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1 Introduction

Let Q@ ¢ R% d > 2 an open domain, and P = (Py,---, P,) a smooth real vector fields system. P
satisfies the Hormander condition of order 2, if

rank{Pb"'ana[Pk’aljj]’kvj = 17"'7”} =d.

For k € N, we define
H*(Q, P) = {f € L*(Q); P"f € L*();|J| < k},

where P/ = Pj, - Pj,, J = (ji, -, j1), || = L.

Denote by X the C*°-module of vector fields span by {Pi,---,P,}. Let ¥ C £ a smooth
surface, ¥ is non characteristic for the vector fields system P, if for all x € 3, X, is not included
in T, Xy denote the subspace of T'Y define by Xy, = T,X N X |- We suppose that there is a
generator system Py = {Plz, - ,PnE} of Xy, , then Ny, Plz, S PnE satisfy also the Hormander’s
condition of order 2. We define

HE (S, Po) = {f € L*(3); Pg f € L*(%), 1] < k}.
We have proved the following trace theorems:
Theorem 1 Denote by vy, the trace operator on ¥, then we have that
vyt H¥(Q, P) — [H*(S, Ps) N HY*(), L*(2))10p)-

s a continuous and surjective application, here Hk/Q(Z) 1s the usuel Sobolev space.

We study now the characteristic case. We consider only the problems on the Heisenberg groups
H,, that means that we study the vector fields system

PHd:{X]:61'3—1_2/]637}/3:8?;]_1'383, ]:1,’d}

on R21 We take now %o = {(z,y,s) € R?**!; 5 = 0}, then, for the system of vector fields Py, ,
(0,0,0) is the only characteristic point, and (x,y,0) is not characteristic if (z,y) # (0,0), we have
a family of radial vector fields on X

R = {210x; +yjOy; 210y, — Oy YO, — YjOr,; J, k=1, ,d},
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which is the projections of Py, to T*(X0 N {|(x,y)| > € > 0}) parallel a transverse vector fields.
We define the function space on X

T (o) = {u € L*(%0); Rlu € L1 < 4; |(z,y)*Asyu € L?}.
We have proved the following theorem
Theorem 2 Denote by Vs the trace operator on g, then
Yoo+ H' (Ha, Pa,) — T?(0) = [T*(20), L*(Zo)]1/(s)

s a continuous and surjectif application.

Remark: We have proved that for v € H'(Hgy, Py,),

e if ¥ is non characteristic, we have
75 (u) € HYA(D).
e for Xy we have
Yoo (1) € L2(20), |(z,9) [V A, (u) € L (o).

The theorem 2 is also true for g, = {(2,5, s) € R?**! s = 50}, for all sg € R, since H'(Hy, Py,)
is invariant by translation in s .

2 Weyl-Hormander calculus

In this section, we recall some definitions of Weyl-Hérmander’s calculus. Weyl’s quantization
associates to a € S(R?") is the operator a¥ defined by

er=20q <$ ;_ : , C) u(z)dzdC.

a’u(zx) = (27r)_”/

R2n
The composition formula is a™ o b* = (a#b)™.

Defintion 1 Let g measurable map from R?™ to the set of positive defined quadratic form on R?™.
The metric g is an Hormander’s metric iff:

1 _
gx(X —-Y) < Co = Cylgx < gy < Cogx

. [T, W]
< g% with ¢%(T) = su ;

INp, ¥(X,Y) € R?" x R?" such that

+
(gj) < Co(1+ g7 (X — V)™,



Let us denote by Ux the gx-ball of center X and of radius r < C’Jl, ie.
Ux ={Y c¢R*"/ gx(Y — X) <r}.
We define the function A(,-).
A(X,Y) =1+ max{g%(Ux — Uy), g7 (Ux — Uy)},

% (Ux — Uy) = inf (X =Y.
9% (Ux — Uy) (X’,Y’)lgUXnygX( )

One of the key properties of function A(-,-), is the following lemma.

Lemma 1 3N; such that

sup [ ALY) Mgy [RY < oo, 1)
XeR2n JYER?

where |gy| denotes the determinant of the quadratic form gy in any symplectic basis of R*".

If a and b are smooth and compactly supported functions on R?", there is no reason why a#b
should be so. The acquired notion is the following.

Defintion 2 Let v be a strictly positive defined quadratic form on R?™ such that¥° >~ and Y €
R?". Let us define on S(R?") the following semi-norms

k
lalle,confv,yy = sup (147X = B,(Y,7)))2 01, - - - Ir;a(X)].
XeR,j<k,y(T;)<1

Let g be an Homander’s metric and (ay)ycgzn C S(R®). This family is uniformly confined
iff, Vk,
[[(ay )|

k,Conf(g) — Yseli:gn HaYHk,Conf(gy,Y) < 00.

The key estimate is the following “biconfinement estimations”: If a,b € S(R?"). Then V(k, N),
3¢,C such that, Y(Y,Z) € R*" x R?", we have

Ha#b k,Conf(gy,Y) + Ha#ka’,Conf(gz,Z)
< CA(K Z)_NHG’HZ,Conf(gy,Y) Hb”f,Conf(gZ,Z)' (2)

We suppose the metric g is strongly temperate, then there exists two uniformly confined
families (¢y) and (y) so that, for any X € R?",

[ or@lavibay = [ (rtton) () lgv Iy =1 (3
YeR?2n YeR2n

Let us define the concepts of g-weight and of symbols associated to some g-weight.
Defintion 3 Let g be an Hérmander’s metric, a measurable function m defined on R*® with value
in RY is a g-weight iff

3C,3N / <m(X)>ﬂ < OAX,Y)N
’ m(Y) - ’ ’

Let m be a g-weight. S(m, g) denote the set of all smooth functions a so that, for any integer k,

ks = sup 19z, - Or,a(X)|
S Tk XeRo gy (1) <1 m(X)

la

where Ora denotes the map (da,T).



We introduce now a ”Littlewood-Paley” definition of Sobolev spaces.

Defintion 4 Let g an Hormander’s metric and m a g-weight. The space H(m,g) is the set of
tempered distributions u so that

1
w 1 2
gy = ([ m¥Plleulialoy Fay) < oc.

Remark:
e H(m,g) = {uecS'(R");Va € S(m,g),a"u € L?}.
o H(l,9)=L>

e the space H(m,g) is "almost independent” of the metric g.

e 3M € S(m,g) such that u € H(m, g) & M%¥u € L? and

C M lull rrn,g) < IMPullzz < Cllull rmg)-
In all that follows, we denote H(m,g) by H(m).

3 A simple proof in the case of integer index

We prove now the continuity of trace operators for integer index. After an extension of vector
fields system by a elliptic system, we suppose that P = (Pj)1<j<pn is well defined on R¢ with
constants coefficients outset of a compact set, satisfying the Héormander condition of rank 2. After
a change of variables and projection parallel a transverse vector fields, we suppose

n
P =0; and PjZZag(xl,m’)aw for j=2,---,n,
(=2

and ¥ = {(z1,2') € R%z = 0}.
We define a metric on T*R¢ by

g
€’

where (z,€) = (z1,2/,£1,€') € T*RY. Then the restriction of this metric to T*YX is the metric

G(eg)(da?,dg?) = (¢)da® +

d£/2
(€
For a € S(T*Y), a¥s is the Weyl’s quantification of a on L?(3), define by

9(aren (dx’?, dE?) = (¢')dx"™ +

a’zu(x) = / eH&r—vlg <x i y,g) u(y)dyd§.
T+x 2
We have the following Lemma from [Cancelier-Chemin-Xu].

Lemma 2 The function defined by
1
M(2,€) = (&) +m(a1,2',€)?)?
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is a g weight on T*R', where

n

m(zy, 2, &)? Z (xy, 2, €2+ (€).

In particulier for all x; € R, the function m(x1,-) is a g-weights on T*R4~1,
Moreover for all integer k, there exists a constente C such that

/RHu(ta ')||%{(mk(t7.))dt+/R||a:r1u(ta‘)H%{(mk—l(t,.))dt < CH“H?{k(Rd,P)-

We have
H*®R?, P) = H(MY)

with equivalent norms. We have the following theorem
Theorem 3 There exists C' > 0 such that for all u € H(M¥), we have

sup [[u(t < Cllull g arxy-

o Nl M =,
Proof: We suppose u € C§°(R?), consider for Y = (y/,n') € T*R9"!, {#y} an unitary partition,

T(u)y (t) = m* (V) |[0Fu(t, )| F2a)

then we have
(@) = @h=1) [ 9, ¥y, Y0t ) gy
+ o2 / m(t, Y)Y Ol ) 0t )2 g dt
Then lemma 2 and Cauchy-Schwarz inequality implies that

() < [ mlt, Y0, ) sy

N|=

o2 (/—oo (t Y)2k72”6$8tu(t/7 )|%2(Rnl)dt/>
t 3
X (/OO m(t, V)20 ')ﬁ'ﬂ(Rnl)dt')

sufrim% HEY) 0y ult, [ ey € L' (dY).
te

which deduce

Moreover for Y € T*R%!, the application
t— kail(ta Y)H}qgu(tv )

is continuous. The Lebesgue dominate convergence theorem conclus the proof for continuous of
trace operators.



4 Trace theorem in characteristic case

1
For (z,y,s) € Hy, we set p(z,y,s) = ((|ac|2 + |y?)? + 32> *. We suppose that u € H'(Hy, Pu,)
with Supp u C {p(z,y,s) < 1}, and consider a function ¢ € D({1/2 < |t| < 2}) satisfying

Vo<t <1, igp@pt) =1.
p=0
We define the family (¢p)pen and (up)pen by
pp(@,y,8) = 9(2Pp) and  wy(w,y,s) = (ppu) (2772, 277y, 27%s).
We have P(ppu) = uPpp, + ¢pPu, and Py, = ¢'(2Pp)2P Pp, since |Pp| < C, we have
1P(ppu)l72 < C2%|lppull?z + 2]|pp Pull7.

on the Supp ¢, u, we have 220 ~ p2,

" u 2
ey dxdyds.
02

2| gjullts < € [

The support of functions <p;,u et go%,u is disjoint if |p — p'| is big enough, we get

o) |u|2
2% |P(ppu)||3e < C/ ?dmdyds + HuH%’l(Hd,PHd)'
p:

We need now the following Hardy inequality on Hy.

Lemma 3 There are a constente C > 0 such that for all u de Hl(Hd,PHd), we have

Jul? 2
/p2dxdyd8 < C||U||Hl(Hd,PHd)'

The proof of this lemma is standard.
Now for all u € H'(Hy, Py,,), we have

[o¢]
Y IP(ppu)ll7z < CHUH?L-Il(HmpHn)-
p=0

We applies now the dilation of parameter 2P on Hy. Since
P(up)(,y,8) = 27P(P(ppu))(2 Pz, 2 Py, 27 %s).
We have
Pty 2 gy = 22 Pyt B unicn

Now Supp u, C {1/2 < p(z,y,s) < 1} is independent of p, and XN Suppu, is not characteristic
for the system Pg,. So we can apply the theorem 1 to each term w,, which give that ~y (up) €

H(m!'/?) where m(z,y,&,n) is the weight defined as in lemma 2 by using the projection of Py, to
YoN{1/2 < |(x,y)| < 1} parallel a vector fields transverse. Then for (z,y) € R?*,1/2 < |(z,y)| <
1,m(z,y,&,n) is equivalent to

1/4
m(z,y,&,n) = <1+ (@) PIEP+ R4(ﬂf7y7§,n)> :

ReR



Since for R € R,
R(up)(w,y,5) = (R(ppu))(27Pz,27Py,27s),
@) Py (), 905) = 12772, 27y (D)) (2 P, 2Py, 27%s),

m®(x,y, Dy, Dy) is also a pseudo-differential operator of degree 0 by dilatation. That means for
all se R

sy (up) 1 msy = 27175y (250 | Fr (o

We have then proved

[eS)
3 Iy (2o urrzy < Cllulip e, g
p=0

Use again the 0 degree property of operator m'/?(z,y, D,, Dy), we get
||7(U)||§{(m1/2) < CHUHJ%N(Hd,PHd)-

By interpolation theory, we have
[T*(20), L*(20))1 /sy = H(m!/?).

We have proved the continuity of trace operators

We prove now the surjectivity of trace operators o let v e H (ml/ 2), suppose also Supp
v C {(x,y) € R?* |(z,y)| <1} and set

Pp(2:y) = p(2°[(z, 9)]), vp(z, ) = (Ppv) (2P, 27Py),

since Suppu, C {1/2 < |(z,y)] < 1}, and on {1/2 < |(z,y)| < 1}, m'/? is equivalent to m'/2, so
we can use the relievement part of Theorem 1 in the non characteristic case, which implies that
there exists u, € H*(Hy, Pa,) such that v(up) = vy,

lupll i y,P,) < Cllvpll mir2y)
and Supp upN Supp u,y = 0, if [p — p| is big enough. Then almost orthogonality implies that
[e.e]
uw=> u, € H (Hy, Pu,),
p=0
and same argument as before to get

o0
2 2
||U||H1(Hd,PHd) < CZ ||up”H1(HvaHd)
p=0

< C’Z ||va§{(m1/2) < CH””?{(mlﬂ)-
p=0

Which prove the theorem 2.



5 Trace theorem in Weyl-Hormander calculus
In this section, we prove the trace theorem in the non characteristic case for all index s > 1/2.

Theorem 4 Let m(z1,2',¢") a g1 1-weight on T*R? satisfying <§’>% < m(x,&) <(¢). Then M

33
define by
M(x,€)* = & + m(z,¢)”
isalsoa g1 1-weight and the trace operator +y is a continuous and surjectif application from H (M?)
272
to H(ms_%) for all s > 1/2, where m(x’,£') = m(0,2',¢).

We have firstly the function M is a g-weight and m is a g-weight.

The proof of Continuity of trace operators for no integer case is more complicate then integer
case, we miss out this proof here, and attack directly to more interesting part: surjectivity of trace
operators.

The idea 1of proof is to interpret the following classic formulai into Weyl-Hérmander’s calculus:
let ve H"2(R1), set

wlzr. 2 = (27)~ (=1 - (1+‘§/’2)S_%6 ’
(@1,2') = (27) 1osf1< ) )

then ||lul|gs < C”’UHH57% and y(u) = v.
Take a function x € D(R) with x(¢) = 1 near to 0, we set for v € S(¥),

(Beo)ora) = [y @)@y ety ) "o(a)ay. 4)

with

py (1) = Cs_lm(Y)Qs‘lx(xdnﬁ)/Rei’“&M‘QS(O,y,&,n)dél-

Since M?(0,y,&1,m) = £ + m2(y,n), and x(0) = 1, then u(0) = 1, so that o R, =Id. We have
to prove that R, is a continuous linear application from H (ms_%) to H(M?). The key lemma is
the following.

Lemma 4 For all integer N, there exists C' such that for all function f € L*(X), we have

w ~ mQS—IY
12y (Vo™ Hllrzmey < CAY,7(Y)) NW%)

(L + mut) " Ty @) fll 2z

N

X (n)~
where Jy is a function of real variable such that

(n])
[ i < 0T,

From this lemma, we can get immediately the continuity of R,, in fact, take f = 0{v, we have

VRl oy < OMTF) [ )7+ i) v ()

X0y vl L2y AV, (V)N m? T (Y)dY.

8



Apply Cauchy-Schwarz inequality with measure A(Y, W(?))_N m2~1(Y)dY,

R e, < M) [ 1077 0lamy MY n(7) Vm2 L (¥)ay

< [

By the definition of norm in H(M?),

N

(1 + (mad) 2T () AY, w(Y)) "N m> = (Y)dY.

IR0l arey < / FU(Z)Fs(Z)dZ  with
ZeT*%

Fi(2)= [ 100l 05 2) N mE T (V)a,

N|=

B2)= [ )7 [0 )2 2T A, 2) N m (Y ddray.

Since
/RQ(l + (Mt 2Ty ()dtdr < mfs<771>(2y)

The lemma 1 give

IRl < C MUY 05 0]2a y A(Y, 2) N dY dZ
T*SxT*E
< m2 1Y) 0w v||? dY
< [ Wl
<

[ —"

We have proved that the lemma 4 implies the theorem 1.

We prove now lemma 4, the essential idea is to use the confined properiety of unitaire partition
and integration by part for a vecor of g-longth < 1. Set

Fpy =v(uy ()ey™ f) =m* 1 (YV)F;

)

with

1
P no— imyr—it(r—r)_ X(Em?)

<¢f/ (xl;t, T, ) #T*quy) wz f(z")dtdrdr’.

X

By integrate by part for (1)9;, which is a vector of gy-length <1, then for all N,
1
_ o t{n)7) - -
-~ N / iz T—it(t—7") X( 1 / — 1?2 N
y7y(w17w) RBe MQS(O,y,T/,ﬂ)( —|—<7’]>(.%'1 ) )
<,¢’(VN) <x1 ha tv 5T > #T*E¢Y> . f(,I/)dthdT,.

Y 2

X

where &) = (1= (if)92) V5.
The vector

NI

T = () @

9



is also a vector of gg-length < 1. And

NI

IN

\Té’y(<ﬁ’>(w1 — 1)) O+ () (z1 —1)?)

72 )] < x|z

We get that
P N ity X)Ly
Fryplond) = [ e 220,y
(T_T,)Q - (N) ’ ’
X (1 + M) (A}~/7yf)($1, x')dtdrdr
with
> +1 Ws
AN D) = X AN r T ) (0 (P ey ) f@)

j+k<2N

where A;-N) is the bounded functions,

vpy = TE (1= ()0,

and Y € D(R), x(t) =1 for t € Supp x. Since M is a g-weight; there exists C' and N, such that

~ N
M0y, 7)< CM™(¥) <1+<717>\T’~—771\2>
X (L+ ()™ A, m(F)V

Using now this estimations, Y with compact support compact, and the biconfinement estimation
(2); we have that for N big enough, there exists C' such that

155 y (@1, )2 ga-1y < COX, (V)™M (V)] £l 2oy
XL+ ) (L ) [ Iyl )M 0,y 7 mdedrdr
R

with
-1

n_ 2y—1 i7__7_/271 LT_~2
Fr(trs) = L+ )7 (14 e =02) (14 (e —)?)

Using now the Cauchy-Schwarz inequality with measure Iy (¢, 7, 7")dtdrdr’, we get
1
| b tm I 0,y 7 e’ < 75 )
R3

with

><M723(O, y, 7, n)d7d7’>

10



We have finally
1Fy y (@1, )2y < CAY, (V) NV N M (V)| £ 2 (a1
< (L )| [) L+ (g )T v ().

And

{m)
/Rjy(T)QdT < CW7

by integration in x;, we have proved the lemma.
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