The above proposition implies immediately that a non-degenerate characteristic
point is isolated.

(ii) Thanks to the implicit function theorem, we can choose as defining function for
the hypersurface Σ a function of the type s − h(x, y) = 0. The non-degeneracy
condition turns out to be det(J + D2h(x0, y0)) �= 0, where J denotes the matrix of
the standard symplectic form on R

2d.

(iii) Let g be a defining function of Σ near M0. A constant c exists such that for
any M ∈ Σ,

2d∑
j=1

|Zj · g(M)|2 � c|M − M0|2. (5.2)

The following lemma describes the structure of the family ZΣ,M introduced in Defi-
nition 1.6 in the introduction.

Lemma 5.2. Let Σ be a smooth hypersurface of H
d with a finite number of non-

degenerate characteristic points M def= (Mj)1�j�N . A family RΣ = (R�)1���N of vectors
fields of Z ∩ TΣ that vanish on M exists such that RΣ spans ZΣ,M as a C∞

M-module,
which means that, for any vector fields Z of ZΣ,M, a family of functions (aj)1�j�N

of C∞
M exists such that

Z(M) =
N∑

�=1

a�(M)R�(M).

Proof. To prove this, it is enough by Definition 1.6 of ZΣ,M to prove the property near
a point M0. Let us consider, for some small ε, the two families (χ

¯j
)1�j�2d and (χ̃

¯j
)1�j�2d

of smooth functions on R
2d \ {0} homogeneous of degree 0 with value in [0, 1] such that

Suppχ
¯j

⊂ {ζ ∈ R
2d, |ζj | � ε|ζ|}, Supp χ̃

¯j
⊂ {ζ ∈ R

2d, |ζj | � ε/2|ζ|}
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and

χ̃
¯j

≡ 1 near Suppχ
¯j

and
2d∑

j=1

χ
¯j

(ζ) = 1. (5.3)

Now let us consider a local defining function g for the hypersurface Σ and let us consider
the function G defined in (5.1). Let us state

χj(M) def= χ
¯j

(G(M)). (5.4)

As G is a local diffeomorphism from Σ to R
2d, we have, for any point M in the support

of χj ,

|Zj · g(M)|2 � c|M − M0|2. (5.5)

Let us consider X in ZΣ,M0 . By definition, X vanishes at M0. This implies that

X =
2d∑

�=1

αkZk with αk(M0) = 0.

The fact that X is tangent to Σ implies that
∑2d

k=1 αkZk · g = 0. On the support of χj ,
we have

αj = −
∑
k �=j

αk
Zk · g

Zj · g
.

From this, we deduce that

χjX =
∑
k �=j

χjαk

(
Zk − Zk · g

Zj · g
Zj

)
=

∑
k �=j

χjαk

Zj · g
((Zj · g)Zk − (Zk · g)Zj).

Inequality (5.5) and the fact that αk(M0) = 0 ensure that

αj,k
def=

χjαk

Zj · g
∈ C∞

M0
.

Thus

X =
∑

1�j<k�2d

αj,k((Zj · g)Zk − (Zk · g)Zj)

and the lemma is proved. �

5.2. Blow-up procedure in the curved situation

First, let us take s−h(x, y) = 0 as a defining function of the hypersurface Σ near a non-
degenerate characteristic point M0 of Σ. Let us start by straightening the hypersurface.
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Then

(i) the hypersurface Σ is Σ0 = {(x, y, s)/s = 0} and the point M0 is the origin;

(ii) the vector fields Xj and Yj are

X̃j =
∂

∂xj
+ aj(x, y)

∂

∂s
with aj(x, y) = yj + y0

j − ∂h

∂xj
(x + x0, y + y0)

and

Ỹj =
∂

∂yj
+ aj+d(x, y)

∂

∂s
with aj+d(x, y) = −xj − x0

j − ∂h

∂yj
(x + x0, y + y0).

For the sake of simplicity of the notation we still state Z̃j = X̃j and Z̃j+d = Ỹj . The
family R̃Σ can be chosen to be

R̃j,k
def= ak(x, y)Z̃j − aj(x, y)Z̃k for 1 � j < k � 2d.

The inequality (5.2) can be rewritten as

2d∑
j=1

a2
j (x, y) � c(|x|2 + |y|2). (5.6)

Now, let us follow as closely as possible the lines of the proof presented in the beginning
of § 2. Using dilations adapted to the Heisenberg group, let us state

u =
∑

p

ϕpu and up(x¯
, y
¯
, s
¯
) = ϕ0(x¯

, y
¯
, s
¯
)u(2−px

¯
, 2−py

¯
, 2−2ps

¯
).

We have that

X̃j(ϕpu)(x, y, s) = 2p(Xj,pup)(2px, 2py, 22ps)

and

Ỹj(ϕpu)(x, y, s) = 2p(Yj,pup)(2px, 2py, 22ps).

In the model case studied in § 2, we had Xj,p = X̃j = Xj and Yj,p = Ỹj = Yj . Here, we
have

Xj,p(x, y) =
∂

∂xj
+ aj,p(x, y)

∂

∂s

and

Yj,p(x, y) =
∂

∂yj
+ aj+d,p(x, y)

∂

∂s
,

with

aj,p(x, y) = yj + 2p

(
y0

j − ∂h

∂xj
(2−px + x0, 2−py + y0)

)
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and

aj+d,p(x, y) = −xj − 2p

(
x0

j +
∂h

∂yj
(2−px + x0, 2−py + y0)

)
.

Again, let us state Zj,p = Xj,p, Zj+d,p = Yj,p and

Rj,k,p
def= ak,p(x, y)Zj,p − aj,p(x, y)Zk,p for 1 � j < k � 2d.

These vector fields do depend on p. This is due to the fact that we have started with a
curved hypersurface. The fact that the point M0 is supposed to be characteristic implies
that the coefficients of the vector fields Zj,p are locally bounded uniformly with respect
to p. Moreover, all the derivatives of the coefficients of these vector fields are obviously
locally bounded uniformly with respect to p.

Now we can define the space T 1/2 which describes the trace space in terms of the
Weyl–Hörmander calculus and state the restriction theorem.

Definition 5.3. The space T 1/2 is the space of the functions in L2(Σ0) supported in
the set B(0, 1) ∩ Σ0 such that

‖v‖2
T 1/2

def=
∞∑

p=0

2−2pd‖vp‖2
H(m1/2

p )
< ∞,

where vp = ϕ0|Σ0(·)v(2−p·) and mp is the weight defined by

m2
p(x, y, ξ, η) def= 〈(ξ, η)〉 + ϕ̃2

0(x, y)
∑

1�j<k�2d

(Rj,k,p(x, y) | (ξ, η))2,

where ϕ̃0(x, y) def= ϕ̃(|x|2 + |y|2) and ϕ̃ is in D(R�
+) with value 1 near the support of ϕ.

Now let us state the trace and trace lifting theorems in this context.

Theorem 5.4. The restriction to Σ0 map can be extended in a continuous and onto
map from H1

B(Z̃) onto T 1/2, where H1
B(Z̃) denotes the space of functions in H1(Z̃) the

support of which is included in B(0, 1).

5.3. Proof of Theorem 5.4

To prove this theorem, we want to apply Theorem 4.6 and Theorem 4.7 to each func-
tion up with the family (Zj,p)1�j�2d because this family is non-characteristic on C ∩ Σ0.
To do this, we need to be in the situation where the hypersurface is Σ0 and one of
the vector field of the family is ∂s. Unfortunately, this is not the case for the family
Zp

def= (Zj,p)1�j�2d. So we have to straighten one of those vector fields. It is not possible
to do this globally on C ∩ Σ0.

Let us consider the two families (χ
¯j

)1�j�2d and (χ̃
¯j

)1�j�2d defined during the proof
of Lemma 5.2 by (5.3) and let us state, as in (5.4),

χj,p
def= χ

¯j
((Zk,p · s)1�k�2d) and χ̃j,p

def= χ̃
¯j

((Zk,p · s)1�k�2d).
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Thanks to the non-degeneracy condition, a constant c exists which does not depend on p

such that on the set Suppχj,p ∩ C we have |Zj,p · s| � c. So on the set Suppχj,p ∩ C, we
can substitute to the family (Zj,p)1�j�2d the family

{χ̃j,pϕ̃0Zj,p, ϕ̃0Rk,�,p with 1 � k < � � 2d}.

In order to apply Theorem 4.6, we first extend the vector field χ̃j,pϕ̃0Zj,p on all R
2d+1.

Let us define

Z̄j,p
def= χ̃j,pϕ̃0Zj,p + (1 − χ̃j,pϕ̃0)∂s if ϕ̃0Zj,p · s > 0

and

Z̄j,p
def= χ̃j,pϕ̃0Zj,p − (1 − χ̃j,pϕ̃0)∂s if ϕ̃0Zj,p · s < 0.

If Z̄j,p is the family
{Z̄j,p, ϕ̃0Rk,�,p with 1 � k < � � 2d},

it is obvious that
‖χj,pup‖H1(Z̄j,p) � C‖χj,pup‖H1(Zj,p).

Now let us straighten the vector field Z̄j,p near Σ0. In quite a standard way, let us
define Ψj,p by

d
ds

Ψj,p(s, x, y) = Z̄j,p(Ψj,p(s, x, y)),

Ψj,p(0, x, y) = (x, y).

The classical theory of ordinary differential equations combined with the fact that, on
all Σ0, the function Z̄j,p · s is greater than a constant independent of p, implies that a
positive ε exists such that Ψj,k is a diffeomorphism from U

def= Σ0× ]−ε, ε[ onto Ψj,p(U).
Moreover, it is obvious that Ψj,p|Σ0 is the identity and that Ψ�

j,p(Z̄j,p) = ∂s. The fact
that Z̄j,p · s is greater than a positive constant independent of p implies also that the
family Ψ�

j,p(Z̄j,p) is a family of vector fields the coefficients of which are bounded inde-
pendently of p. If we state

uj,p
def= (χj,pup) ◦ Ψ−1

j,p ,

it is obvious that uj,p belongs to H1(Ψ�
j,p(Z̄j,p)). Moreover, the chain rule implies that a

constant C (independent of p) exists such that for any p,

‖uj,p‖H1(Ψ�
j,p(Z̄j,p)) � C‖up‖H1(Zp).

As Ψj,p|Σ0 is the identity, Theorem 4.6 implies that a constant C exists such that for
any p,

‖γΣ0(χj,pup)‖H(m1/2
p ) = ‖γΣ0(uj,p)‖H(m1/2

p ) � C‖uj,p‖H1(Ψ�
j,p(Z̄j,p)). (5.7)

So we get that
‖γΣ0(up)‖H(m1/2

p ) � C‖up‖H1(Zp).
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As ‖Zpup‖L2 = 2pd‖Z̃(ϕpu)‖L2 , we have, using inequality (2.1), that∑
p

2−2pd‖γΣ0(up)‖2
H(m1/2

p )
� C‖u‖2

H1(Z̃).

So we have proved that the restriction map to Σ0 can be extended to a continuous map
from H1

B(Z̃) into T 1/2. Now let us prove that this map is onto.
Let us consider a function v in T 1/2. Let us state vj,p

def= χj,pvp. As the function ϕ̃ has
value 1 near the support of ϕ, we have that vj,p = χj,pϕ̃0vp. But the function χj,pϕ̃0 is
a compactly supported smooth function with (uniformly) bounded derivatives, this is a
symbol in S(1, g) and moreover the semi-norms ‖χj,pϕ̃0‖S(1,g) are bounded independently
of p. Thanks to Proposition 3.6 we have

‖vj,p‖H(m1/2
p ) � C‖vp‖H(m1/2

p ).

Using Theorem 4.7, a function uj,p exists in H1(Ψ�
j,p(Z̄j,p)) (which we can assume to be

supported in a compact subset of Ψj,p(Uj,p) after cut-off) such that

γΣ0(uj,p) = vj,p and ‖uj,p‖H1(Ψ�
j,p(Z̄j,p)) � C‖vj,p‖H(m1/2

p ).

Then let us define

u
def=

∑
p

up with up
def=

2d∑
j=1

(uj,p ◦ Ψj,p)(2px).

We have

‖up‖H1(Z̃) �
2d∑

j=1

‖(uj,p ◦ Ψj,p)(2p·)‖2
H1(Z̃)

� C2−2pd
2d∑

j=1

‖uj,p‖2
H1(Ψ�

j,p(Z̄j,p))

� C2−2pd‖vp‖2
H(m1/2

p )
.

But as the support of up and up′ are disjoint when |p − p′| is large enough, then the
sequence (up) is almost orthogonal in H1(Z̃). Thus

u ∈ H1(Z̃) and ‖u‖H1(Z̃) � C‖v‖T 1/2 .

Theorem 5.4 is proved. �

5.4. Conclusion of the proof of Theorem 1.8

To prove Theorem 1.8, we have to prove that the definition of the trace space given
by complex interpolation in the introduction is the same as the one defined with the
Weyl–Hörmander calculus.
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Proposition 5.5. If [L2, TH2(RΣ0)]1/4 denotes the complex interpolation space between
L2 and TH2(RΣ0) of index 1

4 , we have

T 1/2 = [L2, TH2(RΣ0)]1/4.

Proof. In order to prove this proposition, let us first recall the definition of the complex
interpolation in our particular case. Let F be the space of holomorphic functions f from
the strip 0 < Re z < 1 into L2 such that f(α + it) is continuous and vanishes at infinity
in Aα (with A0 = L2 and A1 = TH2(RΣ0)). Then, for θ ∈ ]0, 1[, the space [A0, A1]θ is

[A0, A1]θ
def= {v ∈ L2/∃f ∈ F/f(θ) = v}

equipped with the norm

‖v‖[A0,A1]θ
def= inf

f∈F
max

{
sup
t∈R

‖f(it)‖A0 , ‖f(1 + it)‖A1

}
.

For further details about this theory, we refer to [7].
First let us prove that T 1/2 ⊂ [L2, TH2(RΣ0)]1/4. For any function v in T 1/2, let us

define

f(z) def= exp(εz2 − 1
16ε)

∑
p

fp(z)

with

fp(z) def= ϕ̃p

∫
T �R2d

m(1/2)−2z
p (Y )(ψw

Y ϕw
Y vp)(2p·) dY.

By Lemma 3.4, we have that fp( 1
4 ) = ϕpv. Moreover, it is obvious that fp is a holomorphic

function on 0 < �ez < 1 with value in L2 and that, thanks to the almost orthogonality
in L2, the series (fp) converges in L2. So, for any θ between 0 and 1, we have

‖f(θ + it)‖2
L2 � C

∑
p

‖fp(θ + it)‖2
L2 .

Thanks to Lemma 3.7, we have, for any real number t,

‖fp(θ + it)‖2
L2 � C2−2pd

∫
T �R2d

m1−4θ
p (Y )‖ϕw

Y vp‖2
L2 dY.

As the weight mp is greater than 1, we have, for any θ between 0 and 1,

‖fp(θ + it)‖2
L2 � C2−2pd

∫
T �R2d

mp(Y )‖ϕw
Y vp‖2

L2 dY.

So, by the definition of the H(m) norms, we get that

‖fp(θ + it)‖2
L2 � C2−2pd‖vp‖2

H(m1/2
p )

.
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So by almost orthogonality, we infer that

‖f(θ + it)‖2
L2 � c‖v‖2

T 1/2 . (5.8)

Now, we are going to estimate ‖RjRkf(1 + it)‖L2 for Rj and Rk in RΣ0 . Using again
the almost orthogonality, we have

‖RjRkf(1 + it)‖2
L2 � Ceε(1−t2)

∑
p

‖RjRkfp(1 + it)‖2
L2 .

We have

RjRkfp(1 + it) =
∫

T �R2d

m(1/2)−2−2it
p (Y )RjRk(ϕ̃p(ψw

Y ϕw
Y vp)(2p·)) dY.

The Leibnitz formula implies that

RjRkfp(1 + it) = −
3∑

m=1

∆m
p ,

with

∆1
p

def= RjRk(ϕ̃p)
∫

T �R2d

m−(3/2)−2it
p (Y )(ψw

Y ϕw
Y vp)(2p·) dY,

∆2
p

def= Rj(ϕ̃p)
∫

T �R2d

m−(3/2)−2it
p (Y )Rk((ψw

Y ϕw
Y vp)(2p·)) dY

+ Rk(ϕ̃p)
∫

T �R2d

m−(3/2)−2it
p (Y )Rj((ψw

Y ϕw
Y vp)(2p·)) dY,

∆3
p

def= ϕ̃p

∫
T �R2d

m−(3/2)−2it
p (Y )RjRk((ψw

Y ϕw
Y vp)(2p·)) dY.

As the vector fields Rj vanish in M0, for any smooth function θ the support of which is
included in a ball, we have

sup
x∈Σ0

k,�

{|Rk(θ(2px))| + |RkR�(θ(2px))|} � C, (5.9)

where C is independent of p. Using the estimate (5.9), the estimate about ∆1
p is strictly

similar to (5.8).
Using the estimate (5.9) we can write that∫

T �R2d

m−(3/2)−2it
p (Y )R�((ψw

Y ϕw
Y vp)(2p·)) dY

=
∫

T �R2d

m−(1/2)−2it
p (Y )(Θw

�,p,Y ϕw
Y vp)(2p·) dY,

with
Θw

�,p,Y
def=

1
mp(Y )

R�,pψ
w
Y .
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By Lemma 4.2, the family (R�,p(x, y) | (ξ, η))1���N belongs to S(mp, g(1/2),(1/2)) uni-
formly with respect to p. So by Lemma 3.3 the family (Θ�,p,Y )Y ∈T �R2d is uniformly
confined with constants that do not depend on p. So, using the fact that mp is greater
than 1, Lemma 3.7 implies that

‖∆2
p‖2

L2 � C2−2pd

∫
T �R2d

mp(Y )‖ϕw
Y vp‖2

L2 dY

� C2−2pd‖vp‖2
H(m1/2

p )
.

Exactly along the same lines, we write that∫
T �R2d

m−(3/2)−2it
p (Y )RjRk((ψw

Y ϕw
Y vp)(2p·)) dY

=
∫

T �R2d

m(1/2)−2it
p (Y )(Θ̃w

j,k,p,Y ϕw
Y vp)(2p·) dY,

with
Θ̃w

j,k,p,Y
def=

1
m2

p(Y )
Rj,pRk,pψ

w
Y .

Again, Lemmas 4.2, 3.3 and 3.7 imply that

‖∆3
p‖2

L2 � C2−2pd‖vp‖2
H(m1/2

p )
.

So we infer that

‖RjRkf(1 + it)‖2
L2 � Ceε(1−t2)

∑
p

2−2pd‖vp‖2
H(m1/2

p )

� Ceε‖v‖2
T 1/2 . (5.10)

In the case when d = 1, we have that

‖Tjf(1 + it)‖2
L2 � C‖v‖2

T 1/2 . (5.11)

The proof is along the same lines as before and we omit it. The two estimates (5.8)
and (5.10) imply that T 1/2 is included in [L2, TH2(RΣ0)]1/4.

Now, let us prove the opposite inclusion. To do this, let us consider a function v in
the space [L2, TH2(RΣ0)]1/4 and any function f of F such that f( 1

4 ) = v. It is enough
to prove that

‖v‖2
T 1/2 � C max

{
sup
t∈R

‖f(it)‖2
L2 , sup

t∈R

‖f(1 + it)‖2
TH2(RΣ0 )

}
.

To prove this inequality, let us consider a compact K of T �
R

2d and an integer N and let
us introduce the function FK,N defined by

FK,N (z) def= exp(εz2 − 1
16ε)

∑
p�N

2−2pd

∫
K

m(1/2)+2z
p (Y )(ϕw

Y vp | ϕw
Y fp(z))L2 dY,

with fp
def= ϕpf .
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Let us estimate this function. Its regularity properties are the same as the ones of f ∈
F . Let us also remark that

FK,N ( 1
4 ) =

∑
p�N

2−2pd

∫
K

mp(Y )‖ϕw
Y vp‖2

L2 dY.

Now, let us estimate |FK,N (it)| and |FK,N (1+it)|. The Cauchy–Schwarz inequality implies
that

|FK,N (it)|2 � |FK,N ( 1
4 )|

∑
p�N

2−2pd

∫
T �R2d

‖ϕw
Y fp(it)‖2

L2 dY.

We clearly have that ∫
T �R2d

‖ϕw
Y fp(z)‖2

L2 dY � C‖fp(z)‖2
L2 .

As (ϕp) is a dyadic partition of unity, we can deduce by dilation that

∑
p�N

2−2pd

∫
T �R2d

‖ϕw
Y fp(it)‖2

L2 dY � C‖f(it)‖2
L2 .

So it turns out that
|FK,N (it)|2 � |FK,N ( 1

4 )|‖f(it)‖2
L2 . (5.12)

Now, let us estimate |FK,N (1 + it)|. Using again the Cauchy–Schwarz inequality we get
that

|FK,N (1 + it)|2 � eε|FK,N ( 1
4 )|

∑
p�N

2−2pd

∫
T �R2d

m4
p(Y )‖ϕw

Y fp(1 + it)‖2
L2 dY.

By definition of the H(m) norms, we get that

|FK,N (1 + it)|2 � eε|FK,N ( 1
4 )|

∑
p�N

2−2pd‖fp(1 + it)‖2
H(m2

p).

Let us estimate the sum which appears in the right-hand side of the above inequality.
If d � 2, by Lemma 4.1, we know that R̃Σ,p satisfies the Hörmander condition at

order 2 uniformly with respect to p. Using Proposition 4.3, we have that

‖fp(1 + it)‖2
H(m2

p) � C

(
‖fp(1 + it)‖2

L2 +
∑

1�j,k�2d

‖Rj,pRk,pfp(1 + it)‖2
L2

)
.

By dilation, we have that

‖RjRk(ϕpf(1 + it))‖2
L2 = 2−2pd‖Rj,pRk,pfp(1 + it)‖2

L2 .

By Leibnitz’s formula, we infer

RjRk(ϕpv) − ϕpRjRkv = (Rjϕp)(Rkv) + (Rkϕp)(Rjv) + (RjRkϕp)v.
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So we have, using inequality (5.9), the almost orthogonality in L2 that

‖RjRk(ϕpv) − ϕpRjRkv‖L2 � Ccp(‖Rjv‖L2 + ‖Rkv‖L2 + ‖v‖L2), (5.13)

with, as in all that follows,
∑

p c2
p = 1. So, we have that

‖RjRk(ϕpv)‖L2 � Ccp(‖RjRkv‖L2 + ‖Rjv‖L2 + ‖Rkv‖L2 + ‖v‖L2).

This obviously implies that

|FK,N (1 + it)|2 � eε|FK,N ( 1
4 )|‖f(1 + it)‖2

TH2(RΣ0 ). (5.14)

If d = 1, Proposition 4.3 implies that

‖fp(1 + it)‖2
H(m2

p) � C(‖R2
pfp(1 + it)‖2

L2 + ‖fp(1 + it)‖2
H1(Σ0)).

As in the above proof, we have∑
p

2−2p‖R2
pfp(1 + it)‖2

L2 � ‖R2f(1 + it)‖2
L2 + ‖f(1 + it)‖2

L2 .

Let us estimate ‖wp‖2
H1(Σ0) for any w in H1(Σ0). It is clearly enough to estimate ‖∂wp‖2

L2 .
By dilation and Leibnitz’s formula, we have

2−2p‖∂wp‖2
L2 �

∫
R2

|(∂ϕ)p|2|w|2 dxdy +
∫

R2
2−2p|ϕp|2|∂w|2 dxdy.

As on the support of ϕp, we have 2−p � C(|x| + |y|), we have∫
R2

2−2p|ϕp|2|∂w|2 dxdy � C

∫
R2

|ϕp|2|x∂w|2 dxdy + C

∫
R2

|ϕp|2|y∂w|2 dxdy.

Again by almost orthogonality, we have that∑
p

2−2p‖fp(1 + it)‖2
H1(Σ0) � C‖f(1 + it)‖2

TH2(RΣ0 ).

So inequality (5.14) is also valid for d = 1. Using the Phragmen–Lindelöf principle and
inequality (5.12), we get that for any compact K of T �

R
2d,

|FK,N ( 1
4 )|2 � Ceε|FK,N ( 1

4 )| max
{

sup
t∈R

‖f(it)‖2
L2 , sup

t∈R

‖f(1 + it)‖2
TH2(RΣ0 )

}
.

So we have

|FK,N ( 1
4 )| � Ceε max

{
sup
t∈R

‖f(it)‖2
L2 , sup

t∈R

‖f(1 + it)‖2
TH2(RΣ0 )

}
.

As the above estimate is true for any function f in F such that f( 1
4 ) = v, this concludes

the proof of Proposition 5.5 by passing to the limit. �
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As complex interpolation is often understood in the frame of the domain of self-adjoint
operators, we shall prove the following proposition.

Proposition 5.6. If d � 2, the operator ∆Σ is a self-adjoint operator with domain
TH2(RΣ).

Proof. It is enough to prove that, for any smooth compactly supported function v, we
have

N∑
j=1

‖Rjv‖2
L2 +

N∑
j,k=1

‖RjRkv‖2
L2 � C(‖v‖2

L2 + ‖∆Σv‖2
L2). (5.15)

First of all, it is obvious that

N∑
j=1

‖Rjv‖2
L2 =

N∑
j=1

(R�
jRjv | v)2L2 = −(∆Σv | v)L2 .

So we have that
N∑

j=1

‖Rjv‖2
L2 � ‖∆Σv‖2

L2 + ‖v‖2
L2 .

Of course, the problem appears only near the characteristic points where the vec-
tor fields Rj vanish. Away from the characteristic point, Lemma 4.1 tells us that the
Hörmander condition is satisfied. The maximal estimate (see, for instance, [16]) implies
inequality (5.15).

As inequality (5.15) is invariant under the action of diffeomorphism, we can, near the
non-degenerate characteristic point M0, straighten the hypersurface Σ to Σ0. Let (ϕp) a
dyadic partition of unity near M0. By inequality (5.13), we have that

‖ϕpRjRkv‖L2 � ‖RjRk(ϕpv)‖L2 + Ccp(‖Rjv‖L2 + ‖Rkv‖L2 + ‖v‖L2).

Now let us write
RjRk(ϕpv) = (Rj,pRk,p(ϕv(2−p·)))(2p·).

Thanks to Lemma 4.1 and to the non-degeneracy condition, we have that the system
of vector fields (Rj,p) satisfies on the ring C the Hörmander condition uniformly with
respect to p.

So using again the maximal estimate we claim that a constant C (independent of p)
exists such that for any smooth function w the support of which is included in C,

‖Rj,pRk,pw‖L2 � C

∥∥∥∥
N∑

j=1

R�
j,pRj,pw

∥∥∥∥
L2

+ C‖w‖L2 .

By dilation, we have, using the inequality (5.13),

‖ϕpRjRkv‖L2 � C‖∆Σ(ϕpv)‖L2 + Ccp(‖Rjv‖L2 + ‖Rkv‖L2 + ‖v‖L2).



542 H. Bahouri, J.-Y. Chemin and C.-J. Xu

Computations similar to those above show that

‖∆Σ(ϕpv)‖L2 � ‖ϕp∆Σv‖L2 + Ccp

( N∑
j=1

‖Rjv‖L2 + ‖v‖L2

)
.

So, we have that

‖ϕpRjRkv‖2
L2 � C‖ϕp∆Σv‖2

L2 + Cc2
p

( N∑
j=1

‖Rjv‖2
L2 + ‖v‖2

L2

)

and Proposition 5.6 is proved. �

Corollary 5.7. If d � 2, then

C−1‖v‖2
TH2(RΣ) � ‖∆Σv‖2

L2 + ‖v‖2
L2 � C‖v‖2

TH2(RΣ).

6. The proof of Theorem 1.3 in the general case

As trace and trace lifting problems are local ones, we can assume as in § 4.2 that the
hypersurface Σ is Σ0

def= {x/x1 = 0} and the system P of vector fields is

P1 = ∂x1 and Pj =
n∑

�=2

P �
j (x1, x

′)∂x�
for j ∈ {2, . . . , N}.

We shall denote by PΣ the family (Pj(0, ·))2�j�N . Let us introduce some notation.

(i) For X̃ ∈ T �
R

n, we shall write

X̃ = (x1, ξ1, X) with X = (x, ξ) ∈ T �
R

n−1 and π(X̃) def= X̃ ′ def= X.

(ii) We state now

M(X̃) def= (ξ2
1 + m2

x1
(X))1/2 with mx1(X) def=

(
〈ξ〉 +

N∑
j=2

(Pj(x1, x
′) | ξ)2

)1/2

.

(iii) For X ∈ T �
R

n−1, we also state m(X) def= m0(X) and

g̃X̃(dx̃,dξ̃) def= 〈ξ̃〉 dx̃2 +
1

〈ξ̃〉
dξ̃2

and

gX(dx,dξ) def= 〈ξ〉 dx2 +
1

〈ξ〉 dξ2.

By Lemma 3.8, we have that M (respectively, m) is a g̃- (respectively, g-) weight. By
Theorem 3.9, we have that

Hs(P) = H(Ms) and Hs(PΣ) = H(ms).

The proof of Theorem 1.3 reduces to proving that the restriction operator on Σ0 can
be extended in a continuous and onto operator from H(Ms) onto H(ms−(1/2)) for any s

greater than 1
2 .
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6.1. Continuity of the trace operator

The proof of continuity of the trace operator consists in the proof of the following
inequality:

‖γ(u)‖H(ms−(1/2)) � C‖u‖H(Ms). (6.1)

Let (φY , θY )Y ∈T �Rn−1 (respectively, (ϕỸ , ψỸ )Ỹ ∈T �Rn) a partition of unity of T �
R

n−1

(respectively, of T �
R

n) given by Lemma 3.4 for the metric g (respectively, g̃). The above
inequality (6.1) is equivalent to∫

T �Rn−1
m2s−1(Y )‖θwΣ

Y γ(u)‖2
L2(Rn−1) dY � C2

∫
T �Rn

M2s(Ỹ )‖ψw
Ỹ

u‖2
L2(Rn) dỸ . (6.2)

Let us estimate now ‖θwΣ

Y γ(u)‖2
L2(Σ). To do this, let us use the partition of unity

of T �
R

n and let us write that

θwΣ

Y γ(u) =
∫

T �Rn

θwΣ

Y γ(ϕw
Ỹ

ψw
Ỹ

u) dỸ .

The key lemma is the following.

Lemma 6.1. For any N , a constant C exists such that, for any function v of L2(Rn),
we have

‖θwΣ

Y γ(ϕw
Ỹ

v)‖L2(Rn−1) � C〈η̃′〉1/4∆(Y, π(Ỹ ))−N (1 + 〈η̃′〉|ỹ1|2)−N‖v‖L2(Rn).

Proof. Let us compute, for a given function v of S(Rn), the function

θwΣ

Y γ(ϕw
Ỹ

v).

By the Weyl quantization formula, we have

ϕw
Ỹ

v(0, x′) = (2π)−n

∫
R2

dz1 dξ1 e−iz1ξ1

∫
T �Σ

ei〈ξ′,x′−z′〉ϕỸ ( 1
2z1,

1
2 (x′ +z), ξ1, ζ)v(z1, z) dZ.

Using integrations by parts with respect to 〈η̃′〉1/2∂ξ1 , which is a vector of g̃Ỹ -length 1,
we find that, for any positive integer N ,

ϕw
Ỹ

v(0, x′) = (2π)−n

∫
R2

dz1 dξ1(1 + 〈η̃′〉|z1|2)−Ne−iz1ξ1

×
∫

T �Σ

ei〈ξ′,x′−z′〉ϕ
(N)
Ỹ

( 1
2z1,

1
2 (x′ + z), ξ1, ζ)v(z1, z) dZ,

with
ϕ

(N)
Ỹ

(z1, z, ξ1, ζ) def= (1 − 〈η̃′〉∂2
ξ1

)NϕỸ ( 1
2z1, z, ξ1, ζ).

This equality can be written as

ϕw
Ỹ

v(0, x′) = (2π)−1
∫

R2
(1 + 〈η̃′〉|z1|2)−Ne−iz1ξ1(ϕ(N)

Ỹ
( 1
2z1, ·, ξ1, ·))wΣ v(z1, ·) dz1 dξ1.
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So it turns out that the operator θwΣ

Y γϕw
Ỹ

can be seen as a superposition of operators of
the type θY #T �Σψ. More precisely, we have

(θwΣ

Y γϕw
Ỹ

v)(x) = (2π)−1
∫

R2
(1 + 〈η̃′〉z2

1)−N

× e−iz1ξ1(θY #T �Σϕ
(N)
Ỹ

( 1
2z1, ·, ξ1, ·))wΣ v(z1, ·) dz1 dξ1. (6.3)

Now, let us deal with the following problem: let a be a function of S(T �
R

n); how
is the function a(z1, ·, ξ1, ·) confined on T �Σ? By Definition 3.1 of the semi-norms of
confinement, we have, because g̃σ

Ỹ
= g̃Ỹ ,

|a( 1
2z1, z, ξ1, ζ)| � conf2M,Ỹ ,g̃Ỹ

(a)(1 + g̃Ỹ (( 1
2z1, z, ξ1, ζ) − Ỹ ))−M .

By definition of the two metrics g̃ and g, we have

g̃Ỹ (( 1
2z1, z, ξ1, ζ) − Ỹ ) = 〈η̃′〉( 1

2z1 − ỹ1)2 +
(ξ1 − η̃1)2

〈η̃′〉 + gπ(Ỹ )(Z − π(Ỹ )).

So we infer that

|ϕ(N)
Ỹ

( 1
2z1, z, ξ1, ζ)| � conf2N+2M,Ỹ ,g̃Ỹ

(ϕỸ )
(

1+〈η̃′〉( 1
2z1−ỹ1)2+

(ξ1 − η̃1)2

〈η̃′〉

)−(M/2)−(N/2)

× (1 + gπ(Ỹ )(Z − π(Ỹ )))−(M/2)−(N/2).

The estimates are of course analogous for the derivatives of gπ(Ỹ )-length less than 1. This
means that for any integer k, a constant C exists such that for any N we have

confk,π(Ỹ ),gπ(Ỹ )
(ϕ(N)

Ỹ
( 1
2z1, ·, ζ1, ·))

� C

(
1 + 〈η̃′〉( 1

2z1 − ỹ1)2 +
(ξ1 − η̃1)2

〈η̃′〉

)−N/2

confk+2N,Ỹ ,g̃Ỹ
(ϕỸ ). (6.4)

Biconfinement Lemma 3.2 implies that for any N1 and N2

‖(θY #T �Σϕ
(N)
Ỹ

( 1
2z1, ·, ξ1, ·))wΣ v(z1, ·)‖L2(Rn−1)

� C∆(Y, π(Ỹ ))−N1

(
1 + 〈η̃′〉( 1

2z1 − ỹ1)2 +
(ξ1 − η̃1)2

〈η̃′〉

)−N2

‖v(z1, ·)‖L2(Rn−1).

From formula (6.3), we deduce that, for any couple (N1, N2) of integers, a constant C

exists such that

‖θwΣ

Y γ(ϕw
Ỹ

v)‖L2(Rn−1) �C∆(Y, π(Ỹ ))−N1

∫
R2

(1+〈η̃′〉|z1|2)−N1

×
(
1+〈η̃′〉( 1

2z1− ỹ1)2+
(ξ1− η̃1)2

〈η̃′〉

)−N2

‖v(z1, ·)‖L2(Rn−1) dz1 dξ1.
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As we have

(1 + 〈η̃′〉ỹ2
1)N1 � 2N1(1 + 〈η̃′〉(ỹ1 − 1

2z1)2)N1/2(1 + 〈η̃′〉z2
1)N1/2,

we infer that, for any integer N , a constant C exists such that

‖θwΣ

Y γ(ϕw
Ỹ

v)‖L2(Rn−1) �C∆(Y, π(Ỹ ))−N (1+〈η̃′〉|ỹ1|2)−N

×
∫

R2
(1+〈η̃′〉|z1|2)−1

(
1+

(ξ1− η̃1)2

〈η̃′〉

)−1

‖v(z1, ·)‖L2(Rn−1) dz1 dξ1.

An integration in ξ1 gives

‖θwΣ

Y γ(ϕw
Ỹ

v)‖L2(Rn−1) � C∆(Y, π(Ỹ ))−N (1 + 〈η̃′〉|ỹ1|2)−N 〈η̃′〉1/2

×
∫

R2
(1 + 〈η̃′〉|z1|2)−1‖v(z1, ·)‖L2(Rn−1) dz1.

The Cauchy–Schwarz inequality implies that∫
R2

(1 + 〈η̃′〉|z1|2)−1‖v(z1, ·)‖L2(Rn−1) dz1 � 〈η̃′〉−1/4‖v‖L2(Rn).

This concludes the proof of Lemma 6.1. �

Now, let us estimate ‖γ(u)‖H(ms−(1/2)). By definition of the norm H(ms−(1/2)), we
have to estimate ∫

T �Rn−1
m2s−1(Y )‖θwΣ

Y γ(u)‖2
L2(Σ) dY.

Using the fact that

θwΣ

Y γ(u) =
∫

T �Rn

θwΣ

Y γ(ϕw
Ỹ

ψw
Ỹ

u) dỸ ,

and applying Lemma 6.1 with v = ψw
Ỹ

u, we found that for any integer N , a constant C

exists such that

‖γ(u)‖2
H(ms−(1/2)) �C

∫
T �Rn−1

m2s−1(Y )

×
(∫

T �Rn

〈η̃′〉1/4∆(Y, π(Ỹ ))−N (1+〈η̃′〉|ỹ1|2)−N‖ψw
Ỹ

u‖L2(Rn) dỸ

)2

dY.

The fact that M is a g̃-weight implies that, for any real s, a constant C and an integer N0

exist such that

1 � C(1 + 〈η̃′〉|ỹ1|2)N0
Ms(Ỹ )

Ms(0, ỹ′, η̃1, η̃′)
.

From this, we deduce that for any integer N , a constant C exists such that

‖γ(u)‖2
H(ms−(1/2)) � C

∫
T �Rn−1

m2s−1(Y )I2
N (Y ) dY,
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with

IN (Y ) def=
∫

T �Rn

〈η̃′〉1/4(1 + 〈η̃′〉|ỹ1|2)−N

Ms(0, ỹ′, η̃1, η̃′)
Ms(Ỹ )‖ψw

Ỹ
u‖L2(Rn)∆(Y, π(Ỹ ))−N dỸ .

The Cauchy–Schwarz inequality for the measure ∆(Y, π(Ỹ ))−N dỸ implies that

I2
N (Y ) � CJN (Y )KN (Y )

with

JN (Y ) def=
∫

T �Rn

〈η̃′〉1/2(1 + 〈η̃′〉|ỹ1|2)−2N

M2s(0, ỹ′, η̃1, η̃′)
∆(Y, π(Ỹ ))−N dỸ ,

KN (Y ) def=
∫

T �Rn

M2s(Ỹ )‖ψw
Ỹ

u‖2
L2(Rn)∆(Y, π(Ỹ ))−N dỸ .

Integrating in ỹ1 and changing variable Z = π(Ỹ ), we find that

JN (Y ) �
∫

T �Rn−1

(∫
η̃1

1
M2s(0, z, η̃1, ζ)

dη̃1

)
∆(Y, Z)−N dZ.

But by definition of the two weights M and m, we have

M(0, z, η̃1, ζ)2 = η̃2
1 + m2(z, ζ).

As s > 1
2 , it turns out that∫

η̃1

1
M2s(0, z, η̃1, ζ)

dη̃1 =
Cs

m2s−1(Z)
with Cs =

∫
R

dt

(1 + t2)s
.

Thus we have
JN (Y ) � Cs

∫
T �Rn−1

1
m2s−1(Z)

∆(Y, Z)−N dZ.

The fact that m is a g-weight and (3.5) imply that

JN (Y ) � C

m2s−1(Y )
. (6.5)

From this we deduce that

‖γ(u)‖2
H(ms−(1/2)) � C

∫
T �Rn−1×T �Rn

∆(Y, π(Ỹ ))−NM2s(Ỹ )‖ψw
Ỹ

u‖2
L2(Rn) dY dỸ .

By integration on Y , we deduce from (3.5) that

‖γ(u)‖2
H(ms−(1/2)) � C

∫
T �Rn

M2s(Ỹ )‖ψw
Ỹ

u‖2
L2(Rn) dỸ .

So the continuity of γ is proved.
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6.2. The trace lifting operator

Let us define the trace lifting operator. Let us remember the case of usual Sobolev
spaces. If v belongs to Hs−(1/2)(Rn−1) with s greater than 1

2 , then we define

u = (2π)−(n−1)C−1
s F−1

(
(1 + |ξ′|2)s−(1/2)

(1 + |ξ|2)s
v̂(ξ′)

)
.

It is obvious that ‖u‖Hs � C‖v‖Hs−(1/2) . Using the fact that the value in 0 is the integral
of the Fourier transform of the origin, we have that γ(u) = v.

Again we have to substitute to |ξ′| and |ξ| the weights m and M . Let χ be a function
of D(R) with value 1 near 0. Let us define the operator Rχ on S(Σ) by the following
formula:

(Rχv)(x1, x
′) def=

∫
T �Rn−1

µY (x1)(φY #T �ΣθY )wΣ v(x′) dY (6.6)

with
µY (x1)

def= C−1
s m(Y )2s−1χ(x1〈η〉1/2)

∫
R

eix1ξ1M−2s(0, y, ξ1, η) dξ1.

As M2(0, y, ξ, η) = ξ2
1 + m2(y, η), and as χ(0) = 1, we have γ ◦ Rχ = Id. In order to

prove Theorem 1.3, it is now enough to prove that Rχ can be extended in a continuous
operator from H(ms−(1/2)) into H(Ms). The key lemma is the following.

Lemma 6.2. For any integer N , a constant C exists such that, for any function f in
the space L2(Rn−1), we have

‖ψw
Ỹ

(µY (x1)φwΣ

Y f)‖L2(Rn) � C∆(Y, π(Ỹ ))−N m2s−1(Y )
Ms(Ỹ )

× 〈η〉−1/4(1 + 〈η〉ỹ2
1)−1JY (η̃1)‖f‖L2(Rn−1),

where JY is a positive function on R such that∫
R

J 2
Y (t) dt � C

〈η〉
m2s−1(Y )

.

Proof. The continuity of Rχ follows easily from this lemma. Let us apply it with
f = θwΣ

Y v. It gives us that

‖ψw
Ỹ

Rχv‖L2(Rn) � CM−s(Ỹ )
∫

T �Rn−1
〈η〉−1/4(1 + 〈η〉ỹ2

1)−1JY (η̃1)

× ‖θwΣ

Y v‖L2(Rn−1)∆(Y, π(Ỹ ))−Nm2s−1(Y ) dY.

The Cauchy–Schwarz inequality for the measure ∆(Y, π(Ỹ ))−Nm2s−1(Y ) dY implies that

‖ψw
Ỹ

Rχv‖2
L2(Rn) � CM−2s(Ỹ )

∫
T �Rn−1

‖θwΣ

Y v‖2
L2(Rn−1)∆(Y, π(Ỹ ))−Nm2s−1(Y ) dY

×
∫

T �Rn−1
〈η〉−1/2(1 + 〈η〉ỹ2

1)−1J 2
Y (η̃1)∆(Y, π(Ỹ ))−Nm2s−1(Y ) dY.
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By definition of the norm on the space H(Ms), we deduce from this that

‖Rχv‖2
H(Ms) � C

∫
T �Rn−1

F1(Z)F2(Z) dZ

with

F1(Z) def=
∫

T �Rn−1
‖θwΣ

Y v‖2
L2(Rn−1)∆(Y, Z)−Nm2s−1(Y ) dY,

F2(Z) def=
∫

T �Rn−1
〈η〉−1/2

(∫
R2

(1 + 〈η〉t2)−1J 2
Y (τ)∆(Y, Z)−Nm2s−1(Y ) dt dτ

)
dY.

But we have ∫
R2

(1 + 〈η〉t2)−1J 2
Y (τ) dt dτ � C〈η〉1/2

m2s−1(Y )
.

Assertion (3.5) implies that the function F2 is bounded on T �
R

n−1. Applying again (3.5),
we get

‖Rχv‖2
H(Ms) � C

∫
T �Rn−1×T �Rn−1

m2s−1(Y )‖θwΣ

Y v‖2
L2(Rn−1)∆(Y, Z)−N dY dZ

� C

∫
T �Rn−1

m2s−1(Y )‖θwΣ

Y v‖2
L2(Rn−1) dY

� C‖v‖2
H(ms−(1/2)).

So we have proved that Lemma 6.2 implies that Rχ is continuous, which concludes the
proof of Theorem 1.3. �

Proof. Now let us prove Lemma 6.2. Let us state

FỸ ,Y
def= ψw

Ỹ
(µY (x1)φwΣ

Y f).

By the Weyl quantization formula and the definition of the function µY , we infer that

FỸ ,Y = C−1
s m2s−1(Y )F̃Ỹ ,Y

with

F̃Ỹ ,Y (x1, x
′) def= (2π)−1

∫
R3

eix1τ−it(τ−τ ′) χ(t〈η〉1/2)
M2s(0, y, τ ′, η)

× (ψỸ ( 1
2 (x1 + t), ·, τ, ·)#T �ΣφY )wΣ f(x′) dt dτ dτ ′.

By integration by parts with respect to the vector 〈η̃′〉1/2∂τ , the g̃Ỹ -length of which is
less than 1, it turns out that, for any integer N ,

F̃Ỹ ,Y (x1, x
′) = (2π)−1

∫
R3

eix1τ−it(τ−τ ′) χ(t〈η〉1/2)
M2s(0, y, τ ′, η)

(1 + 〈η̃′〉(x1 − t)2)−N

× (ψ(N)
Ỹ

( 1
2 (x1 + t), ·, τ, ·)#T �ΣφY )wΣ f(x′) dt dτ dτ ′,
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where
ψ

(N)
Ỹ

def= (Id−〈η̃′〉∂2
τ )NψỸ .

The fact that the metric g̃ is symplectic (i.e. g̃σ = g̃) allows us to do integration by
parts with respect to the vector

TỸ ,Y
def=

(
1

〈η̃′〉 + 〈η〉

)1/2

∂t,

the g̃Ỹ -length of which is less than 1. Moreover, we have

|T j

Ỹ ,Y
(〈η̃′〉(x1 − t)2)| � (1 + 〈η̃′〉(x1 − t)2)1/2,

and obviously

|T j

Ỹ ,Y
(χ(〈η〉1/2

t))| � ‖χ(j)‖L∞ .

From this we deduce that

F̃Ỹ ,Y (x1, x
′) =

∫
R3

eix1τ−it(τ−τ ′) 1
M2s(0, y, τ ′, η)

(1 + 〈η̃′〉(x1 − t)2)−N

×
(

1 +
(

1
〈η̃′〉 + 〈η〉

)
(τ − τ ′)2

)−N

(A(N)
Ỹ ,Y

f)(x1, x
′) dt dτ dτ ′,

with

(A(N)
Ỹ ,Y

f)(x1, x
′) =

∑
j+k�2N

A(N)
j (t, τ, τ ′, Ỹ , Y )χ(j)(t〈η〉1/2)

× (ψN,k

Ỹ ,Y
( 1
2 (x1 + t), ·, τ, ·)#T �ΣφY )wΣ f(x′),

where the functions A(N)
j are bounded and positive and where

ψN,k

Ỹ ,Y
= T k

Ỹ ,Y
(Id−〈η̃′〉∂2

τ )NψỸ .

But we know that M is a g̃-weight. So a constant C and an integer Ns exist such that

M−s(0, y, τ ′, η) � CM−s(Ỹ )
(

1 +
1

〈η〉 |τ ′ − η̃1|2
)Ns

(1 + 〈η〉ỹ2
1)Ns∆(Y, π(Ỹ ))Ns . (6.7)

From estimates (6.4) and (6.7), from the fact that χ is compactly supported, from
Lemma 3.2 and from the L2 estimate, we deduce that, for any couple of integers (N, N ′),
a constant C exists such that

‖F̃Ỹ ,Y (x1, ·)‖L2(Rn−1) � C∆(Y, π(Ỹ ))−N ′
M−s(Ỹ )‖f‖L2(Rn−1)

×
∫

R3
I1,N

Ỹ ,Y
(t)I2,N

Ỹ ,Y
(τ, τ ′)M−s(0, y, τ ′, η) dt dτ dτ ′,
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with

I1,N

Ỹ ,Y
(t) def= (1+〈η̃′〉(x1 − t)2)−N (1+〈η〉t2)−N (1+〈η〉ỹ2

1)Ns(1+〈η̃′〉( 1
2 (x1+t)− ỹ1))−N

and

I2,N

Ỹ ,Y
(τ, τ ′) def=

(
1+

1
〈η̃′〉+〈η〉 (τ −τ ′)2

)−N(
1+

1
〈η̃′〉 (τ − η̃1)2

)−N(
1+

1
〈η〉 (τ ′− η̃1)2

)Ns

.

A constant C and an integer N0 exist such that(
〈η〉
〈η̃′〉

)±
� C∆(π(Ỹ ), Y )N0 .

Thanks to the inequality of the triangle we have for any N ,

I1,N

Ỹ ,Y
(t) � CN∆(π(Ỹ ), Y )3NN0(1 + 〈η〉x2

1)
−N (1 + 〈η〉t2)−N (1 + 〈η〉ỹ2

1)−N

and

I2,N

Ỹ ,Y
(τ, τ ′) � CN∆(π(Ỹ ), Y )2NN0

(
1 +

1
〈η〉 (τ − τ ′)2

)Ns−N(
1 +

1
〈η〉 (τ − η̃1)2

)Ns−N

.

Let us apply the above inequalities with N = Ns + 1. We deduce from this that for any
integer N , a constant C exists such that

‖F̃Ỹ ,Y (x1, ·)‖L2(Rn−1) � C∆(Y, π(Ỹ ))−NM−s(Ỹ )‖f‖L2(Rn−1)(1 + 〈η〉x2
1)

−1

× (1 + 〈η〉ỹ2
1)−1

∫
R3

IY (t, τ, τ ′)M−s(0, y, τ ′, η) dt dτ dτ ′,

with

IY (t, τ, τ ′) def= (1 + 〈η〉t2)−1
(

1 +
1

〈η〉 (τ − τ ′)2
)−1(

1 +
1

〈η〉 (τ − η̃1)2
)−1

.

The Cauchy–Schwarz inequality for the measure IY (t, τ, τ ′) dt dτ dτ ′ implies that∫
R3

IY (t, τ, τ ′)M−s(0, y, τ ′, η) dt dτ dτ ′

�
(∫

R3
IY (t, τ, τ ′) dt dτ dτ ′

)1/2(∫
R3

IY (t, τ, τ ′)M−2s(0, y, τ ′, η) dt dτ dτ ′
)1/2

.

A straightforward computation gives∫
R3

IY (t, τ, τ ′)M−2s(0, y, τ ′, η) dt dτ dτ ′ � J 2
Y (η̃1)〈η〉−1/2,

with

JY (η̃1)
def=

(∫
R2

(
1 +

1
〈η〉 (τ − τ ′)2

)−1(
1 +

1
〈η〉 (τ − η̃1)2

)−1

M−2s(0, y, τ ′, η)dτ dτ ′
)1/2

.



Trace and trace lifting theorems 551

It turns out that

‖F̃Ỹ ,Y (x1, ·)‖L2(Rn−1) � C∆(Y, π(Ỹ ))−N ′+N1M−s(Ỹ )‖f‖L2(Rn−1)(1 + 〈η〉x2
1)

−1

× (1 + 〈η〉ỹ2
1)−1JY (η̃1).

Once observed that ∫
R

JY (t)2 dt = Cm−(2s−1)(Y )〈η〉,

we get the lemma by integration in x1. This completes the proof of Theorem 1.3. �
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