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1. Introduction

In this work, we study the following semilinear Dirichlet problem:

Z?;l)(j‘*)gu+c”:f(x7u), in Qs
_ (1)
u=q, on 09,
where X = {X,...,X,} is a system of real smooth vector fields defined in an open do-

main M CR", n>2, € is a bounded open subdomain of M with 02 smooth, c(x) > ¢
>0. X;* denote the adjoint of X;. We assume that the system of vector fields X = {X1,
.., X} satisfies the following Hérmander’s condition:

Xi,..., X, together with their commutators X, =[X,,,... [Xs_,»Xo]--.]

up to some fixed length » span the tangent space at each point of M.

We have the following theorem:
Theorem 1. Assume that the system of vector fields X ={Xy,...,X,} satisfies the
Hormander’s condition, 0S) is smooth and non-characteristic for the system Xi,...,Xu;

feC®(QXR),0,f(x,u)<0,pecC®(0). Then there exists a solution uc C>®(Q)
of Dirichlet problem (1).
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Since Eq. (1) is subelliptic, we call Eq. (1) semilinear subelliptic. Hormander’s con-
dition permits us to get some properties of Hormander’s operators H = Z_;":l XX +c
similar to those of the Laplacian (see [1, 3,4,9, 11]). Using these properties, we have
proved the interior regularities for quasilinear second-order subelliptic equation of the
form Z?}:l Aij(x, u, Xu)Xi Xju + B(x,u,XU) =0, and the existence of weak solution for
variational problems (see [13, 15]). The results of this work is about the existence
and C*° regularities up to the boundary for the semilinear degenerate elliptic Dirichlet
problems.

2. Function spaces and preliminary lemmas
We define now the metric on M associated with X as in [9, 15].

Definition 1. Let C(J) be a class of absolutely continuous mappings ¢ :[0,1]— M
which almost everywhere satisfy the differential equation

()= a ()X (d(1)) (2)

Vi<r
with |a; ()| <dV!; then we define
p(x, y)=1inf{o>0]|3¢p € C(J) with $(0)=x, ¢(1)=y}. 3)

Then, p is a local metric on M, and for any small compact subset K C M, there
exists a constant C >0 such that

C7Mx = ¥l < p(e y) < Clx =y
for any x, y € K. We can define a family of balls by this metric.
B(x,e)={y € M; p(x, y) <&}

for x € M, and ¢>0 small enough. Denote by Bg(x,¢) the Euclidean ball. Then, for all
compact K C M, there exists constants C; >0, C, >0, and ¢, >0 such that

Bg(x,C1€") C B(x, ¢) C Bg(x, Cy¢)

for all x€ K and 0<e<g.

We introduce now a class of “non-isotropic” Holder continuous functions. For 1>«
>0, we define (S°(Q2) = C%(Q)NL>®(Q))

S = £ e[ a= sup TOZIWN )
’ x,yeN p(xzy)“

and for k€N, 1>0>0, we define

SEH(Q) = {u e SHQ); X ue SHQ),VIJ| < k). (5)
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Set

[ulic0.0= sup sup |X”u(x)|
|J|=k x€Q

and

[u]i(,oz,ﬂ = |Sl‘lp [Xju(x)]i(,a,ﬂ‘
J|=k

The norms on S%*(Q) are given by

k

[|ul| stxc0) = Z [u]fo,sz + [ul 0 (6)
Jj=0

Then the space S**(2) is a Banach space (see [15]).

As for the classical Holder space, we also have the interpolation inequalities in the
space S5*(Q). For j+ f<k+o, jkeN,0<a f<1,ucS5* ), and any >0, we
have

llullsie)y < ellull sex) + Cle, js ks Q) ||ul| Lo (0 @)

This implies the following compactness results.

Lemma 1. Let K be a bounded subset of S**(2), k+oa>0. If j+ p<k+o, then K
is precompact in S"P(Q).

3. Schauder estimates for the Hormander operators

We study in this section the following linear Dirichlet problem:
Hu=f in Q; u=¢ on 0f. (8)

with ¢(x) > ¢y >0. From the subellipticity of Hormander’s operators H, we have (see
[1,3,6])

Lemma 2. Assume that the system of vector fields Xi,...,X, satisfies the
Hérmander’s condition, and 0S) is non-characteristic for operators H. Then the linear
Dirichlet problem (8) possess a unique solution u e C*>°(2).

By [1], there exists Green’s kernel G(x, y) for H. From [11, 15] we have

Lemma 3. For n>2,K C C%, and (x,y) €K X K, we have
X7 G(x, )| < Crp(x, )Y B(x, p(x, )] 7, 9)

where the differential is taken in x or y. And for any o.>0, there exists a constant C
such that

/ (. ) |BCx, p(r, )|~ < €.
B(x,0)
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We shall use the inequality (9) to prove the Schauder estimate of Hormander oper-

ators in the “non-isotropic” Holder spaces S%*. Firstly, we have the weak maximum
principle

Lemma 4. If uc S*(Q)NC%Q) is a solution of Dirichlet problem (9), c(x)> co>0.
Then we have

l[ull Lo () < ¢ 11 = - (10)

This is the theorem of Bony [1]. We also have the strong maximum principle of
Bony.

Lemma 5. Assume that X,,...,X,, satisfies the Hormander’s condition, ue S (N
C%Q) verifies Hu<0 in Q, and u<0 on Q. Then u<0 in Q.

We now prove the estimate of || Xul||;, and Schauder-type estimate for operators H
in the interior of ().

Lemma 6. Let ucS*(Q)NC%Q),ulaq =0, then for all K C CQ, there exists a con-
stant C such that, for 1 <k <m,

max |Xku|§ngp |Hu|. (11)
And if u € S>*(Q)NCYQ),u|s0=0, «>0, then

o) < ClHall . (12)
where K C CK C C .

Proof. For ¢>0 small enough, we denote by K,={y€Q;p(x,y)<e,x€K}. Take
@€ Ce (), p(x)=1, for x € K,. Using the Green’s kernel of the Dirichlet problem,
we have H(qu)€ CJ(f2), and for x €K

u(x) = /Q G, »)H(pu)(») dy.

Since

H(pu) =Y X" X;(pu) + c(qu)

J=1

= pHu)+ Y _ (XX u+ X pXu)+u Y _ X Xi(¢),

=1 j=1
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we have, for x €K,

)= [ oIGE I+ [ 1166 YK K (o))

J=1

+ /Q Gl v) S (X u+ X X () dy.
=1

Since supp ¢ C C €2, integrating by parts, we have
Yoa) = [ X000y DH() dy

+ [ WG ) S X K ()

J=1

+/ > XX (G )X o))

) -
j=1
+ XX (G, )X o(v))]u(y) dy
=411 +1IL

Using Lemma 3, we have for x €K,

d|1| < C sup |[H(w) / o, )| B(x, plx, )|~ dy
Q Q

< C sup |H (1)),
0

1)< Comguf | ptr )8 s )| b

< C'sup Jul,
)
[ < CmaXIMI/ [BCx, p(x, )|~ dy
o Q\K;
§Cmax|u|/ 1B(x,¢)| "' dy < C sup |u].
Q Q\K, Q
which give the estimates

max [Xpu| < C { sup |H (u)| + max |u|} )
K Q Q

1043

By Lemma 4, we obtain the first part of lemma. The second part is just the results

in [15].



1044 C.-J. Xu | Nonlinear Analysis 37 (1999) 10391049
4. Existence of solutions

We now prove the Theorem 1 in two steps:
(a) Assume that f is bounded

[ u)| <N; (13)

we prove that for the semilinear Dirichlet problem (1) there exists a solution.
We can assume that ¢ =0, since if w is the solution of the following linear Dirichlet
problems,

Hw=0 in{; w=¢ ondf2,

then Lemma 2 gives that we C>(Q). Set u=v + w, then the Dirichlet problem (1) is
equivalent to the following homogeneous semilinear Dirichlet problem:

Ho=f(x,v+w) inQ; v=0 on 0. (14)
Let v be a solution of following linear problem:
Hv=N inQ; v=0 on 09,

then, by Lemmas 2 and 5, we have v>0 in Q and ve C>®(Q). Take
k= inf (af(x’“)>,

— max v<u<max v ou

then £ <0, and for all —maxv<u <w < maxv we have
SCu)— fx,w) —k(u—w)<0.

The solution of problem (14) will be the limit of u;, where ug=v, and u; is the
solutions of following problems:

Llul = H(uy) — kup = f(x,ui—1) — kw13 wilag =0. (15)

From Lemma 2, there exists a solution of Eq. (15) and u; € C>°(Q) for all /€ N. Note
that

Lluil= f(x,v) —kv<N — kv=L[v].
Using Lemma 5, we have u; <v. And

Hu; =k(uy —v)+ f(x,0)> f(x,u1)>—N=H(—v),
which give u; > — v, so that

—v<u; <.
We will prove the following estimates by induction:

—v<uy<uy1<v (I=1,2,...). (16)
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Assume that Eq. (16) is true for /, then
Lluper —wi] = f(xur) — fOui—1) — k(uy — 1) < 0.
By Lemma 5, we have u;; <u;. On the other hand,
H(up) =k(uipr —up) + f(xu) > fxure) > — N =H(-v),

which gives —v <u;, ;. We have proved that Eq. (16) is also true for /4 1. So Eq. (16)
is true for all /&€ N.

We have proved that maxg |u;| < maxg [v]| =M <+o0; then {|u|} is bounded in
C%(Q), and

|H (up)| = |k — 1) + f (o) <20k|M + N =M.
From Lemma 7, for K C cKcc ), we have

max | Xju;| < CM,
K

where C,M are independent of /. On the other hand,

0
max |X; £(x,u)] = max | L ””X,»(uz)’
K K u
0
<  max ‘M max |X;(u;)|
x€Qu| <M ou 7

<CM.
Then {H(u;)=k(u; — ui_1) + f(x,u;—1)} is bounded in S'(K)C S*(K), for any 1>

o>0. Using the Schauder estimate (12), and the interpolation Lemma 1, there exists
a subsequence {u;,} which is convergence in S?(K), where K is any compact of .
Let u;, —u, j— + 00, then —v<u <wv. Set u=0 in OS2, then ueS*(Q)NC%Q). Take
l;— oo in Eq. (15), then u is a solution of problem (1). We have finished the proof
step (a).

(b) We now consider general case, and assume that f(x,u)= fi(x,u) + f2(x,u),
where |f2| <N, and 0, f1 <0. Using Taylor formula, Eq. (1) can be written in the
following form:

0 - .
{L[u] = H(u) — %(x,u)u:fl(x,O) ¥ flou) in Q
u=0 on 0,
where u(x) is between 0 and u(x). By Lemma 4, we have
|u Sco_] max | f1(x,0) + fo(x,u)| <M.

We define now a function U(u) on R, U(u) =u, if [u[ <M, and for all u€R, [U(u)| <

2M,, 0,U(u)> 0. Denoting f|(x,u) = fi(x, U(u)), we now consider the following mod-
ified problem

H(u)=f,(x,u) + fo(x,u)=F(x,u), uloq=0. (17)
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Then 0, J71 <0 and fl(x,O): f1(x,0) . Since the bound of the solution of problem (1)
is also M, the solution of problem (17) is also the solution of problem (1). But for
function F, there exists a constant N; such that

|F(x,u)| < sup | fi(x,u) + falx,u)] <N
|u| <2M;

Then we have now reduced the proof of step (b) to step (a), so there exists a solution
of problem (17).

5. Regularity up to the boundary and uniqueness of solutions

The uniqueness of solution of the Dirichlet problem (1) is immediate. Assume that
u, vES*(Q)NCYQ) are two solutions of problems (1), then w=u — v satisfies the
following problem

Hw)=f(x,u) — f(x,v); w|aa=0.
Since f(x,u(x)) — f(x,v(x)) =0, f(x,u(x))w(x), and 0, f(x,u) <0 for all u. We have

S X Xw4w=0; wlon=0.
j=1
with ¢(x)=c(x) — 0, f (x,u(x)) > co>0. Then Lemma 4 implies that w = 0.

For the regularities of solutions of Eq. (1), we have, in the interior of Q, ue€ C>(2).
So we prove only regularities of solution up to the boundary of €2, This is a lo-
cal problem. By changing variables, near the boundary as in [3, 12], we can take
0 c @i ={(,x,); ¥ €R"! x, >0}, O =wx [0,T[, @ is a open subset of R"~!
And using the hypothesis non-characteristic of the boundary, the Dirichlet problems
(1) can be transformed in the form

{I-Nl(u)z 6§I1u+27;1 Y Yju+cu= f(x,u), in QF, (18)

uly, =0 =, on .

where supp u, supp f(x, u(x)) Cﬁi supp @ C w. The vector fields Yi,...,Y,,—; are tan-
gential to @ x {0}.0;,, Y1,...,Y,—1 also satisfies Hérmander’s condition.

We now study tangential function spaces H”/([ﬁ{i) introduced by Hormander (see
[10, 12]). For s,s' € R we set

HY (R ={ue S (R (1+ [P0+ [P Pael(R"),

where &= (¢, &,)ER" and &' € R*~!. Then H‘Y"‘/(@i) is the space of restriction to [@:
of elements in H*% (R"). Let Y e Cy°(R") be a radial and positive function which is

equal to one for |¢[ <1 and vanishes for |£|>1. We set Y(EY=W(,0). Following
Sablé-Tougeron [10] we set for ue #'(R") and p, p’ €N:

Su(O) =W PEIE),  Spu(E) =P P ENa(e),
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and S, =S, oS;/. We shall also set A, =S, — S, A;,, :S;/H
AyoA,.
Using the method of paradifferential operators of Bony (see [2, 10, 12]), we have

— an' and A, =

Theorem 2. Let FeC °°(|]_%:1r X R) which is real and with compact support with respect
to the x variable in U_Qii. Let uGCO([I_Qj_) ﬂHS*S/([Ii{j_), s>0,5">0,suppuC C [@1. Then
SO u(x) € CUR ) NH (RY).

Proof. As in [8] we can reduce to the case where F' does not depend on x. Moreover,
. . . =N . .
taking restrictions to R, the above result will be a consequence of the same result in

the spaces HS’S/([R”).
We have firstly lim, —, ;oo [|Syu — ul|z =0. So following [8] we can write

+o0o

Fu)=F(Sou)+ > _ {F(Spe1u) — F(Spu)}. (19)
p=0

Moreover, for every N, Syue CT>°(R"). Now
1
F(Spu) — F(Spu)= Apu/ F'(Spu + tA u)de.
0

So we have to prove

+oo 1
Fu)=F(Sou)+ >  Apu / F'(Syu + tA yu)dt € H (R, (20)
p=0 0

cutting again each term A ,u in the tangential variables, we get

1
Fu)= Y Apu /0 F'(Spu + tA pu) dt

g<p+3

- E apq.

P<q+3

Indeed if ¢ > p+4, {2771 <|¢| <2PF21 N {2971 < |¢'| <2972} = (). We shall prove that
YoeN", Vo' e N"—!

[10%6% a py|| 2 < Cpg2PIP =220 1=5D  fC, Ve P2, (21)
First, since ueH“’(R”) we have (see Proposition 1.1 in [10])

[|o* ;‘,quu”p < Cpqzﬁ(l“l—S)zq(\l/l—S/)’ {Cpq} c2 (22)
Using Lemma 3 in [8] and ue CY(R’,) we get

(|0%0% F'(Syu + tA pu)|| e < C2PIAHIED, (23)

which implies (21) for ¢ < p + 3.
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Now Theorem 2 follows from the following lemma (see Lemma 2.3 in [10]).

Lemma 7. Let {ap,}s<, be a sequence of function in C*(R") such that for all
aeN" o e N1
[10%0% apy || 12 < Cpg2P =200 1=5D v Ve 2, (24)

X

Then g=Y,_ ,ap €H* (R").

As in [3, 12], using the Hormander’s condition for the system O, Y1,..., Yu—1, We
can obtain the following tangential subelliptic estimates for the operators H:

Lemma 8. For every compact K in [I:'\Eljr, there exists a constant C>0 and ¢>0 such
that

a3, < C{IHu, )] + [|uall 72}

for every ueE:{ueC“(@i); suppu CK, uly, —o=0}. Then if u, ﬁueH”,([@i), s,
s'€R, uly, —0=0, we have ueHS’Sl“(ﬂi{i) (see [3,12]).

We also work in the local version near the boundary, and study the problem (18).
From the existence results of Section 4, for the semilinear Dirichlet problem (1) there
exists a solution u€ C*°(R" )N Cg([l_%i), then u, f(x,u)€ Cg(ﬂi{’i) CL*(Q). Lemma 9
implies that u€ H%*(R".). Using Eq. (18) we have

m—1

ernu:f(x,u)—z Yj*YjuEHO”’*Z([ﬁ{:), (25)
j=1

then uc H>*~X(R") c HY>**(R"). Theorem_2n gives that f(x,u)cHY> */_25 R} ). Iterat-
ing this argument we prove that u€ H*>*>°(R.), and f(x,u)€ H¥>*°°(R. ). Now use
Eq. (25) again, we have 6§nu€H3/2’+°°(Hi§1 ), from which we deduce ue H2“/2’+°°(U_Q{1).
Iterating this argument again we prove that ue H +DO’*'OO(IRi) ccC DO([R?"+ ). The proof of
Theorem 1 is complete. [J

References

[1] J.M. Bony, Principe du maximum, inégalit¢ de Harnack et uninit¢ du probléme de Cauchy pour les
opérateurs elliptiques dégénérées, Ann. Inst. Fourier 19 (1969) 227-304.

[2] J.M. Bony, Calcul symbolique et propagation des singularités pour les e. d. p. nonlinéairs, Ann. Sci.
Ecole Norm. Sup. 14 (1981) 209-246.

[3] M. Derrdj, Un probléme aux limites pour une classe d’opérateurs du second ordre hypoelliptiques, Ann.
Inst. Fourier 21 (1971) 99-148.

[4] C. Fefferman, D.H. Phong, Subelliptic eigenvalue problems, Proc. the Conf. on Harmonic Analysis, in
Honor of A. Zygmund, Wadsworth Math. Series, 1981, pp. 590—606.

[5] D. Gilbarg, N.S. Trudinger, elliptic partial differential equations of second order, Grundlehren der
Mathematischen Wissenschaften, vol. 224, Springer, Berlin, 1983.



C.-J. Xu | Nonlinear Analysis 37 (1999) 10391049 1049

[6] L. Hormander, Hypoelliptic second order differential equations, Acta Math. 119 (1967) 141-171.

[7] P.L. Lions, On the existence of positive solutions of semilinear elliptic equations, SIAM Rev. 24 (1982)
441-467.

[8] Y. Meyer, Remarques sur un théoreme de J. M. Bony, Rend. Circ. Mat. Palermo 1 (1981) 1-20.

[9] A. Nagel, EM. Stein, S. Wainger, Balls and metrics defined by vector fields I, basic properties, Acta
Math. 155 (1985) 103-147.

[10] M. Sablé-Tougeron, Régularité microlocale pour des problémes aux limites non linéairs, Ann. Inst.
Fourier 36 (1986) 39—82.

[11] A. Sanchez-Calle, Fundamental solutions and geometry of the sum of squares of vector fields, Invent.
Math. 78 (1984) 143-160.

[12] CJ. Xu, Hypoellipticity of nonlliear second order partial differential equations, J. Partial Differential
Equations 1 (1988), 85-95.

[13] C.J. Xu, Subelliptic variational problems, Bull. Soc. Math. France 118 (1990) 147-159.

[14] CJ. Xu, Propagation au bord des singularités pour des probleme de Dirichlet non linéairs d’ordre deux.
J. Funct. Anal. 92 (1990) 325-347.

[15] CJ. Xu, Regularity for quasilinear second order subelliptic equations, Comm. Pure Appl. Math. (1992)
77-96.

[16] CJ. Xu, C. Zuily, Smoothness up to the boundary for solutions of the nonlinear and nonelliptic Dirichlet
problem, Trans. Amer. Math. Soc. 308 (1988) 243-257.

[17] CJ. Xu, Existence of bounded solutions for quasilinear subelliptic problems, Partial Differential
Equations, to appear.



