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1 Introduction

Let Ω ⊂ Rd, d ≥ 2 an open domain, and P = (P1, · · · , Pn) a smooth real vector fields system. P
satisfies the Hörmander condition of order 2, if

rank{P1, · · · , Pn, [Pk, Pj ], k, j = 1, · · · , n} = d.

For k ∈ N, we define

Hk(Ω, P ) = {f ∈ L2(Ω);P Jf ∈ L2(Ω); |J | ≤ k},
where P J = Pj1 · · ·Pjl

, J = (j1, · · · , jl), |J | = l.
Denote by X the C∞-module of vector fields span by {P1, · · · , Pn}. Let Σ ⊂ Ω a smooth

surface, Σ is non characteristic for the vector fields system P , if for all x ∈ Σ,Xx is not included
in TxΣ. XΣ denote the subspace of TΣ define by XΣ|x = TxΣ ∩ X |x. We suppose that there is a
generator system PΣ = {PΣ

1 , · · · , PΣ
n } of XΣ , then NΣ, PΣ

1 , · · · , PΣ
n satisfy also the Hörmander’s

condition of order 2. We define

Hk(Σ, PΣ) = {f ∈ L2(Σ);P J
Σf ∈ L2(Σ), |J | ≤ k}.

We have proved the following trace theorems:

Theorem 1 Denote by γΣ the trace operator on Σ, then we have that

γΣ : Hk(Ω, P ) → [Hk(Σ, PΣ) ∩Hk/2(Σ), L2(Σ)]1/(2k).

is a continuous and surjective application, here Hk/2(Σ) is the usuel Sobolev space.

We study now the characteristic case. We consider only the problems on the Heisenberg groups
Hd, that means that we study the vector fields system

PHd
= {Xj = ∂xj + yj∂s, Yj = ∂yj − xj∂s; j = 1, · · · , d}

on R2d+1. We take now Σ0 = {(x, y, s) ∈ R2d+1; s = 0}, then, for the system of vector fields PHn ,
(0, 0, 0) is the only characteristic point, and (x, y, 0) is not characteristic if (x, y) 6= (0, 0), we have
a family of radial vector fields on Σ0

R = {xk∂xj + yj∂yk
; xk∂yj − xj∂yk

; yk∂xj − yj∂xk
; j, k = 1, · · · , d},
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which is the projections of PHd
to T ?(Σ0 ∩ {|(x, y)| ≥ ε > 0}) parallel a transverse vector fields.

We define the function space on Σ0

T 4(Σ0) = {u ∈ L2(Σ0);Rlu ∈ L2, l ≤ 4; |(x, y)|24x,yu ∈ L2}.

We have proved the following theorem

Theorem 2 Denote by γΣ0
the trace operator on Σ0, then

γΣ0
: H1(Hd, PHd

) → T 1/2(Σ0) = [T 4(Σ0), L2(Σ0)]1/(8)

is a continuous and surjectif application.

Remark: We have proved that for u ∈ H1(Hd, PHd
),

• if Σ is non characteristic, we have

γΣ(u) ∈ H1/4(Σ).

• for Σ0 we have

γΣ0
(u) ∈ L2(Σ0), |(x, y)|1/441/8

x,y γΣ0
(u) ∈ L2(Σ0).

The theorem 2 is also true for Σs0 = {(x, y, s) ∈ R2d+1, s = s0}, for all s0 ∈ R, since H1(Hd, PHd
)

is invariant by translation in s .

2 Weyl-Hörmander calculus

In this section, we recall some definitions of Weyl-Hörmander’s calculus. Weyl’s quantization
associates to a ∈ S(R2n) is the operator aw defined by

awu(x) = (2π)−n
∫

R2n
ei〈x−z,ζ〉a

(
x + z

2
, ζ

)
u(z)dzdζ.

The composition formula is aw ◦ bw = (a#b)w.

Defintion 1 Let g measurable map from R2n to the set of positive defined quadratic form on R2n.
The metric g is an Hörmander’s metric iff:

gX(X − Y ) ≤ 1
C0

⇒ C−1
0 gX ≤ gY ≤ C0gX

gX ≤ gσ
X with gσ

X(T ) = sup
W 6=0

[T, W ]
gX(W )

;

∃N0, ∀(X,Y ) ∈ R2n ×R2n,such that

(
gX

gY

)±
≤ C0(1 + gσ

Y (X − Y ))N0 .
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Let us denote by UX the gX -ball of center X and of radius r < C−1
0 , i.e.

UX = {Y ∈ R2n / gX(Y −X) < r}.
We define the function 4(·, ·).

4(X,Y ) = 1 + max{gσ
X(UX − UY ), gσ

Y (UX − UY )},
gσ
X(UX − UY ) = inf

(X′,Y ′)∈UX×UY

gσ
X(X ′ − Y ′).

One of the key properties of function 4(·, ·), is the following lemma.

Lemma 1 ∃N1 such that

sup
X∈R2n

∫

Y ∈R2n
4(X,Y )−N1 |gY |

1
2 dY < ∞, (1)

where |gY | denotes the determinant of the quadratic form gY in any symplectic basis of R2n.

If a and b are smooth and compactly supported functions on R2n, there is no reason why a#b
should be so. The acquired notion is the following.

Defintion 2 Let γ be a strictly positive defined quadratic form on R2n such that γσ ≥ γ and Y ∈
R2n. Let us define on S(R2n) the following semi-norms

‖a‖k,Conf(γ,Y ) = sup
X∈R2n,j≤k,γ(Tj)≤1

(1 + γσ(X −Bγ(Y, r)))
k
2 |∂T1 · · · ∂Tja(X)|.

Let g be an Hömander’s metric and (aY )Y ∈R2n ⊂ S(R2n). This family is uniformly confined
iff, ∀k,

‖(aY )‖k,Conf(g) = sup
Y ∈R2n

‖aY ‖k,Conf(gY ,Y ) < ∞.

The key estimate is the following “biconfinement estimations”: If a, b ∈ S(R2n). Then ∀(k, N),
∃`, C such that, ∀(Y,Z) ∈ R2n ×R2n, we have

‖a#b‖k,Conf(gY ,Y ) + ‖a#b‖k,Conf(gZ ,Z)

≤ C4(Y, Z)−N‖a‖`,Conf(gY ,Y )‖b‖`,Conf(gZ ,Z). (2)

We suppose the metric g is strongly temperate, then there exists two uniformly confined
families (ϕY ) and (ψY ) so that, for any X ∈ R2n,

∫

Y ∈R2n
ϕY (X)|gY |

1
2 dY =

∫

Y ∈R2n
(ψY #ϕY )(X)|gY |

1
2 dY = 1. (3)

Let us define the concepts of g-weight and of symbols associated to some g-weight.

Defintion 3 Let g be an Hörmander’s metric, a measurable function m defined on R2n with value
in R?

+ is a g-weight iff

∃C̃,∃Ñ /

(
m(X)
m(Y )

)±1

≤ C̃4(X, Y )Ñ .

Let m be a g-weight. S(m, g) denote the set of all smooth functions a so that, for any integer k,

‖a‖k;S(m,g) = sup
j≤k,X∈R2n,gX(Tj)≤1

|∂T1 · · · ∂Tja(X)|
m(X)

< ∞

where ∂T a denotes the map 〈da, T 〉.
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We introduce now a ”Littlewood-Paley” definition of Sobolev spaces.

Defintion 4 Let g an Hörmander’s metric and m a g-weight. The space H(m, g) is the set of
tempered distributions u so that

‖u‖H(m,g) =
(∫

m(Y )2‖ϕw
Y u‖2

L2 |gY |
1
2 dY

) 1
2

< ∞.

Remark:

• H(m, g) = {u ∈ S ′(Rn);∀a ∈ S(m, g), awu ∈ L2}.
• H(1, g) = L2.

• the space H(m, g) is ”almost independent” of the metric g.

• ∃M ∈ S(m, g) such that u ∈ H(m, g) ⇔Mwu ∈ L2 and

C−1‖u‖H(m,g) ≤ ‖Mwu‖L2 ≤ C‖u‖H(m,g).

In all that follows, we denote H(m, g) by H(m).

3 A simple proof in the case of integer index

We prove now the continuity of trace operators for integer index. After an extension of vector
fields system by a elliptic system, we suppose that P = (Pj)1≤j≤n is well defined on Rd with
constants coefficients outset of a compact set, satisfying the Hörmander condition of rank 2. After
a change of variables and projection parallel a transverse vector fields, we suppose

P1 = ∂x1 and Pj =
n∑

`=2

a`
j(x1, x

′)∂x`
for j = 2, · · · , n,

and Σ = {(x1, x
′) ∈ Rd; x1 = 0}.

We define a metric on T ?Rd by

g̃(x,ξ)(dx2, dξ2) = 〈ξ′〉dx2 +
dξ2

〈ξ′〉 ,

where (x, ξ) = (x1, x
′, ξ1, ξ

′) ∈ T ?Rd. Then the restriction of this metric to T ?Σ is the metric

g(x′,ξ′)(dx′2, dξ′2) = 〈ξ′〉dx′2 +
dξ′2

〈ξ′〉 .

For a ∈ S(T ?Σ), aw
Σ is the Weyl’s quantification of a on L2(Σ), define by

aw
Σu(x) =

∫

T ?Σ
ei〈ξ,x−y〉a

(
x + y

2
, ξ

)
u(y)dydξ.

We have the following Lemma from [Cancelier-Chemin-Xu].

Lemma 2 The function defined by

M(x, ξ) =
(
〈ξ1〉+ m(x1, x

′, ξ′)2
) 1

2
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is a g̃ weight on T ?Rn, where

m(x1, x
′, ξ′)2 =

n∑

j=2

Pj(x1, x
′, ξ′)2 + 〈ξ′〉.

In particulier for all x1 ∈ R, the function m(x1, ·) is a g-weights on T ?Rd−1.
Moreover for all integer k, there exists a constente C such that

∫

R
‖u(t, ·)‖2

H(mk(t,·))dt +
∫

R
‖∂x1u(t, ·)‖2

H(mk−1(t,·))dt ≤ C‖u‖2
Hk(Rd,P ).

We have
Hk(Rd, P ) = H(Mk)

with equivalent norms. We have the following theorem

Theorem 3 There exists C > 0 such that for all u ∈ H(Mk), we have

sup
t∈R

‖u(t, ·)‖
H(mk− 1

2 (t,·)) ≤ C‖u‖H(Mk).

Proof: We suppose u ∈ C∞
0 (Rd), consider for Y = (y′, η′) ∈ T ?Rd−1, {θY } an unitary partition,

I(u)Y (t) = m2k−1(t, Y )‖θw
Y u(t, ·)‖2

L2(Rd−1)

then we have

I(u)Y (t) = (2k − 1)
∫ t

−∞
∂tm(t′, Y )m(t′, Y )2k−2‖θw

Y u(t′, ·)‖2
L2(Rd−1)dt′

+ 2
∫ t

−∞
m(t′, Y )2k−1(θw

Y ∂tu(t′, ·)|θw
Y ∂tu(t′, ·))2L2(Rd−1)dt′.

Then lemma 2 and Cauchy-Schwarz inequality implies that

I(u)Y (t) ≤ C

∫ t

−∞
m(t′, Y )2k‖θw

Y u(t′, ·)‖2
L2(Rn−1)dt′

+ 2
(∫ t

−∞
m(t′, Y )2k−2‖θw

Y ∂tu(t′, ·)|2L2(Rn−1)dt′
) 1

2

×
(∫ t

−∞
m(t′, Y )2k‖θw

Y u(t′, ·)|2L2(Rn−1)dt′
) 1

2

.

which deduce
sup
t∈R

m2k−1(t, Y )‖θY u(t, ·)‖2
L2(Rn−1) ∈ L1(dY ).

Moreover for Y ∈ T ?Rd−1, the application

t → m2k−1(t, Y )θw
Y u(t, ·)

is continuous. The Lebesgue dominate convergence theorem conclus the proof for continuous of
trace operators.
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4 Trace theorem in characteristic case

For (x, y, s) ∈ Hd, we set ρ(x, y, s) =
(
(|x|2 + |y|2)2 + s2

) 1
4 . We suppose that u ∈ H1(Hd, PHd

)
with Supp u ⊂ {ρ(x, y, s) ≤ 1}, and consider a function ϕ ∈ D({1/2 < |t| < 2}) satisfying

∀0 < |t| ≤ 1 ,
∞∑

p=0

ϕ(2pt) = 1.

We define the family (ϕp)p∈N and (up)p∈N by

ϕp(x, y, s) = ϕ(2pρ) and up(x, y, s) = (ϕpu)(2−px, 2−py, 2−2ps).

We have P (ϕpu) = uPϕp + ϕpPu, and Pϕp = ϕ′(2pρ)2pPρ, since |Pρ| ≤ C, we have

‖P (ϕpu)‖2
L2 ≤ C22p‖ϕ′pu‖2

L2 + 2‖ϕpPu‖2
L2 .

on the Supp ϕ′pu, we have 22p ∼ ρ−2,

22p‖ϕ′pu‖2
L2 ≤ C

∫ |ϕ′pu|2
ρ2

dxdyds.

The support of functions ϕ′pu et ϕ′p′u is disjoint if |p− p′| is big enough, we get

∞∑

p=0

‖P (ϕpu)‖2
L2 ≤ C

∫ |u|2
ρ2

dxdyds + ‖u‖2
Ḣ1(Hd,PHd

)
.

We need now the following Hardy inequality on Hd.

Lemma 3 There are a constente C > 0 such that for all u de H1(Hd, PHd
), we have

∫ |u|2
ρ2

dxdyds ≤ C‖u‖2
Ḣ1(Hd,PHd

)
.

The proof of this lemma is standard.
Now for all u ∈ H1(Hd, PHn), we have

∞∑

p=0

‖P (ϕpu)‖2
L2 ≤ C‖u‖2

Ḣ1(Hn,PHn)
.

We applies now the dilation of parameter 2p on Hd. Since

P (up)(x, y, s) = 2−p(P (ϕpu))(2−px, 2−py, 2−2ps).

We have
‖Pup‖2

L2(R2d+1) = 22pd‖P (ϕpu)‖2
L2(R2d+1).

Now Supp up ⊂ {1/2 ≤ ρ(x, y, s) ≤ 1} is independent of p, and Σ0 ∩Suppup is not characteristic
for the system PHd

. So we can apply the theorem 1 to each term up, which give that γΣ0
(up) ∈

H(m̃1/2) where m̃(x, y, ξ, η) is the weight defined as in lemma 2 by using the projection of PHd
to

Σ0∩{1/2 ≤ |(x, y)| ≤ 1} parallel a vector fields transverse. Then for (x, y) ∈ R2d, 1/2 < |(x, y)| <
1, m̃(x, y, ξ, η) is equivalent to

m(x, y, ξ, η) =

(
1 + |(x, y)|2|(ξ, η)|2 +

∑

R∈R
R4(x, y, ξ, η)

)1/4

.
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Since for R ∈ R,

R(up)(x, y, s) = (R(ϕpu))(2−px, 2−py, 2−2ps),
|(x, y)|24x,y(up)(x, y, s) = |(2−px, 2−py)|(4(ϕpu))(2−px, 2−py, 2−2ps).

ms(x, y, Dx, Dy) is also a pseudo-differential operator of degree 0 by dilatation. That means for
all s ∈ R

‖γΣ0
(up)‖2

H(ms) = 22pd‖γΣ0
(ϕpu)‖2

H(ms).

We have then proved
∞∑

p=0

‖γΣ0
(ϕpu)‖2

H(m1/2) ≤ C‖u‖2
Ḣ1(Hd,PHd

)
.

Use again the 0 degree property of operator m1/2(x, y,Dx, Dy), we get

‖γ(u)‖2
H(m1/2) ≤ C‖u‖2

H1(Hd,PHd
).

By interpolation theory, we have

[T 4(Σ0), L2(Σ0)]1/(8) = H(m1/2).

We have proved the continuity of trace operators

We prove now the surjectivity of trace operators γΣ0
, let v ∈ H(m1/2), suppose also Supp

v ⊂ {(x, y) ∈ R2d, |(x, y)| ≤ 1} and set

ϕ̃p(x, y) = ϕ(2p|(x, y)|), vp(x, y) = (ϕ̃pv)(2−px, 2−py),

since Suppvp ⊂ {1/2 ≤ |(x, y)| ≤ 1}, and on {1/2 ≤ |(x, y)| ≤ 1}, m1/2 is equivalent to m̃1/2, so
we can use the relievement part of Theorem 1 in the non characteristic case, which implies that
there exists up ∈ H1(Hd, PHd

) such that γ(up) = vp,

‖up‖H1(Hd,PHd
) ≤ C‖vp‖H(m1/2),

and Supp up∩ Supp up′ = ∅, if |p− p′| is big enough. Then almost orthogonality implies that

u =
∞∑

p=0

up ∈ H1(Hd, PHd
),

and same argument as before to get

‖u‖2
H1(Hd,PHd

) ≤ C
∞∑

p=0

‖up‖2
H1(Hd,PHd

)

≤ C
∞∑

p=0

‖vp‖2
H(m1/2) ≤ C‖v‖2

H(m1/2).

Which prove the theorem 2.
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5 Trace theorem in Weyl-Hörmander calculus

In this section, we prove the trace theorem in the non characteristic case for all index s > 1/2.

Theorem 4 Let m̃(x1, x
′, ξ′) a g 1

2
, 1
2
-weight on T ?Rd satisfying 〈ξ′〉 1

2 ≤ m̃(x, ξ′) ≤ 〈ξ′〉. Then M

define by
M(x, ξ)2 = ξ2

1 + m̃(x, ξ′)2

is also a g 1
2
, 1
2
-weight and the trace operator γ is a continuous and surjectif application from H(M s)

to H(ms− 1
2 ) for all s > 1/2, where m(x′, ξ′) = m̃(0, x′, ξ′).

We have firstly the function M is a g̃-weight and m is a g-weight.

The proof of Continuity of trace operators for no integer case is more complicate then integer
case, we miss out this proof here, and attack directly to more interesting part: surjectivity of trace
operators.

The idea of proof is to interpret the following classic formulai into Weyl-Hörmander’s calculus:
let v ∈ Hs− 1

2 (Rd−1), set

u(x1, x
′) = (2π)−(n−1)CsF−1

(
(1 + |ξ′|2)s− 1

2

(1 + |ξ|2)s
v̂(ξ′)

)
,

then ‖u‖Hs ≤ C‖v‖
Hs− 1

2
and γ(u) = v.

Take a function χ ∈ D(R) with χ(t) = 1 near to 0, we set for v ∈ S(Σ),

(Rχv)(x1, x
′) =

∫

T ?Σ
µY (x1)(φY #T ?ΣθY )w

Σv(x′)dY, (4)

with
µY (x1) = C−1

s m(Y )2s−1χ(x1〈η〉
1
2 )

∫

R
eix1ξ1M−2s(0, y, ξ1, η)dξ1.

Since M2(0, y, ξ1, η) = ξ2
1 + m2(y, η), and χ(0) = 1, then µ(0) = 1, so that γ ◦Rχ =Id. We have

to prove that Rχ is a continuous linear application from H(ms− 1
2 ) to H(M s). The key lemma is

the following.

Lemma 4 For all integer N , there exists C such that for all function f ∈ L2(Σ), we have

‖ψw
Ỹ

(µY (·)φw
Σ

Y f)‖L2(Rd) ≤ C4(Y, π(Ỹ ))−N m2s−1(Y )
M s(Ỹ )

× 〈η〉− 1
4 (1 + 〈η〉ỹ2

1)
−1JY (η̃1)‖f‖L2(Σ)

where JY is a function of real variable such that

∫

R
J 2

Y (τ)dτ ≤ C
〈η|〉

m2s−1(Y )
.

From this lemma, we can get immediately the continuity of Rχ, in fact, take f = θw
Y v, we have

‖ψw
Ỹ

Rχv‖L2(Rd) ≤ CM−s(Ỹ )
∫

T ?Σ
〈η〉− 1

4 (1 + 〈η〉ỹ2
1)
−1JY (η̃1)

×‖θw
Σ

Y v‖L2(Σ)4(Y, π(Ỹ ))−Nm2s−1(Y )dY.
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Apply Cauchy-Schwarz inequality with measure 4(Y, π(Ỹ ))−Nm2s−1(Y )dY ,

‖ψw
Ỹ

Rχv‖2
L2(Rd) ≤ CM−2s(Ỹ )

∫

T ?Σ
‖θw

Σ
Y v‖2

L2(Σ)4(Y, π(Ỹ ))−Nm2s−1(Y )dY

×
∫

T ?Σ
〈η〉− 1

2 (1 + 〈η〉ỹ2
1)
−2J 2

Y (η̃1)4(Y, π(Ỹ ))−Nm2s−1(Y )dY.

By the definition of norm in H(M s),

‖Rχv‖2
H(Ms) ≤

∫

Z∈T ?Σ
F1(Z)F2(Z)dZ with

F1(Z) =
∫

T ?Σ
‖θw

Σ
Y v‖2

L2(Σ)4(Y, Z)−Nm2s−1(Y )dY,

F2(Z) =
∫

T ?Σ
〈η|〉− 1

2

∫

R2
(1 + 〈η〉t2)−2J 2

Y (τ)4(Y,Z)−Nm2s−1(Y )dtdτdY.

Since ∫

R2
(1 + 〈η〉t2)−2J 2

Y (τ)dtdτ ≤ C〈η〉 1
2

m2s−1(Y )
·

The lemma 1 give

‖Rχv‖2
H(Ms) ≤ C

∫

T ?Σ×T ?Σ
m2s−1(Y )‖θw

Σ
Y v‖2

L2(Σ)4(Y, Z)−NdY dZ

≤
∫

T ?Σ
m2s−1(Y )‖θw

Σ
Y v‖2

L2(Σ)dY

≤ ‖v‖2
H(ms−1/2).

We have proved that the lemma 4 implies the theorem 1.

We prove now lemma 4, the essential idea is to use the confined properiety of unitaire partition
and integration by part for a vecor of g-longth ≤ 1. Set

F
Ỹ ,Y

= ψw
Ỹ

(µY ( · )φw
Σ

Y f) = m2s−1(Y )F̃
Ỹ ,Y

,

with

F̃
Ỹ ,Y

(x1, x
′) =

∫

R3
eix1τ−it(τ−τ ′) χ(t〈η〉 1

2 )
M2s(0, y, τ ′, η)

×
(

ψ
Ỹ

(
x1 + t

2
, ·, τ, ·

)
#T ?ΣφY

)w
Σ

f(x′)dtdτdτ ′.

By integrate by part for 〈η̃′〉∂τ , which is a vector of g̃
Ỹ

-length ≤ 1, then for all N ,

F̃
Ỹ ,Y

(x1, x
′) =

∫

R3
eix1τ−it(τ−τ ′) χ(t〈η〉 1

2 )
M2s(0, y, τ ′, η)

(1 + 〈η̃′〉(x1 − t)2)−N

×
(

ψ
(N)

Ỹ

(
x1 + t

2
, ·, τ, ·

)
#T ?ΣφY

)w
Σ

f(x′)dtdτdτ ′.

where ψ
(N)

Ỹ
= (1− 〈η̃′〉∂2

τ )Nψ
Ỹ

.
The vector

T
Ỹ ,Y

=
(

1
〈η̃′〉+ 〈η〉

) 1
2

∂t
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is also a vector of g̃
Ỹ

-length ≤ 1. And

|T j

Ỹ ,Y
(〈η̃′〉(x1 − t)2)| ≤ C(1 + 〈η̃′〉(x1 − t)2)

1
2

|T j

Ỹ ,Y
(χ(〈η〉 1

2 t))| ≤ ‖χ(j)‖L∞ .

We get that

F̃
Ỹ ,Y

(x1, x
′) =

∫

R3
eix1τ−it(τ−τ ′) χ̃(t〈η〉1/2)

M2s(0, y, τ ′, η)
(1 + 〈η̃′〉(x1 − t)2)−N

×
(

1 +
(τ − τ ′)2

〈η̃′〉+ 〈η〉

)−N

(A(N)

Ỹ ,Y
f)(x1, x

′)dtdτdτ ′

with

(A(N)

Ỹ ,Y
f)(x1, x

′) =
∑

j+k≤2N

A(N)
j (t, τ, τ ′, Ỹ , Y )

(
ψN,k

Ỹ ,Y

(
x1 + t

2
, ·, τ, ·

)
#T ?ΣφY

)w
Σ

f(x′)

where A(N)
j is the bounded functions,

ψN,k

Ỹ ,Y
= T k

Ỹ ,Y
(Id− 〈η̃′〉∂2

τ )Nψ
Ỹ

,

and χ̃ ∈ D(R), χ̃(t) = 1 for t ∈ Supp χ. Since M is a g̃-weight; there exists C and Ns such that

M−s(0, y, τ ′, η) ≤ CM−s(Ỹ )
(

1 +
1
〈η〉 |τ

′ − η̃1|2
)Ns

× (1 + 〈η〉ỹ2
1)

Ns4(Y, π(Ỹ ))Ns .

Using now this estimations, χ̃ with compact support compact, and the biconfinement estimation
(2); we have that for N big enough, there exists C such that

‖F̃
Ỹ ,Y

(x1, ·)‖L2(Rd−1) ≤ C4(Y, π(Ỹ ))−NM−s(Ỹ )‖f‖L2(Rd−1)

×(1 + 〈η〉x2
1)
−1(1 + 〈η〉ỹ2

1)
−1

∫

R3
IY (t, τ, τ ′)M−s(0, y, τ ′, η)dtdτdτ ′

with

IY (t, τ, τ ′) = (1 + 〈η〉t2)−1
(

1 +
1
〈η〉(τ − τ ′)2

)−1 (
1 +

1
〈η〉(τ − η̃1)2

)−1

.

Using now the Cauchy-Schwarz inequality with measure IY (t, τ, τ ′)dtdτdτ ′, we get
∫

R3
IY (t, τ, τ ′)M−s(0, y, τ ′, η)dtdτdτ ′ ≤ J

1
2

Y (η̃1)

with

JY (η̃1) =

(∫

R2

(
1 +

1
〈η〉(τ − τ ′)2

)−1 (
1 +

1
〈η〉(τ − η̃1)2

)−1

×M−2s(0, y, τ ′, η)dτdτ ′
) 1

2

.
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We have finally

‖F̃
Ỹ ,Y

(x1, ·)‖L2(Rn−1) ≤ C4(Y, π(Ỹ ))−N ′+N1M−s(Ỹ )‖f‖L2(Rd−1)

× (1 + 〈η〉|x1|2)−1(1 + 〈η〉|ỹ1|2)−1JY (η̃1).

And ∫

R
JY (τ)2dτ ≤ C

〈η〉
m2s−1(Y )

,

by integration in x1, we have proved the lemma.
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