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Introduction

The motivation for studying problems of Sobolev embeddings in Weyl-
Hormander calculus was the proof of Sobolev embeddings for Sobolev spaces
associated to subelliptic systems of order two, see [4]. In this text, we focuse
on LP embeddings for abstract Sobolev spaces in the context of the Weyl-
Hormander calculus. The structure of this text will be the following;:

in the first section, we briefly present Weyl-Hormander calculus; then, we
state the abstract Sobolev embedding;

in the second section, we introduce smoothing operators with respect to
an Hormander’s metric g and a g-weight m,

in the third and last section, we prove the abstract embedding theorem.

1 Weyl-Hormander calculus

In this section, we follow [5] and [3]. Weyl’s quantization associates to a €
S(R"™) the operator a™ defined by

a”u(r) def (2m)~" /R% er=20q (x ; z,() u(z)dzdC.

Let us denote by [X, Y] the standard symplectic form

[X’ Y} = [(3375)’ (3/777)] = (y,€> - <1:777>‘

We have the following composition formula a® o b* = (a#b)"¥ with

(a#b)(X) = =2 /R o € (Y )b(V2) Y
X

Let us define the concept of Hérmander’s metric.

*Geometrical optics and related topics, Ed. F. Colombini, N. Lerner, 1997, Brikhauser,
p79-93.
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Definition 1.1 Let g measurable map from R?*™ to the set of positive defined
quadratic form on R*". The metric g is an Hormander’s metric if and only
if the following three conditions are satisfied.

1 _
gx(X —-Y) < 60 = C 19X < gy < Cogx (1)
. def [Ta W}
<g% with ¢%(T) = sup ; 2
9x > 0x 9% (T) Wt gx (W) (2)

An integer Ny exists so that for any (X,Y) of R*™ x R*,
Co'(1+ g9 (X =Y)) Mgy <gy <Co(1+¢9(X =Y)Mgx.  (3)

Considering an Hormander’s metric g, let us fix a strictly positive real
number r strictly smaller than Cj ! where the constant Cj is this of asser-
tions (1). In all that follows, let us denote by Ux the gx-ball of center X and

of radius r, i.e.

Ux ¥y e R / gy (Y - X) <1},

Let us define the following function A.

AXY) 14 max{gQ(Ux — Uy), g9 (Ux — Uy)} with  (4)

% (Ux — = inf (X =Y.
9% (Ux = Uy) (X’,Y’)lgUXnygX( )

In all that follows, we drop the fact that this function depends on r. As proved
in [3], we may substitute conditions (1) and (3) by

1
HA(X,Y)_NOQX < gy < CoA(X,Y)Nogx. (5)
0
One of the key properties of function A\, obviously symmetric, is the following
lemma proved in [3].

Lemma 1.2 An integer Ny exists so that

sup [ AKY) Mgy Y < o, (6)
XeR2n JYER2?

where |gy | denotes the determinant of the quadratic form gy in any symplectic

basis of R*™.

An Hormander metric describe a localization procedure in the phase
spaces. Let us notice that if a and b are smooth and compactly supported
functions on R?", there is no reason why a#b should be so. The acquired
notion is the following.
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Definition 1.3 Let v be a strictly positive defined quadratic form on R*™
such that v7 >~y and Y a point of R*™. Let us define on S(R*") the following
semi-norms

def o k
lallk.confry) = sup (1++7(X = By(Y,7)))2|0r, - Or;a(X)|.
XceR-"
j<ka(Ty<1

Let g be an Hémander’s metric and (ay)ycgzn @ family of functions
of S(R®). This family is uniformely confined if and only if, for any inte-
ger k,

def
||(aY)||k,Conf(g) =

sup ||ay [[x,conf(gy,v) < 00

YeRQn

The key estimate, proved in [3] is the following.

Theorem 1.4 Let g be an Hormander’s metric and a and b two functions
of S(R?™). For any couple of integers (k,N), an integer £ and a constant C
exist such that, for any couple (Y, Z) of R*™ x R*, we have

a0k, conf(gy,v) T la#bllk,cont(gz,2)
< OAY, Z) Malle.contiay ) 1blle.confgzr.2)-

In all that follows, we shall assume, for sake of simplicity, that the metric g
is strongly temperate (see [2] for a precise definition). The hypothesis implies
in particular the following theorem.

Theorem 1.5 Two uniformely confined families (vy) and (Yy) ezists so
that, for any X € R?",

/ , w(X)\gy!%dY:/ , (Vy oy ) (X)|gy|2dY = 1. (7)
YeR " YeR2"

As proved in [2], the above theorem 1.5 is always true with series of integrals
instead of an integral. All the results that follows are true in this case. In the
proofs, just substitute integral on R?" by series of integrals on R?".

Convention In all that follows, we denote by (¢y) and (1y) any two uni-
formely confined families satisfying (7).

Let us define the concepts of g-weight and of symbols associated to some g-
weight.

Definition 1.6 Let g be an Hormander’s metric, a measurable function m
defined on R®"™ with value in R’ is a g-weight if and only if

=, (MmN _ S 7
3G ) (m(Y)> < EAX, YN, (8)
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Definition 1.7 Let m be a g-weight. Let us denote by S(m,g) the set of all
smooth functions a so that, for any integer k,

fallisng & sup 2 OnaOl
5(mg) j<k,XER2" m(X)
gx (T;)<1

where Ora denotes the map (da,T).

As we have good localization procedure in the phase space, we introduce,
following R. Beals’s paper [1] (see also [6] and [2]), a ”Littlewood-Paley” def-
inition of Sobolev spaces.

Definition 1.8 Let g an Hoérmander’s metric and m a g-weight. The
space H(m, g) is the set of tempered distributions u so that

1
def 1 2
fullgimay < ([ Pletulialovizar ) < o.

As it is proved for instance in [2], the space H(m,g) is the set of tempered
distributions u on R™ such that for any a € S(m,g), a%u € L% In [2], it
is also proved that the space H(1,g) is L?. Moreover the space H(m,g) is
”almost independant” of the metric g. And it is also proved that, for any g-
weight m, a symbol M belonging to S(m,g) and a constant C' exists such
that u € H(m, g) & MYu € L? and

O ullt(m.g) < M ullz2 < Cllull m,g)-
From theorem 18.6.6 of [5], we deduce immediately the following theorem.

Theorem 1.9 Let m and mo be two g-weights so that

m(X)

X—o0 mQ(X)

= +OO’

then the space H(my,g) is compactly included in H(ma,g).

We are interested in Sobolev embeddings. So it is natural to do the fol-
lowing hypothesis on the metric g.

Definition 1.10 Let g an Hormander’s metric, it is a splitted one if and only
if we have, for any X of R*",

gx (dz,d€)* = g1 x (da®) + g, x (dE?).
Let us notice that if g is splitted, then the metric g° defined by (2) satisfies
95% (dw, d6)* = g5 x(dz®) + gy x(d€?).
Uncertainty principle g < g% implies that
g1.x < gyk and obviously gxx < grk. (9)

Convention In all that follows, we denote by ¢ a splitted Hérmander’s metric
strongly temperate and denote H(m, g) by H(m).
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In Weyl-Hormander calculus, lemmas of Cotlar type are very important,
see for instance [5] and [3]. We prove here a Cotlar type lemma, which take
into account the localization in xz-space.

Lemma 1.11 (localized Cotlar) Let (0y)ycg2n be a uniformely confined
family and (uy )y cren a family of functions of L?(R™) such that

1
[l Belgy 2y < +oc. (10)

Then, for any N, a constant C and an integer k exist such that

2
< 0y)||?
LS CIO) li.conf(o)

(1 +95y (- — UY)>_N uy

1
H/R2” Hiuqu‘gdeY

X /
YeR?"

This lemma is proved in [4]. We give here only a sketch of the proof.

2 1
‘ gy [2dY. (11)
L2

1 1
I= (Oyuy|07uz) 2 19y |2]gz|2dY dZ.
R2n XRQn

Defining Oy, z def 07#0y, we have

1 1 .
I :/ Iy7zlgy|2|gz|2deZ with IY,Z = (®$,ZUY|UZ) .
R2n><R2n L

Let us define the constant coefficients differential operator Ly 7z by

0?
I — — ~1 )
v.zf(§) = f(§) 1;@]‘;”(92,1/ +92.2); 0&;0¢; 1)

This operator Ly,z is a finite sum of derivations of g2y + g2 z-length smaller
than 1. Using integrations by part with respect to Ly z and theorem 1.4,
we get

_Nin
bt = coman [ (1o (741) o))

_N+n

< (U b= ) F @] (1405 ((T557) - v2)) T a2)
x (14 (g5 5 (x — )77  |ug(«)|dadtdr.

The metric g is splitted and satisfies (2), so standard computations on
quadratic form implies that we have, for any Y = (y,71) of R*",

N4+n

(14 gsb(—1)~ 3" (1 s <(w2+tT> - Uy>)2

<O+ gy bt —Uy) 2 (L +gap(e—6) 5 (1+ goy(r—1m)~

n
2
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Using the inequality (12) and Schwarz inequality, we get

Iy.z] < CA(Y, Z)—Nl/(l gyt (e — D) E (L + gy (r — )Ry (1)

x (14 g5 5(x — 1)) "2 (1 + go,z(7 =€)~ 2Uz(x)dwdtdr.

where Uy is defined by Uy (1) def (1+ gi}l/(t - Uy))_%|uy(t)|. Schwarz in-
equality implies that

1 1
vzl < CAY,Z)™MJ2J2 with
def — —-n —-n
Ko [t g - )0t gy (- )

x (14 ggy(t — Uy)Nuy (t)[*dadtdr.

/

1 1
With the change of variables 2’ = gy J(z —t), 7" = g5y (7 —n) and ¢’ = 1,
whose jacobian is 1, we find that

Jy < CIl(1+go5-(- = Uy ) Nuy 7.
So, we have proved that |Iy z| is smaller than
CAY, Z) ™M1+ g5 3 (- = Uy ) Nuy |l r2l(1 + g5 5 (- — Uz)) Nuzll g2
By Schwarz inequality with measure A(Y, Z)~™M ]gy]%\gz\%deZ, we get

1 1
12 < [0+ gy = Un) Ny 35,2 gy [Hlgz by dz.

Condition (6) on A implies the lemma.

Now, let us state the main results of the paper. First of all, let us recall
theorem 4.7 of [2].

Theorem 1.12 Let m a g-weight , let us denote by Qo the set of all x of R™

so that
def

2(0) & [ m2(w.)ds < o, (13)
Rn
Then, for any x of Qeo, the linear form on S(R™) defined by

{S(R”) -~ C

can be extended in a continuous linear form on H(m) and we have

Yu € H(m,g), V2 € Qoo , |u(z)] < Clloo(z)|ull g(m)- (14)
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Sobolev embeddings in LP where then obtained by interpolation, so it was
impossible to catch critical cases. The aim of the paper is to prove the two
following theorems. The first one is already proved in [4].

Theorem 1.13 Let m be a g-weight greater than 1 and Ay a real number
strictly greater than 1. Let us denote by €2, the set of all x so that

H?)(x) dof sup HIQJ(A,:E) with
A>Agp
m2(A,z) 9 A‘ﬁ/ m(z, €)~2dE < oo
P ) ) *
{¢/ m(z.£)<A}

If the Lebesgue measure of Q, is strictly positive, the map from S(R") to L7

loc

defined by u — Hi can be extended in a linear continuopus map from H(m)
P
to LP(Qyp, dpuy), where du, denote the measure H%(l’)d.%.

Theorem 1.14 Consider m a g-weight as in theorem 1.18 above. Assume
moreover that

. 1L,(A x) ) _ .
lim —2""2 = 0, uniformely in = and that lim m(x,§) = +oo,
A—o0 Hp(fl,‘) (z,8)—00 ( )

then H(m) is compactly embedded in LP(Q, dpy).

Let us notice that when m(z,&) = (1 + |¢]?)%, we recover usual Sobolev
embeddings. For corollaries involving subelliptic systems, see [4].

2 Smoothing operators in Weyl-Hormander calcu-
lus

Before introducing the concept of smoothing operators, let us present a proof
of usual Sobolev embeddings which is

2d
d—2s

9l <0 ([ |§Pﬂf<s>\2df)5 with p=

That will justify the definition of smoothing operators given in a while. This
proof is based on classical real interpolation ideas. Let us write

1fIIs = p/ooo ML > N)dA.

We use the following decomposition in a low and high frequency part. We

write f = fia + foa with fi 4 = F 1 (1p.a)f) and fou = F ' (Lpeo.a)f)-
It is obvious that

|Loe < || frallz: < A28 fl g (15)

1.4 ~d—2s
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From the above inequality (15), we have

D
o, def (A(d—25) )" ( /\> _

As (|f] > X)) € (2] fra]l > A) U (2| f2,4] > A), we infer that

171 <p [ N o] > VA

Using Bienaymé-Tchebichev inequality, we get

7150 <40 [ N7 fo (16)

Using Fourier-Plancherel theorem, we have from inequality (16) that

71 < apem)® [ Vg ) gm0 (LI Pdgar
Ry xR
But by definition de Ay, we have

def 4C|f’Hs

= Ao A< Ce = 7.

Using Fubini’s theorem , we have

p(2m) (40 NPT L A=) 22
91 <4820 (25 ) Ut [ 16" R pas

2 \d-—2s
d(p — 2
As 25 = (])7)’ the usual Sobolev embedding is proved.
p

The problem here is to substitute m(z, ) to |£| in the proof written above.
We are going to define a smoothing operator. Let us choose a cut-off func-

tion y def 1jp,1)- For any g-weight m, any strictly positive real number A and
any Y = (y,1) in R?", we define

def (m(:v, 77)> .

Xym,A(z) = X 1

Let us define the operator S, 4 by

def

1
St ™ [ 6 Ocrmagu)lor|bay. (17)

This operator is the analogous of the frequency cut-off usued in the preceeding
proof. It is a smoothing operator in the spaces H(m%m1) in the following
sense.

Theorem 2.1 Let m and my two g-weights and o > 0. A constant C exists
such that, for any real number A > 1, we have

HvaAHE(H(mﬂ,H(mvml)) < C A°.

This theorem is proved in [4].
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The following L*°-estimate, which is the equivalent of inequalty (15) will
be very important for us. An analogous statement is proved in [4].

Theorem 2.2 Let m be a g-weight and (0,0) a couple of real numbers so
that 6 is positive. Let us denote by €5, the set of all x of R™ such that, for
some strictly positive real number Ay, we have

M%(z) = sup II?(A,2) < 400 with (18)
A>Ap
1%(A, x) def -2 m(z,n) " 2dn.

m(z,n)<A

Then a constant C exists so that, for any A > Ay and for any x of s, the
linear form defined on S(R™) by

{S(R”) -~ C

u = Sy au(z)
can be extended to a continuous linear form on H(m) so that

Y € H(m) Yo € Qg |S,4()(@)] < CAuly sup TI(B.x). (19)

The proof of this theorem relies on the following pointwise estimate, proved
in [4] and implicitely contained in the proof of lemma 4.8 of [2].

Lemma 2.3 For any couple of integers (N, N'), a constant C and an integer
k exist so that for any function 8 € S(R*) and for any splitted quadratic
form

v(da?, de?) =y (da?) + o(de?)  with ~ <~7,
for any Y € R?*™ and for any = € R"™, we have,

(1475 (2 = Ury)) V0" u(z)|
< COll6llx,con gty 2l 2L+ 25 ) ful) (@),

Let us go back to the proof of theorem 2.2. From lemma 2.3, for any
couple of integers (N, N'), a integer k and a constant C' exist such that

(S, au(x)| < C (g @—U) Ngay| 2
(Y,2)ER?" x R™

’

X (14 gz 3 (@ = 2)) ™V 'm(Y ) xyma(2)m(Y) 7 (gu) (2)] gy [2dY dz.

As the weight m is temperate, applying (8), we infer the existence of an
integer Ny so that

m(Y)™! < Cm(z,n)" (1 + 92_}1/(2 —Upy))™.
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As we know that

9oy (z = Ury) < 205y (x — 2) + 2951 (z — Ury),

we deduce from this that

Smau(e)? <O [0+ g3 @ =)™ N1+ g i —2)"

xm(zm) " gay | Fm(Y) () (2)llgv [2dYdz  with
Tn(A) ¥ {(v,2) e RZ" xR / m(z,n) < A}.
Schwarz inequality for the measure | gy]%dez implies that
Smoau(z)? < C’HUH%I(m)I(x) with
f@) [ e g )
X (1+ gy (x — 2) 2272V |gy v |2 |gay| "2dY dz.
The metric g is temperate, so, stating X = (x,n), we have

Non

1 _1 1 _1 _
l91¥12192.v172 < lg1.x[2lg2.x |72 (1 + g5y (z — Uy)) and

(1 +g2_’11/(x — 2))2N22N < (g +g£}((x — z))2Ne—2N

< (14 gy — Uy )MoV o),
Using uncertainty principle and the fact that g is temperate, we have
1+ gy (x—Uy) ™" <C(1+g1x(x—y) (1 + gy (& — Uy)) o™,
Then we claim that the quantity
(14 goy (x — Uy))* 2N (1 + g5y (x — )22V gy |3 gay |
is smaller than

_ _ _oN' 1 _1
Cl+g1x(x—y) "1+ g5 x (& — )7V |g1 x|2 g2, x| 2
x (14 gilY(x _ UY))QNO(N'—NQ)+n(No+1)+2(N2—N).

N0+1

So choosing N = (1 — Ng)No + N' +n [ }, we find that

@) <C [ mlem) 1+ gklo - 222
Im(A) ’

_ 1 _1
X(1+g1.x(®—y)) "lg1,x|?|g2,x| " 2dYdz.
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As m is a g-weight, we have, by definition of Z,,(A), that

M) < [ w0 g k(e — )
1 1 .
X1+ g, x(x—y) "lg1,x|2]|92,x|"2dYdz with

Tn(A) © {(y,n,2) € R xR" [ m(z,m) < CA(L+ g5k (z — 2))}.

1 _
With the change of variables ' = 7, y' = ¢ y(v — y) and 2’ = g, (v — 2),

whose jacobian is ]91,X|%|g2,x\_%, we get
@) <O [ i) 20+ PPNy )y d
Km(A)

with K (A) = {(/,1,2') ) m(z,n') < CA(1 + |#/|>)No}. As it is obvious
that A < CA(1 + |2'|?)No, we have, by definition of functions I1(4, ),

/ m(z,n)"2dy < C sup TE2(B, 2) AP (1 + |2[2)2N00.
{n/ m(z,n)<A(1+|z|2)No} B>A

So we get

I(z) < CA® sup (B, x) / (14 [2%)) N2 #2N00 2N (1 -y |?) " dydz.

Choosing for instance N’ = [N2d] 4+ 2Na +n + 1, we conclude the proof of the
theorem.

3 Proof of the embedding theorems in L

We begin the proof exactly as in the classical case by writing

_ u
p/ AP 1up<£’>A>dA
A<Xo P
_ Sm.aul A
g, (Bl A gy
+ p/)\z)\o MP( Hp > 2)

_ lu— Spm.aul A
+ / APl ——t > — | dA
P A>Xo iy I, 2

If C is the constant given by inequality (19) of theorem 2.2, let us define

p
U

I,

IN

L (Qp,dpp)

A\ (p—2)/2 2 p—2)
Ay=|—2 and Ao = 4C|ul| gy A2
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2
and A = A, gives
p—2

0, 2

Theorem 2.2 applied with § =

So we get

p
u

1L,

LP(Qp»dﬂp)

We infer that

p

Hi <A / Atp (';I" > /\> d\
Pl Le (9, duy) ASAo P
g 2
+p/ g\P—3 || Pm At d\.
AZAo Hp LQ(Qp:dﬂp)

Let us notice that, for any function v of L?(R",dx), we have

2

v _ 9 )
1. = HUHL?(Qp,dx)’
P L2(Qp,dpp)

so we have

|ul

M 7%p A L, M (H > A) AN < N ull G20, a0y < (ACYP2AGIlulFy
SA0 P

and then

p
u

p—2 42 p
i < (4CY2 Al

LP (Qp,dpp)

p—3 o 2
+p/)\>)\0 AN lu = S, ay ull Lo (e ) AN

Now let us estimate ||u— S, a,u|3.. We apply the localized Cotlar lemma 1.11
with 0y = ¢y and uy (z) = (1 — xy,m,4,)()pyu(z); so we get

fu= Smayullts <€ [(1+ g3 @ = Uiy) ™ (1 = xvmn, (@)

1
< [ @u(o)lgy [BdY da.
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So we infer that
p [ N = Suaulfdd <€ [(+ gt e = Vi)
A>\o ’
1
X (1= Xvm,a,) (@) [ u(z) PAP~2 gy [2dY dad).
By definition of xym, 4, and Ay, we have
A < 40l gy, ) P72 = Az, ).

So we get

Ly [ S ulfedy
A> Ao

< ]%2 /(1 + 92_,31/(37 —Ury)) M \(z,n)P~2dY dx
4 p—2 -1 _N_ 9 w 9
< CNHUHH(m) /(1 + g27Y(a: — Upy)) Ym?(z,n)|pPu(z)|?dY d.

As m is a g-weight, we have m?(x,n) < Cm?(y,n)(1 + 92—}1/(3; — Upy))™; so
we get

p/kzxo NP3 |u — Sy 4y ul|72d < Cllally -

This proves theorem 1.13.
Now let us prove the theorem 1.14. The main step consists in the proof
of the following interpolation lemma.

Lemma 3.1 Let us assume the hypotheses of theorem 1.14. For any strictly
positive real number €, a constant C. exists so that such that, for any u
in H(m), we have

| =

< Cellull 20y :dz) + €llwll 2 (m)-

|

p LP(Qp;dup)

Let us start from inequality (20) and assume that ¢ < 1. A strictly positive
real number A, exists so that

Vo € Q,, sup II,(B,z) < ell,(x).
B>A.

Consider the constant C' of inequality (19) of theorem 2.2 and let us define

2

)\ (p—?)/Q 2
Ae= 17— d Aoe =4 AL
e <4C|uuﬂ<m>e> and - Ao = 4Ce]ul srm) A2

The theorem 2.2 implies that [|Sy, a, [l < A/2. So, we have

p
u

) —
< NPl iy P [ N0 S ulFad
4 A>\

LP(Qpsdpp) =70
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Applying the localized Cotlar lemma 1.11, and using the fact that, by defini-
tion of Xy,m, 4, we have

p
U —2
L < A0 PlullZa (e apy)

Hp LP(Qp3dpp)

1
G ], oy LT 923 = U1y) N efu(@)P X gy [2dY dad)
SAe (TN

2
with A\o(z, ) def AC¢||ul| r(mym(x,n)»=2. Along the sames lines as in the proof
of theorem 1.13 and using the definition of Ao we proof that

p
u

1L,

—9 _
< CpAgHUHI;[(m)HUH%%K,dup) + Cpe” 2”“”%(,71)'
Lp(Qp3dpp)

This implies the lemma. Using theorem 1.9, the theorem comes from the
above lemma 3.1 with standard functionnal analysis arguments.
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