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Abstract  We prove in this work the trace and trace lifting theorems for the Sobolev spaces associated
with a system of Hérmander’s vectors fields of order 2. The case of non-degenerate characteristic points
for left invariant vector fields on the Heisenberg group is also studied.
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Résumé Dans ce travail, nous démontrons des théoréemes de trace et de relevement pour les espaces de
Sobolev associés a un systeme de champs de vecteurs satisfaisant la condition de Hérmander & l’ordre 2.
Le cas des points caractéristiques non dégénérés pour les champs de vecteurs invariants & gauche sur le
groupe d’Heisenberg est aussi traité.
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1. Introduction

The main purpose of this paper is to study the problem of restriction of functions that
belongs to Sobolev spaces associated with left invariant vector fields for the Heisenberg
group H?. This group is the space R24+1 of the (non-commutative) law of product

(z,y,8) - (¢',¢, ) = (@+ay+y, s+ +l2)— | 2).
The left invariant vector fields are
X; =0, +y;0s, Y; =0, —x;0, withje{l,....d} and S=0,=3[Y;,X,].

In all that follows, we shall denote by Z the family defined by Z; = X; and Z; 4 =Y.
We associate Sobolev spaces to this system of vector fields through the following defi-
nition.
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Definition 1.1. Let k be a non-negative integer, we denote by H*(H?) the Sobolev
space of order k which is the space of the functions v in L?(H?) (for the usual Lebesgue
measure on R24+1) such that

2 - Zju € L? for any (jm)lgmgg S {1, .. .,Qd}e with ¢ < k.

When s is any non-negative real number, we can, as in the case of classical Sobolev
spaces on R™, define the space H*(H?) by complex interpolation (see, for instance, [7]).

As in the usual case, other definitions of Sobolev spaces can be used (and the spaces are
the same): the definition using integral and kernel (see [23] and [24]), or the definition
using the Littlewood—Paley theory based on Fourier transform on the Heisenberg group
(see [2]), or the definition using the Weyl-Hormander calculus (see [11]).

The key point is that Z satisfies Hormander’s condition at order 2, which means that
the family (Zy, [Z¢, Z,,]) spans the whole tangent space. Hormander’s sub-elliptic theorem
implies that the space H*(H?) is included in the usual Sobolev space H*/2(R?¥+1) when s
is positive.

These spaces H*(H?) have properties which look very much like the ones of usual
Sobolev spaces: Sobolev embeddings are true with exponents where the real dimen-
sion 2d + 1 becomes the homogeneous one 2d + 2 (see, for instance, [12] and [20]),
Poincaré’s inequality (see [19]), Hardy’s inequality, tame estimates (see [1]) and exten-
sion properties (see [21]).

In this work, we are interested in problems of trace and trace lifting on a smooth
hypersurface of H? in the framework of Sobolev spaces. In the framework of Holder
spaces, this problem has been studied by Jerison in [18].

First of all, let us point out that the problem of existence of trace appears only when s
is less than or equal to 1. The space H*(H?) is included in H*/?(R?¢*1). So if s is strictly
larger than 1, this implies that the trace on any smooth hypersurface exists and belongs
to the usual Sobolev space H(/2~(1/2) of the hypersurface.

So the existence of traces makes problem when s € ]3,1]. Two very different cases
then appear: the one when the hypersurface is non-characteristic, which means that any
point My of the hypersurface X is such that 2|5, ¢ Th, %Y, and the one when some
point My of the hypersurface X' is characteristic, which means that 2|5z, C T, 2.

It is well known that a compact hypersurface without boundary has always at least
one characteristic point (see, for example, [4]). Things being what they are, the problem
of traces is of course a local one. So it is relevant to assume a hypersurface to be non-
characteristic. This case is quite well understood. Since the work of Derridj (see [14]), it
is known that in this non-characteristic case, traces of functions in H'(H?) exist in L2.
Always in this non-characteristic case, Pesenson (see [22]) has proved trace and trace
lifting theorems for the spaces H*(H?) when d is greater than or equal to 2. Moreover,
these results are also valid for Sobolev spaces defined with LP for p greater than 1 (see
also [13] and [15]). The reason why this hypothesis d > 2 is required is that the proof
uses in a crucial way the fact that Z NTX is of rank 2d — 1 and satisfies Hérmander’s
condition at order 2. This is of course not the case when d = 1, because, in this case,
ZNTY is of rank 1. In the characteristic case, even the existence of traces in L?(X) is
a problem.
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The fact that we deal with the case when d = 1 impose us to reconsider the non-
characteristic case. The theorem we shall prove in the non-characteristic case can be
stated in the general case of a hypersurface of R™. To do this, let us state the following
definition which is a modification of the classical one.

Definition 1.2. Let Px = (Px j)1<j<n be a family of smooth vector fields tangent to a
submanifold X of R and k a positive integer. We denote by H*(Py) the set of functions u
in H*/?(%) such that

Py, -+ Py jue L*(X) for any (jm)i<m<e € {1,..., N} with £ < k.

When s is a positive real number, the space H*(Py) is defined by complex interpolation.
Here the submanifold X will be either R™ itself or a smooth hypersurface.

Remark. When the system of vector fields Py satisfies the Hérmander condition at
order 2, the above definition is the same if we substitute L? to H*/2.

Let X be a smooth non-characteristic hypersurface for a system P %' (Pj)1<j<n (this
means that P is not tangent to X'). The C*°-module spanned by PNTX is of finite type.
Let us denote by Py et (Ps;j)1<j<n a finite system of generators of the system P NTX.
The trace theorem is the following.

Theorem 1.3. Let X' be a non-characteristic hypersurface for the system P; the restric-
tion to X map, denoted by ~ys, can be extended in an onto continuous map from H*(P)
to H*~(1/2)(Py) when s is greater than 1.

Let us point out that it implies in particular that 7y is continuous from the
space H*(P) into the space H/2~(/9(5). A similar theorem has been proved by
Berhanu and Pesenson in [8] in the case when the system Pj; still satisfies the Hormander
condition at order 2 on the hypersurface X’ and for s = 1.

Let us go to the problem of characteristic case in the Heisenberg group. The set of
characteristic points of a compact hypersurface may have a complicated structure. For
instance, this set may contain curves that may be or may be not integral curves of one
of the vector fields Z. The result we shall prove here demands a hypothesis about the
nature of the set of characteristic points. Let us state it.

Definition 1.4. Let M, be a point of a smooth hypersurface X of H¢. This point My is
said to be a non-degenerate characteristic point if and only if

(i) the point My is characteristic, which means that 2, C Taz, ¥

(ii) for any 1-form @ of T*R2¥*! that vanishes on 7% and such that 6(My) # 0, the
system (Lz,0)1,, 5)1<e<24 spans the cotangent bundle T3, X, where £z denotes
the Lie derivative with respect to Z.
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Remarks.

(i) Tt is easy to see that the non-degenerate characteristic point is necessary iso-
lated. The non-degeneracy condition is equivalent to the fact that the matrix
(Z¢Zmg(Mo))1<e,m<ad is invertible if ¢ is a local defining function of the hyper-
surface X' (see Proposition 5.1). Moreover, as Zy, is of rank 2d, it spans the
tangent space T, 2.

(ii) Two simple exam{ples of non-degenerate characteristic points are the origin for the
hyperplane X de (s = 0) and the two poles (0,0, +1) of the Heisenberg sphere.

(iii) Let us point out that, as a non-degenerate characteristic is isolated, Theorem 1.3
implies that a trace exists in 2\ {My} where {2 is a neighbourhood of Mj. The
point is to prove the trace belongs to L?(§2) and to characterize the trace space
in {2 as an interpolation space.

This goal implies to define precisely the module of tangent vector fields on X' which are
going to be the differentiations on which the Sobolev regularity of traces will be based.

Definition 1.5. Let X be a smooth hypersurface of H¢ with a finite number of non-
degenerate characteristic points

def
M= (M;)i<i<nN-

Let us denote by C35 the set of smooth functions a on X'\ M such that for any integer &
and for any point M; of M, a constant C}, exists such that in a neighbourhood of Mj,
we have

DR a(M)] < CulM — M| .

Let us notice that functions of C'{; have singularities of type ‘homogeneous of degree 0’
at the points of M.

Definition 1.6. Let X be a smooth hypersurface of H? with a finite number of
non-degenerate characteristic points ./\/ldzef(Mj)lgjgN. Let us denote by Zs aq the
Cg5-module of vector fields spanned by the set of all vector fields of ZNT'X that vanish
on M.

This module Z5 ¢ is spanned by a finite number of smooth vector fields Ry. If g is
a local defining function of X', a possible choice for Ry is the family

R ™ Z:(9)Z — Z1(9)Z; for 1< j <k <2d. (1.1)
This will be proved in Lemma 5.2. Let us mention now that the non-degeneracy condition
is crucial for the proof of this property.
For the sake of simplicity of the notation, we reorder the family R def (Rj)igjgn- In
all that follows we shall denote by Ay the differential operator on X' defined by

N
Ax = -N"RIR;. (1.2)
j=1
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Let us point out that in the case when d = 1, there is only one vector field in the
family Ry, which we shall denote by R.

When £ is a non-negative integer, let us define the Sobolev spaces associated with this
module of vector fields.

Definition 1.7. If d > 2, we denote by TH*(Ryx) the space of functions u of L?(X)
such that

Rj -+ Rju € L* for any (jm)i<m<e € {1,...,d(2d — 1)} with £ < k.

If d = 1 and if k = 2j, we denote by TH*(Rx) the space of functions u of L?(X) such
that

Rlu e L? for any ¢ < k,

and
Ty, - Tju € L* for any (jm)i<m<e € {1,...,4}" with £ < j,

where (Ty)1<e<a is a family of generators of the module (on the ring of smooth functions
on X)) of the vector fields tangent to X' that vanish at the points of M.

Now, we can define the spaces TH*(Ry) for positive real numbers by complex inter-
polation. We shall prove the following theorem.

Theorem 1.8. Let X be a hypersurface with a finite number of non-degenerate char-
acteristic points. The restriction to X map, denoted by vx (defined on D(H?)), can be
extended in an onto continuous map from H'(H?) to TH'/?(Ry).

Remark. Let us consider the case when d > 2. As proved in Proposition 5.6, the operator
Ay defined by (1.2) is self-adjoint with domain TH?(Ryx). Thus the space TH'/?(Ryx)

can be understood as the domain of the operator (—Ax)/4.

2. Main ideas of the proofs and structure of the paper

The first case we study is the non-characteristic one. Let us give a flavour of the proof by
looking at a very simple case. Let us consider when in R? the system P is (0, , 210,,) and
the hypersurface X is {x € R?/z; = 0}. The system Py then reduces to 0. The above The-
orem 1.3 tells us that the map vy is continuous and onto from H*(P) to H*/2)~(1/4)(x).
Let us point out that this case is as different as possible from the case of the Heisenberg
group when d > 2.

Let us denote by @2 the Fourier transform of v with respect to the second variable. So,
we can write that, for any u in D(R?),

() arm-oro = [ €410, dé

0 /002
_ k—(1/2) -
= 2/(52) ! /oo<al‘1 (551,52)

ftz(ﬂiufz)) dxq d&o.
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Using the Cauchy—Schwarz inequality, we get that

7 (u) H?mk/z)—(lm)(n@)

0 ~2
< 2/<52>k_(1/2) (/ %(901752)

< 2/[0zyull L2, g k272 ) Ul L2 (R, H4 /2 (R)) -

2 1/2 53 1/2
dxl) (/ |@2($1752)|2d3?1) dés

— 00

But, using Hérmander’s subelliptic theorem, we infer that H*—1(P) c H*—1/2(R?).
So 0,,u belongs to H*/2=(1/2)(R?). As k > 1, we have

H(k/2)*(1/2)(R2) c L2(R7H(k/2)*(1/2) (R)).

So the map vy is continuous.
Let us now consider a function v in H®*/2~1/4(R) and let us state

(e, v2) = Fe, (x(@1(62)/)0(&)),

where x is a function of D(R) with value 1 in a neighbourhood of 0. It is obvious
that vx(u) = v. Moreover, when ki + 2ks + ks < k, we have

def
Ny g ks (1) = (| (2100,)" 0520 ull 2 g2

- / (1023 ) (D)= (B, ooy, 22)|2 iy it
=(2m)~! / | bt () ka 23 (Ra) (21 (€2)1/2)(&5) % Ay dEs
< (27T)_1/‘yflX(k3)(yl)<§2>(k1/2)+k2+(k3/2)@(€2)|2<§2>_1/2 dy; d&

< (2m)7! / x5 (1) [P (&) 1P 0(&) P dyr dés

< C||U|‘12L1(k/2)7<1/4>(]1§)~

So the map «s is onto. When s is an integer, the proof of Theorem 1.3 consists in
substituting a weight for a Hérmander’s metric to (£3) in the above model case.

The third section of this paper consists first in recalling basic facts about Hérmander’s
pseudodifferential calculus and about Sobolev spaces in this framework. Afterwards we
explain the relation between the Sobolev spaces defined in this introduction and the
Weyl-H6rmander calculus.

The fourth section is devoted to the proof of Theorem 1.3 in the case when s is an
integer. We follow the same lines as in the above proof.

The fifth section is devoted to the study of the characteristic case for the Heisenberg
group. The method used, as possibly inferred by the introduction of the ring C%; is
a ‘blow-up’ type method. Let us explain it in the simple case when X' is the hyper-
plane Xy def (s = 0) and the characteristic point is the origin.
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Let us consider a function ¢ of D(R\{0}) such that
VE O< [t <1, ) p(2kt) =

Let us introduce the Heisenberg distance to the origin p, which is
pz,y,s) = (0% +4%)° + %)%

If u € D(R2¥+1\ {0}) supported in {p(x,y,s) < 1}, we have

oo
U = E Ppl,
p=0

where p,(z,y,s) = ¢(2Pp(x,y, s)). Now let us compute Z(p,u) for Z € Z. The Leibnitz
formula implies that
Z(ppu) = ppZu +uZpp.

But Zy, = 2P¢'(2Pp)Zp. Moreover, when p < 1, we have |Zp| < ¢. So it turns out that

1Z(epw)llzs < C2%|opullzs + 2 wpZullZs.

2

By definition of ¢, we have 2?7 ~ p=2 on the support of <p;,u. From this, we deduce that

/u2
22p||<p;u||%2 <C/|s%2| dz dyds.
p

As the functions ¢, u and ¢ju have disjoint supports as soon as |[p — p'| is large enough,

we have
oo

2
> 2l < © [ avayas
p

p=0
Let us recall the well-known H'-Hardy inequality on the Heisenberg group.

Lemma 2.1. A constant C exists such that, for any function u in H'(H?) supported in
the Heisenberg ball B(0,1), we have

2at1 (8,2, Y)

ju(s, ,y)[2 = )
S dadyds < C Y[ Zjul3 .
R X
J=1

For the reader’s convenience, we present a sketchy proof of it.

Proof. Following the usual case we introduce

d d
j:l Jj=1
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As the divergence of R is equal to the homogeneous dimension 2d + 2 and as Rp~2 =

—2p~2, we have, for any u in D(R?¢+1\ {0}), through integrations by parts,

u? Ly ; u
- d/ Y dzdyds = /Z(ij + yJYj>udxdyds
p =\p p )
—/1/1(;2>uX1udxdyds+/X1 (;2>uY1udxdyds.
s
Zi| = < Cp_17
! (02>’

the Cauchy—Schwarz inequality together with the fact that the space D(R24+1\ {0}) is

As we have

dense in H'(H?) gives the lemma. O
It turns out that -
DX 1Z(epw)ll7e < Cllull gay- (2.1)
p=02€Z

Now, let us use the dilation of parameter 2P on the Heisenberg group and let us state
up(,y, 5) = (ppu) (2772, 27Py, 27s).
A simple computation shows that
1 Zup|| 22 = 27¢|| Z(ppu)| 2-

Moreover, the support of the function u, is included in a ring C = {p(x,y,s) ~ 1} of
the Heisenberg distance p. This ring C is a compact subset of H? which is independent
of p and that does not cross the origin. So the hypersurface Xy is non-characteristic on
the support of u, and results of Theorem 1.3 can be applied to u,. So, we deduce in
particular that

v () 22 < c( S 1 Zu 25 + ||up||%2)

Zez
< C2%7) | ppul| 31 (ggay-

Then, a dilation on X tells us that

750 (Pp)lle < Cllopull g ey

Inequality (2.1) implies that
D s (ppu)lize < Cllull gay-
p=0

The fact that the family v, (¢pu) is almost orthogonal in L? allows us to conclude that
the map 7, can be continuously extended from H'(H?) to L?(X,). The complete proof
of Theorem 1.8 will be the purpose of the fourth section.
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3. The Weyl-Ho6rmander calculus and Sobolev spaces

We shall use the Weyl-Hérmander calculus and weighted Sobolev spaces in this context.

3.1. Basic Weyl-Ho6rmander calculus

Let us recall briefly the basic definitions and notation. For further details, we shall
refer to [5], [9], [10], [11], [12] and [17].

We say that g is a Hormander metric if g is a measurable function from 7*R"™ into the
set of positive quadratic form which satisfies

(i) the slowness condition, i.e.

1 _
gx(X =Y) < — = ¢;gx <gv < cogx; (3.1)
0

(ii) the uncertainty principle, i.e.

(T . [T, W]?
1< XQd:efsung( with ¢%(T) = sup — ; 3.2
g( ) T QX(T) X( ) W#£0 9X<W) ( )
and
(iii) the temperance condition, i.e.
o (1499 (X = Y)Mgx gy <co(l+¢9(X —Y))Ngx. (3.3)
We say that a positive function m on T*R? is a g-weight if
mON" _ 5
——= ] < CAX)Y
() <eaxm)
with A(X,Y) %' 1 + max{¢% (Ux — Uy), g% (Ux — Uy)}
and ¢ (Ux —Uy) = inf 9% (X' =Y. (3.4)

(X', Y")eUx xUy
The function A measures how far away X and Y are (in the sense of the metric g) and

satisfies, for some integer Ny,

sup / ANU(X, V) gy |2 dY < oo, (3.5)
XeT*R" JT*Rn

We can define the class S(m, g) of the smooth functions a on T*R¢ such that
|8T1 T aTja(X)l

”a”k,S(m,g) d:ef sup
i<k, XeT*R" m(X)

gx (T;)<1

We shall use the Weyl quantization which is given by

a”u(z) = (27)™" / ei<z*z’§>a(%(a: + 2),8u(z)dz d¢.

T*R™
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Let us denote by [X,Y] the standard symplectic form on T*R"™. We have the following
composition formula a® o b* = (a#b)¥ with

(a#b)(X) = 72" / e AX=YLX Y2l (V) b(Ys) dY; dYs.
T*Rn x T*R"

Now, let us remark that if ¢ and b are two smooth compactly supported functions

on T*R"™, there is no reason why a#b should be so. The relevant notion is the following

one.

Definition 3.1. Let 7 be a positive quadratic form on T*R"™ such that v > v and Y a
point of T*R"™. We equip S(T*R") with the following semi-norms (denoted by semi-norms
of confinement)
lallkcontv.yy = sup  (1+797(X = By(Y,r)))/?|0r, - -- Or,a(X)].
XeT*R®
Ik, v(Tj)<1

Let g be a Hormander’s metric and (ay )y er+g» a family of functions of S(T*R™). This
family is uniformly confined if and only if, for any integer k,

||(aY)||k,conf(g) = sup ||aY||k,COUf(gY»Y) < o0.
YeT*Rn»

The interest of this concept is described by the following lemma, proved in [10].

Lemma 3.2. Let g be a Hormander’s metric and a and b two functions of S(T*R™).
For any pair of integers (k, N), an integer ¢ and a constant C' exist such that, for any
couple (Y, Z) of T*R™ x T*R"™, we have

a1 cont(gy v) + |60k cont(gr.2) < CAY, Z) "N lallecont(gy v)1blle,cont (g7, 2)-

Lemma 3.3. For any integer N, a constant C and an integer M exist such that, if the
family (ay)yer+grn is a uniformly confined family of symbols, if b belongs to S(m,g),
then

||(m_l(Y)aY#b)”N,conf(g) + H(m_l(y)ayb)HN,Conf(g)
+ H()\Q(Y)m_l(Y)(ay#b - aYb)HN,conf(g) < CH(aY)HN,Conf(g)”ka,S(m,g)'
It will be convenient here to assume that the metric g is strongly tempered (see [9] for

a precise definition). All the metrics used here are so. This property implies in particular
the following lemma, proved in [9].

Lemma 3.4. Two uniformly confined families (¢y) and (vy) exist such that for any X
in T*R™, we have

/ ey (X)|gy V2 dY = (Yy #oy)(X)|gy |2 dY = 1.
T*R?L T*R?L

We can also assume that (py) is such that the support of py is included in the ball of
centre Y and radius r (for some fixed positive number r) for the metric gy .
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Let us recall the concept of Sobolev spaces associated with a g-weight introduced by
Beals in [5].

Definition 3.5. Let m be a g-weight. The space H(m,g) is the set of tempered distri-
butions u such that

1/2
ol = ([ w0 legulialor 2 ar ) <o,

The space H(m,g) is also the set of tempered distributions u on R™ such that, for
any a € S(m,g), we have a¥u € L?. Moreover H(1,g) = L. As proved in [9], the
space H(m,g) is ‘almost independent’ of the metric g. So in all that follows, we shall
drop the metric g and shall denote the Sobolev space H(m). The study of these Sobolev
spaces has been developed in [5], [6], [9], [10], [11], [12] and [25]. We shall often use the
fact that, if [4, By denotes the complex interpolation space between A and B associated
with 6 in [0, 1], we have

[H (m1), H(ma)]o = H(m;~"ms). (3.6)

The Weyl quantization associates to a symbol a in S(mg,g) an operator on S'(R™).
Those operators act on the Sobolev spaces in the following way.

Proposition 3.6. Let a be in S(m1, g) for some g-weight my. Then for any g-weight m,
a constant C and an integer k exist (depending only on the constants that appear in
inequalities (3.1)-(3.4) for g, m and my) such that for any u in H(m),

@l gy 2y < Cllallk,somy.g) @l (m)-
In the next section, we shall need the following technical lemma.

Lemma 3.7. Let a be a complex valued measurable function on T*R", (6y') a uniformly
confined family and v a measurable function from T*R™ to L?(R"). A constant C' and
an integer k exist (depending only on the constants related to g and m) such that, if

ef .
[ e lov[ 2 ay,
T*Rn
then we have

el Zs <C||(9y)lli,conf(g)/T . |a(Y)[Pm*(Y) vy 7219y /2 dY.

To prove this lemma, let us first observe that by definition of the H(m) norm, we have

lallZr(my = m*(Z)a(Y)a(Y')(¢50% vy | 050y vy )L
(T+R)?

gy V2| gy [V?|gz|/? Yy dY" dZ.
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Using Lemma 3.2 we get that, for any integer IV, a constant C' and an integer k exist
such that

(P5080y | @50%0y) 2] < CIONIE conto) AV 2) N AX, 2)7N oy s lloy 2
As m is a g-weight, we have
m2(Z) < Cm(Y)m(Y)A(Y, Z)NAY', Z)N .
So for any integer N a constant C exists such that
m2(2)|(0vy | G50y )1e]
< OO contiqym (Y MY VALY, Z) "N A", Z)~ oy | g2 oy |52
Using the Cauchy—Schwarz inequality with respect to the measure

AY,Z)NAY, Z2) N gy V2 gy V3 gz V2 dY dY' dZ

we get that
ullr(my < CII(HY)Hi,conf(g)/ |a(Y)[Pm?(Y)||vy |12
(T*Rm)3

< AY, 2) N A(Z,Y') gy [lgy [ 2]g5 [/ aY dY” dZ.

Using (3.5) and integrating first in Y, and in Z, we find that

[ullrmy < CHOVIR contq) /T*R |a(Y)Pm?(Y)||oy [|72|gv /2 dY.
So the lemma is proved.

3.2. The link with classical Sobolev spaces

Here we mainly follow [11] (see also [26]). Let us consider a family of smooth vec-
tor fields P = (P})1gj<n on R™ which are supposed to be bounded as well as all their
derivatives. Let us recall Lemma 1.2.1 and Corollary 1.2.2 of [11].

Lemma 3.8. Let a be defined by

a(X) = a(x,€) = (Pi(x) | 2

N
j=1
The function m and the metric g defined by
m(X) = () +a(X))2, gx(dz,d¢) = m™*(X)((€)* da® + d¢?)

have the following properties. The metric g is a Hérmander metric on T*R"™. The func-
tion m is g-weight on T*R™. The function a belongs to S(m,g) and for any k, the
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semi-norms ||a||,s(m2,q) depend only on the supremum of a finite number of derivatives
of the coefficients of the vector fields P;.
Moreover, the function m is a weight for the metric g(1 2y (1/2) defined by

L

Gl

9(1/2).(1/2) 0 ¢, (2%, dE?) = (€) dz® +

The main theorem in this section is the following.

Theorem 3.9. Let P be a family of vector fields. Then for any positive s, we have that
the spaces H*(P) and H(m?®) are equal. Moreover, a constant C' exists such that

CilHUHH(ms) < ullgsepy < Cllull g me)-

The above constant C' depends only on the supremum of a finite number of derivatives
of the coefficients of the vector fields P;.

Proof. Let us prove this theorem. By Definition 1.2 and Lemma 3.6, it is enough to
prove this theorem for integer index. The fact that H(mF*) is embedded in H*(P) follows
immediately from Corollary 4.4 of [9] and from the fact that P}, --- P;, with £ < k is an
operator the symbol of which belongs to S(m*, g).

Let us point out that in all results of [9], the constants of continuity and the constants
of equivalence between norms depend only on the constants that appear in (3.1)—(3.4).

The proof of the opposite inequality is a little bit more delicate. The proof is similar
to the proof of Theorem 2.1 of [11]. The idea is to decompose the phase space T*R™ in
regions where the vector fields are the ‘main terms’. More precisely, for any positive real
number A let us define

£ {Y/i:v;(Pj(y) |n)? > A2<n>}

and
def 1 a
& en Vim0 10> 5 X 02}

The region &; can be understood as the region where the vector field P; is elliptic.
Moreover, in the union of the £;, which of course contains £, the function A, is greater
than (2N)~1A.

Now, for any compactly supported smooth function on R™ we have, for any family (¢y)
which satisfies Lemma 3.4 with the metric g defined in Lemma 3.8,

lulliney = [ m ) lulalay 2 dy

N
<D Lin(w),
=0
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with

def w
Io () 2 / w2 (V) ul 22 gy [/2 Y,
T*R7\E

def w
I () % / m2 (V) | a2 gy /2 Y.

J

As in T*R™ \ &, we have
m(Y) < (A+1){n)'?

we can write that

Io,/c(u) < (A+ 1)%/ <77>k||90$u|\%2|gy|1/2 av.
YeT*R™

Theorem 6.9 of [9] implies that

Iop(u) < C(A+ 1)%”“”?#/2(]1&")'

So we have
N
[ull sy < CCA+ D [[ullFpnragny + Y Lk (w). (3.7)
j=1

Let us admit for a while the following lemma, very close to Lemma 2.2 of [11].
Lemma 3.10. For any j in {1,..., N}, two uniformly confined families (§;y) and (R, y)
exist such that for any Y € &;,

wo o —k w k —1 w

Using the fact that on the set &; the function ), is greater than (2N)~! A, we get from
this lemma that

La) < [ 18 Prulslay 24y + [ w00 (0 2Ry ulalay V2 @Y

2N Y
</TR ||6;ijPfulli2gy”2dY+<A) /5 m? (V)| REyul|3:]gy [V dY-

J

As the families (6}"y) and (RYy) are uniformly confined, we have, applying Lemma 2.3
of [11],
Li(w) < ClIPFullZs + CA™? [ullfy -

So if we choose A large enough, Theorem 3.9 is proved. O

Proof. Now let us prove Lemma 3.10. For any Y € &;, let us write

X
YX) (b)) 6)F.

0= B eF
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The support of ¢y is included in a gy-ball of centre Y and radius r. So, using the Taylor
inequality we get for any X = (z,£) in the support of ¢y that

(P () | €) = (Pi(y) | m)| < Cr{m'/2.

As Y is supposed to be in &;, we deduce that

PE | o
(Pi(y) [ ) A
So, if A is large enough, we have that, for any X belonging to the support of ¢y,
(Py(x) |
<147 3.8
B ) 5
Let us define “(¥ Yoy (X)
m=(Y)py (X
ifYy eé&;,
5,y 4 ) (Pi() [ OF ’
0 ifY ¢¢&;.

As Y € &; we have thanks to inequality (3.8) and Lemma 3.3 that the family (J;y) is
uniformly confined. So we get that

(107)1/} = m_k(Y)(S}l,}Y © ij + )‘g_l(y) ;’le7

with
w def — w w
Ry = Ag(YV)m ™ M(YV) (87, (P;(2) | )F)" = 67’y o Pf).
Lemma 3.3 ensures that the family (RY ) is uniformly confined. So Lemma 3.10 is
proved. O

4. The non-characteristic case when s is an integer

4.1. Some geometrical properties

In the non-characteristic case, we consider any system P. The intersection P NT2X can
be described in a very simple way.

Lemma 4.1. Let X be a non-characteristic hypersurface for a C*°-module P of vector
fields of finite rank. Let us consider a vector field P in P transverse to X. Then for any
point M of X, the space T2 NPy is the projection of Py on T2 in the direction
of P.

In the case when Z is the module of the vector fields associated with the Heisenberg
group H? with d > 2, then Z N TX satisfies also the Hérmander condition at order 2.

The proof of this lemma is easy and thus omitted. The second property is used in the
works of Pesenson (see [22]) and Berhanu and Pesenson (see [8]).
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2. Weight associated with a system of vector fields

The problem of restriction and trace lifting is obviously a local problem. So, near a non-
characteristic point of a hypersurface, we may suppose that the hypersurface is x;1 = 0
and that the family P contains the vector field d,, . For technical reasons that will appear
clearly in the next section, we shall have to consider a famlly of systems of vector fields.

Throughout this subsection, we shall denote by 739 = ( 5,0)1<j<N,oco a family of
vector fields the coefficients of which depend on a parameter § € @ and such that

Pg=98, and Pjy= Z fo(z1,2))0,, for j€{2,...,N}. (4.1)

Moreover, we assume that the coefficients and all their derivatives are bounded uniformly
with respect to the parameter §. Throughout this subsection, we shall denote by C a
generic constant which depends only on a finite number of the C}, defined by

Cr = sup sup [0"P 0HL°°
lal<k 1<FSN
beo 1<t<n

and Xy = {(z1,2") € R™; 1 = t}. So, it is obvious that Px, g = (P2 g(t, ), ..., Pne(t,-)).
The following lemma is mainly Lemma 1.2.1 of [11].

Lemma 4.2. Let (ag)gco be the family of functions defined by

N

ag(t, X") = ag(t, 2, &) L (Pro(t,a') | €)%

j=2
The functions mg and the metrics gg  defined by
mo(t, X') = (ag(t, X') + (€)',
go.0.x(da’, d€") = mg?(t, X')((¢')* da”® + d€”)
have the following properties.

(i) The metrics gg ¢ are Hormander metrics on T*R™™1 uniformly with respect to the
parameter (0,t) in © x R.

(ii) The functions mg(t,-) are gy -weights on T*R"~! uniformly with respect to the
parameter (6,t) in © x R.

(iii) The functions ag(t,-) belong to S(mZ(t,-), ge.+) with, for any k,

sup ||Cl9( )Hk ,S(m3(t,),90,t) < 0.
TeR

(iv) The functions (Pj¢(t,z") | £') belong to S(me(t,-), go,.) with, for any k,

sup [|(Pyo(t, ) [k 50mot.),90.0) < 00
tG]R
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(v) The functions mg(t, -) are g weights uniformly with respect to (0,t) in © xR where g
is the metric on T*R™! defined by

1

//dl2d/2: /d/2

e,

Here, uniformly with respect to the parameter (6,t) in © x R means that the constants
that appear in (3.4) do not depend on (6,1).

Again as in [11], we have the following proposition.

Proposition 4.3. For any positive s, the space H®(Px, ) is equal to the space
H(mj(t,-)) uniformly in the following sense; a constant C' exists such that for any (6,t)
in ©® xR,

C M ull tms e,y < lulleps, o) < Cllwllzms(,)-

Now we can prove the following lemma.

Lemma 4.4. For any integer k, a constant C exists such that for any u in H*(Py) and
for any 0 in © we have

k
1 .
Slulince < 3 [ 107 s,y 8t <l
=0

Proof. Using Proposition 4.3, we immediately get that

k
S 107, gt < CllBrs
=0

In another way, Ps, g ; are tangential vector fields. So, for j, € {2,...,N}, £ =1,.. .k,
we have

”[atv [PZt,ﬂ,jl y T [Pzteyjk—l’PEtgmjk] o 'Hu(tv ')”LQ(R"’*l) < CH’LL(t, ')HHl(Rnr*l).
As m2(t, 2, &) = (¢/), we have

1100 P00 [Poio s Poio sl - Mults lla@e-n) < Cllutt, Mg e,
So we have

k
J k J, k ;
1P g 08 Py 0 u(t ) sy < O 105t )| g0
=1

where k =ky +---+ kg, j = |J1| + -+ + |J¢|. Then the lemma is proved. O
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4.3. An ‘elementary’ proof of Theorem 1.3 for integer index

Basically, we are going to follow the lines of the proof given in the beginning of § 2. As
in the next section we need a uniform version of the restriction theorem, we are going to
do the proof with a parameter 6.

Proof. The continuity of the restriction operator is an immediate consequence of the
following proposition.

Proposition 4.5. A constant C exists such that for any 0 in © and any u in H*(Py),
we have

ilelﬂg [Ju(t, ')HH(m’;*(l/Q)(t’.)) < CHUHH’“(P(;)'

Let us consider a g-partition of unity (fy)yecr+rn—1 and let us assume that u is
in D(R™). Let us state

Ty (u)(t)

As in the beginning of § 2, we write that this function is the integral of its derivative. So,
it turns out that

def — w
= mgk 1(t7 Y) HeYu(tv ) H%?(Rn—l)-

t
wwww4%fn/ Dot Y )ma(t', V)K= 0%l ) 2 o) At

t
" 2/ my(t',Y)P* 0Lt ) | 0% ut', ) e (mn1y dE'.

—0o0

We have that Bua(t. X)
t
b) t. X" = L.
i, X7) 2mo(t, X)
As the function ag is non-negative, we have

(Orag(t, X))? < 2ap(t, X')sup |02ag(t, X')|.
teR

As a constant C' (which does not depend on (6,t)) exists such that

sup |at2a9(t’ X/)| < C<§/>2’
teR

we deduce from the fact that ag(t, X') + (¢') = m3(t, X') that
|Ovag(t,Y)| < Cmp(t,Y)(€) < Cmy(t,Y). (4.2)
So we infer that |0ymg(t, X')] < Cmi(t, X') So, we have that
¢
@O <C [ malt ¥ POt sy

— 00

t
*?/7%MYW*@%mwowww»m®HMﬂ

— 00
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The Cauchy—Schwarz inequality implies that

t

B0 < C [ mat V)Mo u(t en sy af

—0o0

t
*C/ mo(t' V)00 ult, ) B, dF

— 00

So it turns out that

sup ma(t,Y ) H|0Pu(t, )l[F2gnr) € L(dY).
S

Moreover, for any Y € T*R"~!, the function ¢ — m];*(l/z) (t,Y)0%u(t, ) is continuous.
The application of Lebesgue’s convergence theorem concludes the proof. (|

But applying this method to 85 for 7 < k — 1, we have in fact proved the first part of
the following theorem.

Theorem 4.6. The map I' defined by

H4(Pe) — € HOms 020,
r =0
u = (v (w)ogjch—1  with vj(u) def 'y;(@ilu)
is continuous and onto.
As the trace problem is a local one, using Proposition 4.3 this theorem implies Theo-

rem 1.3 in the case of integer index.

4.4. Trace lifting theorem

Let us prove in this subsection the following theorem, which obviously implies the
second part of Theorem 4.6.

Theorem 4.7. A map R exists such that

E

—1
R: @D HmE12(0,.)) - H*(Py)

<.
I
=)

is continuous and such that I'o R = Id.

Proof. Let us consider the families (¢}) and (¢¥) given by Lemma 3.4 and a func-
tion x € D(R) with value 1 in the neighbourhood of 0. If (vp, ..., v,_1) belongs to

e
Ju

H(my 7~ 0,-)),

<.
I
o
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let us state
. 7y def le w W /
w= Y Ry(w) with Ry(o)ara) [ D(oamalen V)06 AV,

It is obvious that 7;(u) = v;. The only thing we have to prove is that R; is continuous
from H(m, h=i=Q/2) (0,-)) into H*(Py). First of all let us write that

&wmmﬂz/ mo(1, Y) I xys (2 W6 (0) (') Y

T*Rn—1

with )
of (x1my(21,Y))?
Xv,j(z1) &f (19(].,1)))((3317719(331,3/))-

By definition of the H(mk(z1,-)) norm, we have
def
i [ QIR0
= [at [ IR ) sy O
T*Rn—1
The Taylor inequality implies that
|mo(t,Y) —mg(0,Y)] < |¢| sup |Ogmg(t,Y)].
By definition of my and using inequality (4.2) we have that
Imo(t,Y) —mg(0,Y)] < Clt|(n).

Because the function t — my(t,Y) is greater than (n)'/2, this implies that

me(t,Y) - 2\1/2
(mfsh) <ot e, (13)

and by definition of R; and by Lemma 3.7, we can write
pa< [t [ YN O 0l O
<cfa [ w010 0k 1Y,
The support of the function xy,; is included in the set of ¢ such that
|t < Cmyg(t,Y) ™!
But as mg(t,Y) is greater than (n)*/2, the support of yy; is included in

[—C(m)~12,Cln) =12,
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So the function (14 (n)t?)*ox3, .(t) is bounded. Using again the inequality (4.3), it turns
out that, on the support of xy,;, we have

So the support of xy,; is included in the ball of centre 0 and radius C’me_l(O7 Y). As the
function xy,; is bounded, we have that

[+ ey, 0ar < omg 0.7)
So, by definition of the H(m];*jf(l/g)(o, -)) norm, we get

pin < C /T Ym0 6 0 ) Y

= HUHiI(mZ*j*(l/z)(O’.))'

Following exactly the same lines, we have, for 1 < i < j,

[ ORIy s,y < Ol s

So the operator R is continuous thanks to Lemma 4.4, the theorem is proved. O

5. The characteristic case in the curved situation
In this section, we go back to the case when the vector fields are those associated with

the Heisenberg group.

5.1. Some geometric properties of non-degenerate characteristic points

The aim of this subsection is the proof of some propositions that will ensure the
geometric nature and so the invariance through the action of diffeomorphism of the
objects we are going to work with.

Proposition 5.1. Let X be a hypersurface of H* and ¢ one of its local defining functions.
A characteristic point of X is non-degenerate if and only if the matrix

(Zi- Zj - g(Mo))1<i.j<2d

is invertible. Moreover, the function G defined by

{E%RM

(5.1)
M = (Zj - g(M))1<j<2d

is a diffeomorphism near M.
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Let g be a local defining function of X. Of course, dg vanishes on TX. As Z;(My)
belongs to T, Y, we have Lz, (dg)(Mo) = d(Z;g)(Mo). But, the system Z|5;, spans
T, Y. So the fact that the system (Lz,(dg)(Mo))i<i<2a spans Ty, X' is equivalent to
the fact that the matrix (d(Z; - g), Z;) = Z; - Z; - g is invertible at point Mj. Conversely,
let 6 be a 1-form that vanishes on T'X and such that (M) # 0. A function a that does
not vanish at M exists such that # = adg. Thanks to Leibnitz formula that

Lz,(0)(Mo) 1y, > = a(Mo)d(Z;g)(Mo) 1, 5

The fact that the function a does not vanish at point My implies the first part of the
proposition.

The fact that the point My is characteristic means that G(Mp) = 0. As the system Z|yy,
spans the tangent space at point My the invertibility of the matrix (Z;Z;9(Mo))1<s,j<2d
means that dG(Mp) is invertible. So the local inverse theorem implies the result.

Remark.

i e above proposition implies immediately that a non-degenerate characteristic
i) The ab ition implies i diately that d te characteristi
point is isolated.

(ii) Thanks to the implicit function theorem, we can choose as defining function for
the hypersurface X a function of the type s — h(z,y) = 0. The non-degeneracy
condition turns out to be det(J + D2h(zg, yo)) # 0, where J denotes the matrix of
the standard symplectic form on R2<.

(iii) Let g be a defining function of X near My. A constant ¢ exists such that for
any M € X,

2d
D125 g(M)P = el M — M. (5-2)
j=1

The following lemma describes the structure of the family Zs s introduced in Defi-
nition 1.6 in the introduction.

Lemma 5.2. Let X be a smooth hypersurface of H? with a finite number of non-
degenerate characteristic points M def (M;)1gj<n- A family Ry = (Ry)1<egn of vectors
fields of Z NTX that vanish on M exists such that Ry spans Zx s as a C{y-module,
which means that, for any vector fields Z of Zx s, a family of functions (a;)i1<j<n
of C'%y exists such that

N
Z(M) = ZCLK(M)RZ(M)'

{=1

Proof. To prove this, it is enough by Definition 1.6 of Zx; ¢ to prove the property near
a point M. Let us consider, for some small €, the two families (Xj)lgjggd and (X.)1<j<2d
of smooth functions on R??\ {0} homogeneous of degree 0 with value in [0, 1] such that

Suppx; C {¢ € R*, |G| > el¢]},  Suppx; € {C € R*, ;] > e/2(¢[}
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and

2d
X, =1 near Supp X; and lej(g) =1. (5.3)
=

Now let us consider a local defining function g for the hypersurface X' and let us consider
the function G defined in (5.1). Let us state

X (M) = x (G(M)). (5.4)

As G is a local diffeomorphism from X to R??, we have, for any point M in the support
of x;,

|Z; - g(M)> > ¢|M — Mol|*. (5.5)
Let us consider X in Zx 7. By definition, X vanishes at M. This implies that

2d
X =) apZ, with ay(M)=0.
(=1

The fact that X is tangent to X' implies that Ziil arZy - g = 0. On the support of x;,

we have
Zi g
Qj = —Zaka .
o 219

From this, we deduce that

Z - g X5 Ok
X = Xjou (Zk g Zj> =3 Zjl —((Z; - 9) 2k — (21 - 9)Z;).
= i9 by 299

Inequality (5.5) and the fact that ay(Mp) = 0 ensure that

def XjOk 0
O[j7]€ = # S O]\/I(J'
Thus
X= > aiZ 9%~ (Z-9)Z))
1<j<k<2d
and the lemma is proved. O

5.2. Blow-up procedure in the curved situation

First, let us take s—h(z,y) = 0 as a defining function of the hypersurface X near a non-
degenerate characteristic point My of 3. Let us start by straightening the hypersurface.
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Then
(i) the hypersurface X is Xy = {(z,y, s)/s = 0} and the point M is the origin;

(ii) the vector fields X; and Y; are

B) d . oh
Xj=5—+aj(z,y)5-  withaj(z,y) =y + 4 — 7—(z+ 20,y +v0)

/ an ds (3'13]‘
and
~ 0 0 Oh
Yy = +aj —  with q, =—z; — 29— — :
= By +ajra(@,y) 5o with ajpa(e,y) = —2; — 2 o (z + 20,y + Yo)

For the sake of simplicity of the notation we still state Zj = X’j and Zj+d = 17] The
family Ry can be chosen to be

Rjx def ar(z,y)Z; —aj(z,y)Zr for 1 <j <k <2d.

The inequality (5.2) can be rewritten as

2d

Yo di(ay) = clzl® + lyl?). (5.6)
j=1

Now, let us follow as closely as possible the lines of the proof presented in the beginning

of §2. Using dilations adapted to the Heisenberg group, let us state

w=> @pu and uy(z,y,s) = po(z,y, s)u(2 Pz,2 Py, 2" *s).
p

We have that
X;(ppu) (2., 8) = 2°(X; pup) (27, 2Py, 2%Ps)
and
Y (ppu) (2, y, 8) = 2P (Y pup) (2P, 2Py, 227 s).
In the model case studied in §2, we had X, = )N(j =X;and Y, = )7J =Y;. Here, we

have

0 0
Xjp(x,y) = O + aj,p(%y)a
J
and

0 0
ijp(x’y) = @ + a’j+dwp(l’7y)$v
J

with

oh _
ajp(z,y) =y; +2p<y§) ~ 5y, (27FT + 20,2 py+yo))
J
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and

oh
ajrdp(2,y) =—x; — 2P (x;) + 8—y(2_px + x9,2 Py + yo)).
J

Again, let us state Z;, = X, Zjta,p = Yjp and
def .
Rikp = anp(2,9)Zjp — ajp(e,y) Zip for 1<j <k <2d.

These vector fields do depend on p. This is due to the fact that we have started with a
curved hypersurface. The fact that the point My is supposed to be characteristic implies
that the coefficients of the vector fields Z; , are locally bounded uniformly with respect
to p. Moreover, all the derivatives of the coefficients of these vector fields are obviously
locally bounded uniformly with respect to p.

Now we can define the space T'/2 which describes the trace space in terms of the
Weyl-Hoérmander calculus and state the restriction theorem.

Definition 5.3. The space T'/2 is the space of the functions in L?(X%) supported in
the set B(0,1) N Xy such that

o0
def —2pd
loli3s S22 uy2, 1) < o,
p=0

where v, = @5, (-)v(27P-) and m,, is the weight defined by

m2(z,y,6m) E(Em) + Gax,y) Y. (Rikp(z,y) | (€)%,

1<j<k<2d
where o (z,y) < 3(|z? + |y|?) and @ is in D(R?.) with value 1 near the support of ¢.
Now let us state the trace and trace lifting theorems in this context.

Theorem 5.4. The restriction to Xy map can be extended in a continuous and onto
map from Hj(Z) onto T'/?, where Hj(Z) denotes the space of functions in H'(Z) the
support of which is included in B(0,1).

5.3. Proof of Theorem 5.4

To prove this theorem, we want to apply Theorem 4.6 and Theorem 4.7 to each func-
tion wu, with the family (Z;,)1< <24 because this family is non-characteristic on C N Xy.
To do this, we need to be in the situation where the hypersurface is Yy and one of
the vector field of the family is ds. Unfortunately, this is not the case for the family
Zp def (Z;p)1<j<2d- So we have to straighten one of those vector fields. It is not possible
to do this globally on C N Y.

Let us consider the two families (x)1<j<2q and (Xj)1<j<2d defined during the proof
of Lemma 5.2 by (5.3) and let us state, as in (5.4),

def ~ def -
Xip = X;((Zkp - 8)icr<aa) and  X;p = X;((Zrp - 8)1<k<2d)-
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Thanks to the non-degeneracy condition, a constant ¢ exists which does not depend on p
such that on the set Supp x;, NC we have |Z; , - s| > c. So on the set Supp x,, NC, we
can substitute to the family (Z; ,)1<; <24 the family

{ij,pgéon,p, @ORk,E,p with 1 < k < y4 < 2d}

In order to apply Theorem 4.6, we first extend the vector field ¥, ,¢0Z;, on all R24+L,
Let us define

Zip S XjpP0Zip + (1= Xjp0)0s if G0Zsp 5> 0
and
Zip S Xip0Zip — (1= Xjp0)0s if GoZjp-s5 <0,
If Z;, is the family B
{(Zpr @R with 1 < k < € < 2d},

it is obvious that
||Xj,pupHH1(z’j,p) < Clxgpuplla(z;,)-

Now let us straighten the vector field Zj,p near Xy. In quite a standard way, let us
define ¥; , by

d
&ij(s’ €, y) - Zj,P(ijp(Sv Zz, y))7

ijp(o’ T, y) = (I, y)

The classical theory of ordinary differential equations combined with the fact that, on
all Xy, the function Zj,p - § is greater than a constant independent of p, implies that a
positive ¢ exists such that ¥; ;, is a diffeomorphism from U o Yox ]—e, e[ onto ¥; ,(U).
Moreover, it is obvious that ¥; , 5, is the identity and that w;p(zj,p) = 0s. The fact
that Z;, - s is greater than a positive constant independent of p implies also that the
family w;,p(z’j,p) is a family of vector fields the coeflicients of which are bounded inde-

pendently of p. If we state
def —1
ujp = (Xjplp) © v
it is obvious that u; , belongs to Hl(ijp(ijp)). Moreover, the chain rule implies that a
constant C' (independent of p) exists such that for any p,

gl (25,0 < Cllupllarz,)-

As U; 15, is the identity, Theorem 4.6 implies that a constant C exists such that for
any p,

1720 OG0 | g7 (m1r2y = 1750 (W) | g arzy < Cllwgpll s (25.))- (5.7)

So we get that
H’yEo (UP)”H(mé/z) < CHUPHHl(ZP)-
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As | Zyupllp2 = 2pd||Z(<ppu)HLz, we have, using inequality (2.1), that

Z 2_2pd||720 (uP)HiI(m;/?) < CHu”ip(g)
P
So we have proved that the restriction map to Xy can be extended to a continuous map
from H}(Z) into T'/2. Now let us prove that this map is onto.

Let us consider a function v in T/2. Let us state v;, = x; ,v,. As the function @ has
value 1 near the support of ¢, we have that v;, = x;pPovp. But the function x; ,@¢ is
a compactly supported smooth function with (uniformly) bounded derivatives, this is a
symbol in S(1, g) and moreover the semi-norms ||x;, %ol s(1,9) are bounded independently
of p. Thanks to Proposition 3.6 we have

”Uj»p”H(mIlJﬂ) < CH'UPHH(m;/Z)'

Using Theorem 4.7, a function u; ) exists in Hl(d?;p(zj,p)) (which we can assume to be
supported in a compact subset of ¥; ,,(U; ,) after cut-off) such that

Vs (Ujp) = vjp and ||Uj,p||H1(¢;yp(zj,p)) < C||Uj,p||H(m;/2)~

Then let us define

2d
u Z up  with uy, def Z(u]p oW; ,)(2Px).
P Jj=1

We have

2d
ltnllan 2 < 30 Wi © 23 ) (272 2
j=1

2d

—2pd 2
<o ZHULPHHI(‘P;Z,(Z]‘W))
j=1

—2pd 2
< C2 P ||fUP||H(m11:‘/2)'
But as the support of u, and u;, are disjoint when [p — p'| is large enough, then the
sequence (u,) is almost orthogonal in H'(Z). Thus
we HY(Z) and [ull g1 2y < Cllvllg1/2.
Theorem 5.4 is proved. O

5.4. Conclusion of the proof of Theorem 1.8

To prove Theorem 1.8, we have to prove that the definition of the trace space given
by complex interpolation in the introduction is the same as the one defined with the
Weyl-H6rmander calculus.
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Proposition 5.5. If[L?, TH?(R x,)]1 /4 denotes the complex interpolation space between
L? and TH*(Ryx,) of index , we have
T'? = [L*, TH*(Rs,))1/1-

Proof. In order to prove this proposition, let us first recall the definition of the complex
interpolation in our particular case. Let F be the space of holomorphic functions f from
the strip 0 < Rez < 1 into L? such that f(« + it) is continuous and vanishes at infinity
in A, (with Ag = L? and A; = TH%(Ry,)). Then, for § € ]0,1], the space [Ag, A1]p is

[Ao, Arlo = {v € L?/3f € F/f(0) = v}
equipped with the norm

def . . .
ol g, " inf max { sup || £G)lLag, (1 + i), }-
fer teR

For further details about this theory, we refer to [7].
First let us prove that 7V/2 C [L?, TH?(Rx,)]1/4. For any function v in T%/2, let us
define

f(z) def exp(ez? — +e) Z Ip(2)
P
with
1&g, [ W) ) @) .
T*RQd

By Lemma 3.4, we have that fp(%) = ¢pv. Moreover, it is obvious that f, is a holomorphic
function on 0 < ez < 1 with value in L? and that, thanks to the almost orthogonality
in L?, the series (f,) converges in L% So, for any 6 between 0 and 1, we have

IFO +it)l|Z2 < C D [1fp(0 +it)] 72
P
Thanks to Lemma 3.7, we have, for any real number ¢,

0+ i3 < C20 [l ) g a:
T*R2d
As the weight m,, is greater than 1, we have, for any 6 between 0 and 1,
I+ 013 <02 [ ()l av:

So, by the definition of the H(m) norms, we get that

10 +it) 32 < C2 2wy 2, o
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So by almost orthogonality, we infer that
1£0 +it)1Z2 < cllvlFae. (5.8)

Now, we are going to estimate ||R;Ryf(1+1it)||z2 for R; and Ry in Ry,. Using again
the almost orthogonality, we have

1R Ry f(1+it)[32 < Ces =) SRRy fy (1 + it) |3

p

We have
RiRuSp(14i6) = [ mll/ 2 )Ry B3, (05, ) (2)) 4.
T+R
The Leibnitz formula implies that

Am

p

RiRif,(1 +it) = —

e

with

def ~ — —2it w
A; = Rij(gop)/T*RZd ms, (3/2) (Y (Y, ) (2P-) dY,

def ~ — —2i w, W
AR ) [ my ) R, () dY

SR [ O R () (27) Y,

T*R2d
def - — —2i w W
g, [ O R R (U ) (27) Y.

As the vector fields R; vanish in M, for any smooth function 6 the support of which is
included in a ball, we have
sup {|RK(0(2"2))| + |Ri Re(6(2°2))[} < C, (5.9)
where C' is independent of p. Using the estimate (5.9), the estimate about Azl) is strictly
similar to (5.8).
Using the estimate (5.9) we can write that

/; my, O/ 7HY ) Ry((0,) (2F)) Y
= [ w0 e, ) @) ay,
T*R2d

with
def 1

9Z]p,Y = mp(Y) Rf,pwlu’)'
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By Lemma 4.2, the family (Ry,(z,y) | (§,7))1<e<n belongs to S(myp, g(1/2),(1/2)) uni-
formly with respect to p. So by Lemma 3.3 the family (O¢,v)yer+gr2e is uniformly
confined with constants that do not depend on p. So, using the fact that m, is greater
than 1, Lemma 3.7 implies that

1A2[2, < o2 / (V) |02 AY
T*]de
< C1272pd||7‘}P||21_1(7n;7/2)'

Exactly along the same lines, we write that
/T e TR B (0 ,) (27) Y

- /T R2d mg’l/z)iQit(Y)(é;fk,p,Y@%Up)(Qp') dy,

with
det 1

Ofkny = Ly i Rty
P
Again, Lemmas 4.2, 3.3 and 3.7 imply that

131172 < 27 fup 12, 1/a,-

So we infer that

. p— 2 p—
| RyRif (L+i8)[72 < O 22 R [Py

< Ce o2 2. (5.10)
In the case when d = 1, we have that
175 £ +it)lZ2 < CllvlFae. (5.11)

The proof is along the same lines as before and we omit it. The two estimates (5.8)
and (5.10) imply that 7/2 is included in [L?, TH*(Rx,)]1 /4.

Now, let us prove the opposite inclusion. To do this, let us consider a function v in
the space [L?, TH?(Rx,)]1/4 and any function f of F such that f(3) = v. It is enough
to prove that

[0]74/2 < € max { sup || f (it)[|72, sup [ £ (1 + it)||2TH2<Rzo>}‘
teR teR

To prove this inequality, let us consider a compact K of T*R?? and an integer N and let
us introduce the function F ny defined by

def — z w w
Fron(2) & exp(es? — 2e) 3 2720 /K m{ 242 (V) (o, | G fy(2)) 1 Y,
p<N

. def
with f, = ¢pf.
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Let us estimate this function. Its regularity properties are the same as the ones of f €
F. Let us also remark that

Fron(h)= Y 2720 / (V) |02 Y-
p<N K

Now, let us estimate | Fx n(it)| and | Fi, n (1+it)|. The Cauchy—Schwarz inequality implies
that

B @ < P (D] 3 272 [ appy ). av.
péN T*R2d

We clearly have that

[ NI AY <l

As (pp) is a dyadic partition of unity, we can deduce by dilation that
S [ g0l 4y <l
pgN T*R2d

So it turns out that
|Fre,n (it)]* < [Fren (3] f(12)]| 72 (5.12)

Now, let us estimate |Fg (1 +it)|. Using again the Cauchy—Schwarz inequality we get
that

Fren(U+i0P < P8 X 272 [ bl fy(1+ i) av
<N T*R

By definition of the H(m) norms, we get that

|Freov(L+ 1) < e [Fron ()] Y 272 fp(1+ i) s
p<N

Let us estimate the sum which appears in the right-hand side of the above inequality.
If d > 2, by Lemma 4.1, we know that Ry, satisfies the Hormander condition at
order 2 uniformly with respect to p. Using Proposition 4.3, we have that

150+ 0y < (150 + 01+ 5 WAy f(1 4 01 ).
1<j,k<2d
By dilation, we have that
By Rilipp 1+ )3 = 2720 Ry Ricp (1 + i8)

By Leibnitz’s formula, we infer

Rj Ry (ppv) — ppRjRiv = (Rjpp) (Riv) + (Repp) (Rjv) + (R Ripp)v.
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So we have, using inequality (5.9), the almost orthogonality in L? that

1R Ri(0pv) — opBj Byl L2 < Cop([|Rj0l L2 + | Brvl| 2 + (o] £2), (5.13)
with, as in all that follows, Zp c?, = 1. So, we have that

1R Ri(ppv)llL2 < Cop([| R Rl L2 + | Rjvllz2 + [ Brvllz2 + [[vllz2)-
This obviously implies that
[Frn(L+it)* < e [Frn (DIHFQ+i) 7 (ry, - (5.14)
If d = 1, Proposition 4.3 implies that
1£p (L + 1)1 (m2) < CURR S (1 + 122 + 1fp (1 + i) 7 (s5,))-

As in the above proof, we have

> 2P| R f(L+ i) 172 < |RPF(L+it)| 7 + ([ £(1+i8)]|72.
P

Let us estimate ||w, ”%{1(20) for any w in H'(X)). It is clearly enough to estimate ||Ow,||3.
By dilation and Leibnitz’s formula, we have

2wyl < [ 1) Pluldrdy+ [ 27, Plowp dedy.

As on the support of ¢,, we have 277 < C(|z| + |y|), we have

|2 laloutdsay <c [ lolavufdzdy+C [ louPlyouf dsdy,
R2 R2 R2
Again by almost orthogonality, we have that

D2 i) 5y < CIFQ A+ 7y -
p

So inequality (5.14) is also valid for d = 1. Using the Phragmen—Lindelof principle and
inequality (5.12), we get that for any compact K of T*R2?,

Fren (3 < Cef| Fre (D) mas {sup [|£60)[32.50p [ 71+ i0)32 )
t 0
R teR
So we have

[Ere (3] < Ce max {sup [ £GO)[32,50p (171 +50) rrgars, ) -
teR teR

As the above estimate is true for any function f in F such that f (i) = v, this concludes
the proof of Proposition 5.5 by passing to the limit. O



Trace and trace lifting theorems 541

As complex interpolation is often understood in the frame of the domain of self-adjoint
operators, we shall prove the following proposition.

Proposition 5.6. If d > 2, the operator Ay is a self-adjoint operator with domain
TH?(Rx).

Proof. It is enough to prove that, for any smooth compactly supported function v, we
have

N N

D IRwl7a+ D[RRz < C(llvll7e + [Asv]7e). (5.15)
Jj=1 j,k=1

First of all, it is obvious that

N

N
Y IRjulia =Y (RjRv | v)ie = —(Asv | )
j=1

j=1
So we have that

N
Z IRl < 1Az + [[0llZ.

Of course, the problem appears only near the characteristic points where the vec-
tor fields R; vanish. Away from the characteristic point, Lemma 4.1 tells us that the
Hérmander condition is satisfied. The maximal estimate (see, for instance, [16]) implies
inequality (5.15).

As inequality (5.15) is invariant under the action of diffeomorphism, we can, near the
non-degenerate characteristic point My, straighten the hypersurface X' to . Let (¢,) a
dyadic partition of unity near My. By inequality (5.13), we have that

lepRiRivll L2 < 1R Rk (ppv)lle + Cep([[Rjoll L2 + [[RyollLz + [[o]] 22)-

Now let us write
R Ri(ppv) = (RjpRip(pv(2774)))(27).

Thanks to Lemma 4.1 and to the non-degeneracy condition, we have that the system
of vector fields (R, ,) satisfies on the ring C the Hérmander condition uniformly with
respect to p.

So using again the maximal estimate we claim that a constant C (independent of p)
exists such that for any smooth function w the support of which is included in C,

||Rj,ka’p’wHL2 <C

R*pRj,pwH + C|wl| 2.
LZ

By dilation, we have, using the inequality (5.13),

lepRj RivllL2 < CllAs(ppv)llLz + Cop([|Rjol 2 + | Rkvll2 + [0l 22)-
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Computations similar to those above show that

N
[As(pp0)llL2 < llppAsvllzz + Cop (Z 170l 2 + Ivllm)-

j=1

So, we have that

N
lepR; Rivll72 < CllgpAsv|is + Cep (Z IR;vll7> + ||v|%2>

Jj=1

and Proposition 5.6 is proved. (]
Corollary 5.7. If d > 2, then

C Ul (r sy < 1AzIIZ2 + 0lZ2 < Clloll7 a2 -

6. The proof of Theorem 1.3 in the general case

As trace and trace lifting problems are local ones, we can assume as in §4.2 that the
hypersurface X is X f {z/x1 = 0} and the system P of vector fields is

n
P=9, and P;= ZPf(xl,x’)ﬁm for j € {2,...,N}.
=2

We shall denote by Py the family (P;(0,-))2<<n- Let us introduce some notation.

(i) For X € T*R"™, we shall write

o def

X =(21,6,X) with X = (2,8) e T"R™ and #(X) ¥ X' ¥ x.

(ii) We state now
- N 1/2
M) (@ 4 md, GO with o, (X) 2 (1) + (P, ) [€)
J=2
(iii) For X € T*R"~!, we also state m(X) def mo(X) and
3 (dz,dd) 2 () da? + é) aé”
and

def

gx (dx,dg) = 1

(€

By Lemma 3.8, we have that M (respectively, m) is a g- (respectively, g-) weight. By
Theorem 3.9, we have that

H*(P)=H(M?®) and H?(Psx)= H(m?®).

(&) dz? + de?.

The proof of Theorem 1.3 reduces to proving that the restriction operator on Xy can

be extended in a continuous and onto operator from H(M?®) onto H(m*~(/2)) for any s
1

greater than 3.
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6.1. Continuity of the trace operator

The proof of continuity of the trace operator consists in the proof of the following
inequality:
17 e (ma-ar2y < Cllull gars)- (6.1)

Let (¢v,0y)yersrn—1 (vespectively, (¢y,Vy)ycrgn) @ partition of unity of T*R™1
(respectively, of T*R™) given by Lemma 3.4 for the metric g (respectively, g). The above
inequality (6.1) is equivalent to

/ m>L(Y)|087 (u)||§2(RW,_1)dY<02/ M (V) [gullts gAY (6.2)
T*Rn—1 T*Rn

Let us estimate now ||9$2'y(u)\\%2(2). To do this, let us use the partition of unity
of T*R™ and let us write that

02 () = / 65 (P ¥u) A
T*R’!L

The key lemma is the following.

Lemma 6.1. For any N, a constant C exists such that, for any function v of L*(R"),
we have

16355 (g 0) 21y < O AAY, w(Y) N (1 + @)[5112) N 0ll 2 gn) -
Proof. Let us compute, for a given function v of S(R™), the function

07"

Y(pFv).

By the Weyl quantization formula, we have

po(0,a’) = (2m) " / dmdg et / g (321, 32 +2), 61, Qu(a1,2) A2
R ™y

Using integrations by parts with respect to (77’)1/2851, which is a vector of gy-length 1,
we find that, for any positive integer IV,

(,0%7)(0,;[;’) — (27T)—n/ dz d§1(1 + <ﬁ/>|21‘2)_Ne_i2151
R2
x| €M (e 4 2),6,Qv(a, 2) dZ,
T+ v

with
@;N)(Zlazvglag) d:ef (17 <ﬁ,>afl) Y( A% 61,C)

This equality can be written as

Po(0,2') = (2m)~! /Rz<1+< el Ve (o (a1, 61, )) (e, ) den da.
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So it turns out that the operator 0y* Yy can be seen as a superposition of operators of
the type Oy #1+ 5. More precisely, we have

O @) = en [ s

x e (0Y#T*Z¢§7N)(%Zlv 5&1,0)) (21, -) dzr dér. (6.3)

Now, let us deal with the following problem: let a be a function of S(T*R"™); how
is the function a(z1,-,&1,-) confined on T*X? By Definition 3.1 of the semi-norms of
confinement, we have, because §§’~, =0y,

|(l(%21, 2,517 C)| < CoanM,ng{, (a)(l + gf/((%zlv Z?&la C) - Y))iM
By definition of the two metrics g and g, we have

- 2 ]
7 (321,260 =Y) = (1) (321 = §1)" + (§1<n7>71) g
So we infer that

) ) (51—771)2 —(M/2)—(N/2)
e (551,261, € confynane g, (o) (173 =+ L)

X (14 g, (2 = m(¥)) "M/,

The estimates are of course analogous for the derivatives of gﬂ(?)—length less than 1. This
means that for any integer k, a constant C' exists such that for any N we have

N
confy v (<,0§~/ )(%Zl,',ﬁa'))

I (V)
(& —m)?
()

Biconfinement Lemma 3.2 implies that for any N; and No

—N/2
< C(l + (ﬁ’)(%zd — )+ ) confk+2Ny’§?(g0}~,). (6.4)

||(9Y#T*2<P§}N) (321, €1,-))"v(z1, )l L2®n-1)

5 =2\ N2
<oa@ )™ (14 @) - 0+ EZPE) ot e,
From formula (6.3), we deduce that, for any couple (N7, N3) of integers, a constant C'
exists such that

163530 ey < CAW AN ™ [ (1))

(& —m)”

2\— V2
x(1+<fz’><;zl—g1>2+ <ﬁ,>) ) 1ozl pacan s, e de.
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As we have
(L+ @)™ <2M A+ ()G — 520)°) ™20+ (7)) M2,

we infer that, for any integer N, a constant C exists such that
1037 (PE0) | L2(an—1y) S CAY, m(Y)) N (1+ () |5 |*)~N

A2\
sl (1 S e ey as

An integration in &; gives

1625 (%) || 21y < CAY, 7(¥)~N (1 + (i) |5 ]?) N i)/

< [ P oz dar

The Cauchy—Schwarz inequality implies that

/Rz(l + ()= P) T lo(e, ) ey de < @) 70l pan).

This concludes the proof of Lemma 6.1. g

Now, let us estimate [|v(u) g (ms-/2)). By definition of the norm H(m>= /2 we
have to estimate

/ w2 (Y0 () |25 AY-
T*Rn—l
Using the fact that

0 () = /T ) 05y () Y,

and applying Lemma 6.1 with v = ¢ u, we found that for any integer N, a constant C
exists such that

(@)1 - /22y C m**~H(Y)
T*Rn—1

2
([ AR T) Y 0 @)Vl e aF ) a:
T*R™

The fact that M is a g-weight implies that, for any real s, a constant C' and an integer Ny
exist such that

M*(Y)
MS(07g17ﬁ17ﬁ,) .

From this, we deduce that for any integer N, a constant C' exists such that

1< O+ @)g*)™

@ ey <€ [ m TRV aY,
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with

def @A+ NI s NN 47
INY) = Me(Y)||[vEul| p2wnyAY, n(Y dY.
N( ) A*Rn MS(O,g/,ﬁ17ﬁl) ( )||¢Yu||L (R ) ( 771-( ))

The Cauchy-Schwarz inequality for the measure A(Y,7(Y))~" dY implies that
IR (Y) < CIn(Y)Kn(Y)
with

def (@) 2+ ) ga ) 2N =N g
y) & AY, m(Y))~Nay,
jN( ) »/T*]R” M25(07gl777]17,'7)/) ( Tr( ))

def

Kn(Y) M (V) [0ul3 oy ALY (V)N dY.

T*R™

Integrating in §; and changing variable Z = w(Y"), we find that

IN(Y) < /

1
( —_— dm) A(Y,Z2)"Ndz.
T*Rn—l

i M28(07 Z, ﬁla C)
But by definition of the two weights M and m, we have
M(0, 2,71, 0)* = i +m?(2,€).

As s > %, it turns out that

1 c dt
- dij = —  with C, = / =
/7:/1 M2S(07zun17C) n m25_1(Z) R (1 +t2)5

Thus we have L

T*Rn—1 m25*1 (Z)

The fact that m is a g-weight and (3.5) imply that

In(Y) < Cs AY,z)"Ndz.

C

jN(Y) < 77123*71()/)

From this we deduce that

Iy ey < C AY, 7(Y) VM (V) [ Eulfe@n) dY dY .
T*Rn—1xT*Rn

By integration on Y, we deduce from (3.5) that

@By ooy <€ [

M (V)] o @n dY .
T*R»

So the continuity of «y is proved.
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6.2. The trace lifting operator

Let us define the trace lifting operator. Let us remember the case of usual Sobolev
spaces. If v belongs to Hs_(l/g)(R"_l) with s greater than %, then we define

= oo (R0 )
— (2m) Do F 1( A E))

It is obvious that ||u||gs < C||v||frs—a/2). Using the fact that the value in 0 is the integral
of the Fourier transform of the origin, we have that v(u) = v.

Again we have to substitute to |¢'| and |£| the weights m and M. Let x be a function
of D(R) with value 1 near 0. Let us define the operator R, on S(X) by the following
formula:

(Ryv) (a1, 2") & / py (1) (dy #r+ 50y ) S v(z') Y (6.6)
T*Rn—1
with

ef ~— s— iri1&1 —2s
py (1) € O tm(Y) 1X($1<77>1/2)/Re SMT2(0,y,&,m) dér.

As M?(0,y,&,n) = & +m?(y,n), and as x(0) = 1, we have v o R, = Id. In order to
prove Theorem 1.3, it is now enough to prove that R, can be extended in a continuous
operator from H(m*~(1/2)) into H(M?). The key lemma is the following.

Lemma 6.2. For any integer N, a constant C' exists such that, for any function f in

the space L?(R"~1), we have

w w o amZETY(Y)
193 (ky (21) 8y f)llL2n) < CAY, 7(Y)) T

() "V L+ ) T Ty @Ol 2 e,
where [Jy is a positive function on R such that

2 (n)
/Rjy(t) dt < Cimzs_l(y).

Proof. The continuity of R, follows easily from this lemma. Let us apply it with
f=0y%v. It gives us that

I Rl < CMT) [ ™40+ @050) 5 )
% 020 oy AV, ()N m2 1 (Y)Y
The Cauchy-Schwarz inequality for the measure A(Y, 7(Y))~Vm2*~1(Y) dY implies that
[0 RolZny < M) [ 08 0o AT (T 2o Y

T*Rn—1

X /T*Rnfl () 2+ (i) TR DAY, w(V) N m2 (V) Y,
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By definition of the norm on the space H(M?®), we deduce from this that
IRyl (are) < C L BR2)d4z

with

B [ 10l AY2) V() ay,

R [ ([0 e A2 e drar ) av.

But we have ( >1/2
_ C(n
2\—1 72
/]11{2(1 + Mt*) " Ty (r)dtdr < 777125—1(}/)'

Assertion (3.5) implies that the function F» is bounded on T*R™~!. Applying again (3.5),
we get

| Rty arey < C w2 V)02 0]3 ey A(Y, 2) N dY dZ
T*RP—1xT+Rn—1

<C m2 (V)08 0] 21y Y
T*Rn—1

< CHUH?—I(msf(l/z))-

So we have proved that Lemma 6.2 implies that R, is continuous, which concludes the
proof of Theorem 1.3. O

Proof. Now let us prove Lemma 6.2. Let us state

Fy y 98 (uy (1) 63 f).

By the Weyl quantization formula and the definition of the function py, we infer that
Fy y = Cotm* TN (Y) ~Yf,Y
with

j o [ ity X))
F; ry def o)1 iz T—it(r T)X(—
Y,Y(xlvx) (27) R3 ¢ M25(O,y,7/,77)

X (g (@1 + 1), 7, ) F#reody)"" f(2') dtdr dr'.

By integration by parts with respect to the vector <ﬁ'>1/28ﬁ the gy-length of which is
less than 1, it turns out that, for any integer N,

R N N NP ;
F- N = (9 1/ iz T—it(r—7") X( 1 / —t2 N
by o) = (o7 [ e T L ) = 0%)

X (1/J§~,N)(%(x1 + 1), 7, )Hrxy)” f(2") dtdr dr,
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where ;
N) de ~
1/)(~ ) & (Id—(n’>82)N¢j~,.

The fact that the metric g is symplectic (i.e. g° = g) allows us to do integration by
parts with respect to the vector

1/2
def 1
T’~ - TN 6 5
vy <<77’> + <77>> '

the gy-length of which is less than 1. Moreover, we have
T2, () (@1 = )%)] < (14 (i) (@1 = 1)%)12,
and obviously
T2 ) 2] < 1D oe

From this we deduce that

iy T—it(T—71' 1
F?,Y(ml’x/):‘/ﬂgsexl : )M2s(

W(l + (7 ) (@ —t)*) 7N

X (1 - (M) (- T’)2>N(A§f;f)(x1,x') dtdr d7’,
with

(AN Dava) = 30 AV VYD (1))

J+k<2N
x (wg,’lk/(%(xl + t)7 5Ty ')#T*E¢Y)w2f($/),

where the functions A;N) are bounded and positive and where
gy = Tf y (d = ()07 My

But we know that M is a g-weight. So a constant C' and an integer Ny exist such that

N
—s —Ss(\V 1 ~ ° ~ , Y ,
M) < O ) (1 e =) (4 I AY AT (67
From estimates (6.4) and (6.7), from the fact that x is compactly supported, from
Lemma 3.2 and from the L? estimate, we deduce that, for any couple of integers (N, N'),
a constant C' exists such that

1Fy y (@1, )| 2@n-1) < CAY, w(Y) "N M~ (V)| £l 2@y

< [ YOI ()M 0, ) dedr
R k) ’
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with
Ié’i()def(lﬂ N =0TV E) TN A mah) N U+ (1) (G (e +6) = 51) Y

and

VGO (1 + M(T—T'F)N (1+ <771/>(T—771)2)N <1+ %(T’ —ﬁ1)2>NS.

A constant C' and an integer N exist such that

( <<g,>> )i < CA(x(Y),Y)Ne.

Thanks to the inequality of the triangle we have for any N,

I3 (1) < CNAM@Y), Y)PN (L4 (m)ad) N (L + ()t?) N (1 + () Y

and

N,—N Ns—N
() SOVA(R(Y), )N (1 + %(T - T’)Q) (1 + %(T - ﬁ1)2> :

Let us apply the above inequalities with N = Ny + 1. We deduce from this that for any
integer IV, a constant C exists such that

1Ey y (@1, )| L2en-1) < CAY, w(Y)) "N M (V)| fllz2n-1) (1 + {m)a?) "

1/ Iy (t, 7,7 YM~%(0,y,7',n)dtdr dr’,
R3

with
) e -1 L 7—7’271 1 T*~1271

The Cauchy—Schwarz inequality for the measure Iy (t,7,7’) dt d7 d7’ implies that
/ Iy (t,7, 7" YM~%(0,y,7',n) dtdr d7’
R3

1/2 1/2
< (/ Iy (t,7,7")dtdr dT/> (/ Iy (t, 7,7 )M~%(0,y,7',n)dt dr dT’) .
R3 R?

A straightforward computation gives
’ —2s ’ ’ 2 (= —1/2
/ ]Y<t7T7T)M (07y77-777)dtd7—d7- ng(nl)O?) )
R3

with

Ty (i) = (/]R (1 + <—1>(T - T’)Q)l (1 + %(T - 771)2)11\/[‘23(0, y, 7', n)dr d#)ug,
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It turns out that

1Fy v (1, )| 2 gn1) < CAY, (V)N MM (V)| fl 21y (1 + (m)af) ™"

< (1+ (m)ad) " Ty ().

Once observed that

/ Ty (B)2dt = Cm==D(Y) (),
R

we get the lemma by integration in z;. This completes the proof of Theorem 1.3. |
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