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Jean-Yves CHEMIN and Chao-Jiang XU ∗

Introduction

The motivation for studying problems of Sobolev embeddings in Weyl-
Hörmander calculus was the proof of Sobolev embeddings for Sobolev spaces
associated to subelliptic systems of order two, see [4]. In this text, we focuse
on Lp embeddings for abstract Sobolev spaces in the context of the Weyl-
Hörmander calculus. The structure of this text will be the following:

in the first section, we briefly present Weyl-Hörmander calculus; then, we
state the abstract Sobolev embedding;

in the second section, we introduce smoothing operators with respect to
an Hörmander’s metric g and a g-weight m,

in the third and last section, we prove the abstract embedding theorem.

1 Weyl-Hörmander calculus

In this section, we follow [5] and [3]. Weyl’s quantization associates to a ∈
S(Rn) the operator aw defined by

awu(x) def= (2π)−n
∫

R2n
ei〈x−z,ζ〉a

(
x + z

2
, ζ

)
u(z)dzdζ.

Let us denote by [X,Y ] the standard symplectic form

[X, Y ] = [(x, ξ), (y, η)] = 〈y, ξ〉 − 〈x, η〉.

We have the following composition formula aw ◦ bw = (a#b)w with

(a#b)(X) = π−2n
∫

R2n×R2n
e−2i[X−Y1,X−Y2]a(Y1)b(Y2)dY1dY2.

Let us define the concept of Hörmander’s metric.

∗Geometrical optics and related topics, Ed. F. Colombini, N. Lerner, 1997, Brikhauser,
p79–93.
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Definition 1.1 Let g measurable map from R2n to the set of positive defined
quadratic form on R2n. The metric g is an Hörmander’s metric if and only
if the following three conditions are satisfied.

gX(X − Y ) ≤ 1
C0

⇒ C−1
0 gX ≤ gY ≤ C0gX (1)

gX ≤ gσ
X with gσ

X(T ) def= sup
W 6=0

[T, W ]
gX(W )

; (2)

An integer N0 exists so that for any (X, Y ) of R2n×R2n,

C−1
0 (1 + gσ

Y (X − Y ))−N0gX ≤ gY ≤ C0(1 + gσ
Y (X − Y ))N0gX . (3)

Considering an Hörmander’s metric g, let us fix a strictly positive real
number r strictly smaller than C−1

0 , where the constant C0 is this of asser-
tions (1). In all that follows, let us denote by UX the gX -ball of center X and
of radius r, i.e.

UX
def= {Y ∈ R2n / gX(Y −X) < r}.

Let us define the following function 4.

4(X, Y ) def= 1 + max{gσ
X(UX − UY ), gσ

Y (UX − UY )} with (4)
gσ
X(UX − UY ) = inf

(X′,Y ′)∈UX×UY

gσ
X(X ′ − Y ′).

In all that follows, we drop the fact that this function depends on r. As proved
in [3], we may substitute conditions (1) and (3) by

1
C0
4(X, Y )−N0gX ≤ gY ≤ C04(X, Y )N0gX . (5)

One of the key properties of function 4, obviously symmetric, is the following
lemma proved in [3].

Lemma 1.2 An integer N1 exists so that

sup
X∈R2n

∫

Y ∈R2n
4(X,Y )−N1 |gY |

1
2 dY < ∞, (6)

where |gY | denotes the determinant of the quadratic form gY in any symplectic
basis of R2n.

An Hörmander metric describe a localization procedure in the phase
spaces. Let us notice that if a and b are smooth and compactly supported
functions on R2n, there is no reason why a#b should be so. The acquired
notion is the following.
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Definition 1.3 Let γ be a strictly positive defined quadratic form on R2n

such that γσ ≥ γ and Y a point of R2n. Let us define on S(R2n) the following
semi-norms

‖a‖k,Conf(γ,Y )
def= sup

X∈R2n

j≤k,γ(Tj)≤1

(1 + γσ(X −Bγ(Y, r)))
k
2 |∂T1 · · · ∂Tja(X)|.

Let g be an Hömander’s metric and (aY )Y ∈R2n a family of functions
of S(R2n). This family is uniformely confined if and only if, for any inte-
ger k,

‖(aY )‖k,Conf(g)
def= sup

Y ∈R2n

‖aY ‖k,Conf(gY ,Y ) < ∞.

The key estimate, proved in [3] is the following.

Theorem 1.4 Let g be an Hörmander’s metric and a and b two functions
of S(R2n). For any couple of integers (k,N), an integer ` and a constant C
exist such that, for any couple (Y, Z) of R2n×R2n, we have

‖a#b‖k,Conf(gY ,Y ) + ‖a#b‖k,Conf(gZ ,Z)

≤ C4(Y, Z)−N‖a‖`,Conf(gY ,Y )‖b‖`,Conf(gZ ,Z).

In all that follows, we shall assume, for sake of simplicity, that the metric g
is strongly temperate (see [2] for a precise definition). The hypothesis implies
in particular the following theorem.

Theorem 1.5 Two uniformely confined families (ϕY ) and (ψY ) exists so
that, for any X ∈ R2n,

∫

Y ∈R2n
ϕY (X)|gY |

1
2 dY =

∫

Y ∈R2n
(ψY #ϕY )(X)|gY |

1
2 dY = 1. (7)

As proved in [2], the above theorem 1.5 is always true with series of integrals
instead of an integral. All the results that follows are true in this case. In the
proofs, just substitute integral on R2n by series of integrals on R2n.

Convention In all that follows, we denote by (ϕY ) and (ψY ) any two uni-
formely confined families satisfying (7).

Let us define the concepts of g-weight and of symbols associated to some g-
weight.

Definition 1.6 Let g be an Hörmander’s metric, a measurable function m
defined on R2n with value in R?

+ is a g-weight if and only if

∃C̃ /

(
m(X)
m(Y )

)±1

≤ C̃4(X,Y )Ñ . (8)
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Definition 1.7 Let m be a g-weight. Let us denote by S(m, g) the set of all
smooth functions a so that, for any integer k,

‖a‖k;S(m,g)
def= sup

j≤k,X∈R2n

gX(Tj)≤1

|∂T1 · · · ∂Tja(X)|
m(X)

< ∞

where ∂T a denotes the map 〈da, T 〉.
As we have good localization procedure in the phase space, we introduce,

following R. Beals’s paper [1] (see also [6] and [2]), a ”Littlewood-Paley” def-
inition of Sobolev spaces.

Definition 1.8 Let g an Hörmander’s metric and m a g-weight. The
space H(m, g) is the set of tempered distributions u so that

‖u‖H(m,g)
def=

(∫
m(Y )2‖ϕw

Y u‖2
L2 |gY |

1
2 dY

) 1
2

< ∞.

As it is proved for instance in [2], the space H(m, g) is the set of tempered
distributions u on Rn such that for any a ∈ S(m, g), awu ∈ L2. In [2], it
is also proved that the space H(1, g) is L2. Moreover the space H(m, g) is
”almost independant” of the metric g. And it is also proved that, for any g-
weight m, a symbol M belonging to S(m, g) and a constant C exists such
that u ∈ H(m, g) ⇔Mwu ∈ L2 and

C−1‖u‖H(m,g) ≤ ‖Mwu‖L2 ≤ C‖u‖H(m,g).

From theorem 18.6.6 of [5], we deduce immediately the following theorem.

Theorem 1.9 Let m and m2 be two g-weights so that

lim
X→∞

m1(X)
m2(X)

= +∞,

then the space H(m1, g) is compactly included in H(m2, g).

We are interested in Sobolev embeddings. So it is natural to do the fol-
lowing hypothesis on the metric g.

Definition 1.10 Let g an Hörmander’s metric, it is a splitted one if and only
if we have, for any X of R2n,

gX(dx, dξ)2 = g1,X(dx2) + g2,X(dξ2).

Let us notice that if g is splitted, then the metric gσ defined by (2) satisfies

gσ
X(dx, dξ)2 = g−1

2,X(dx2) + g−1
1,X(dξ2).

Uncertainty principle g ≤ gσ implies that

g1,X ≤ g−1
2,X and obviously g2,X ≤ g−1

1,X . (9)

Convention In all that follows, we denote by g a splitted Hörmander’s metric
strongly temperate and denote H(m, g) by H(m).
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In Weyl-Hörmander calculus, lemmas of Cotlar type are very important,
see for instance [5] and [3]. We prove here a Cotlar type lemma, which take
into account the localization in x-space.

Lemma 1.11 (localized Cotlar) Let (θY )Y ∈R2n be a uniformely confined
family and (uY )Y ∈R2n a family of functions of L2(Rn) such that

∫
‖uY ‖2

L2 |gY |
1
2 dY < +∞. (10)

Then, for any N , a constant C and an integer k exist such that
∥∥∥∥
∫

R2n
θw
Y uY |gY |

1
2 dY

∥∥∥∥
2

L2
≤ C‖(θY )‖2

k,Conf(g)

×
∫

Y ∈R2n

∥∥∥∥
(
1 + g−1

2,Y (· − UY )
)−N

uY

∥∥∥∥
2

L2
|gY |

1
2 dY. (11)

This lemma is proved in [4]. We give here only a sketch of the proof.

I =
∫

R2n×R2n
(θw

Y uY |θw
ZuZ)L2 |gY |

1
2 |gZ |

1
2 dY dZ.

Defining ΘY,Z
def= θZ#θY , we have

I =
∫

R2n×R2n
IY,Z |gY |

1
2 |gZ |

1
2 dY dZ with IY,Z =

(
Θw

Y,ZuY |uZ

)
L2

.

Let us define the constant coefficients differential operator LY,Z by

LY,Zf(ξ) = f(ξ)−
∑

1≤i,j≤n

(g2,Y + g2,Z)−1
i,j

∂2

∂ξi∂ξj
f(ξ).

This operator LY,Z is a finite sum of derivations of g2,Y + g2,Z-length smaller
than 1. Using integrations by part with respect to LY,Z and theorem 1.4,
we get

|IY,Z | ≤ C4(Y, Z)−N1

∫ (
1 + gσ

Y

((
x + t

2
, τ

)
− UY

))−N+n
2

× (1 + (g−1
2,Y (x− t))−

N+n
2 |uY (t)|

(
1 + gσ

Z

((
x + t

2
, τ

)
− UZ

))−N+n
2

(12)

× (1 + (g−1
2,Z(x− t))−

N+n
2 |uZ(x)|dxdtdτ.

The metric g is splitted and satisfies (2), so standard computations on
quadratic form implies that we have, for any Y = (y, η) of R2n,

(1 + g−1
2,Y (x− t))−

N+n
2

(
1 + gσ

Y

((
x + t

2
, τ

)
− UY

))−N+n
2

≤ C(1 + g−1
2,Y (t− UY ))−

N
2 (1 + g−1

2,Y (x− t))−
n
2 (1 + g2,Y (τ − η))−

n
2
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Using the inequality (12) and Schwarz inequality, we get

|IY,Z | ≤ C4(Y,Z)−N1

∫
(1 + g−1

2,Y (x− t))−
n
2 (1 + g2,Y (τ − η))−

n
2 UY (t)

× (1 + g−1
2,Z(x− t))−

n
2 (1 + g2,Z(τ − ζ))−

n
2 UZ(x)dxdtdτ.

where UY is defined by UY (t) def= (1 + g−1
2,Y (t − UY ))−

N
2 |uY (t)|. Schwarz in-

equality implies that

|IY,Z | ≤ C4(Y, Z)−N1J
1
2
Y J

1
2
Z with

JY
def=

∫
(1 + g−1

2,Y (x− t))−n(1 + g2,Y (τ − η))−n

× (1 + g−1
2,Y (t− UY ))−N |uY (t)|2dxdtdτ.

With the change of variables x′ = g
− 1

2
2,Y (x − t), τ ′ = g

1
2
2,Y (τ − η) and t′ = t,

whose jacobian is 1, we find that

JY ≤ C‖(1 + g−1
2,Y (· − UY ))−NuY ‖2

L2 .

So, we have proved that |IY,Z | is smaller than

C4(Y,Z)−N1‖(1 + g−1
2,Y (· − UY ))−NuY ‖L2‖(1 + g−1

2,Z(· − UZ))−NuZ‖L2 .

By Schwarz inequality with measure 4(Y, Z)−N1 |gY | 12 |gZ | 12 dY dZ, we get

I2 ≤
∫
‖(1 + g−1

2,Y (· − UY ))−NuY ‖2
L24(Y,Z)−N1 |gY |

1
2 |gZ |

1
2 dY dZ.

Condition (6) on 4 implies the lemma.

Now, let us state the main results of the paper. First of all, let us recall
theorem 4.7 of [2].

Theorem 1.12 Let m a g-weight , let us denote by Ω∞ the set of all x of Rn

so that
Π2
∞(x) def=

∫

Rn
m−2(x, ξ)dξ < ∞. (13)

Then, for any x of Ω∞, the linear form on S(Rn) defined by
{
S(Rn) → C

u 7→ u(x)

can be extended in a continuous linear form on H(m) and we have

∀u ∈ H(m, g) , ∀x ∈ Ω∞ , |u(x)| ≤ C Π∞(x)‖u‖H(m). (14)
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Sobolev embeddings in Lp where then obtained by interpolation, so it was
impossible to catch critical cases. The aim of the paper is to prove the two
following theorems. The first one is already proved in [4].

Theorem 1.13 Let m be a g-weight greater than 1 and A0 a real number
strictly greater than 1. Let us denote by Ωp the set of all x so that

Π2
p(x) def= sup

A≥A0

Π2
p(A, x) with

Π2
p(A, x) def= A

− 4
p−2

∫

{ξ / m(x,ξ)≤A}
m(x, ξ)−2dξ < ∞.

If the Lebesgue measure of Ωp is strictly positive, the map from S(Rn) to L∞loc

defined by u 7→ u

Πp
can be extended in a linear continuopus map from H(m)

to Lp(Ωp, dµp), where dµp denote the measure Π2
p(x)dx.

Theorem 1.14 Consider m a g-weight as in theorem 1.13 above. Assume
moreover that

lim
A→∞

Πp(A, x)
Πp(x)

= 0 , uniformely in x and that lim
(x,ξ)→∞

m(x, ξ) = +∞,

then H(m) is compactly embedded in Lp(Ωp, dµp).

Let us notice that when m(x, ξ) = (1 + |ξ|2)s, we recover usual Sobolev
embeddings. For corollaries involving subelliptic systems, see [4].

2 Smoothing operators in Weyl-Hörmander calcu-
lus

Before introducing the concept of smoothing operators, let us present a proof
of usual Sobolev embeddings which is

‖f‖Lp ≤ C

(∫

Rn
|ξ|2s|f̂(ξ)|2dξ

) 1
2

with p =
2d

d− 2s
·

That will justify the definition of smoothing operators given in a while. This
proof is based on classical real interpolation ideas. Let us write

‖f‖p
Lp = p

∫ ∞

0
λp−1µ(|f | > λ)dλ.

We use the following decomposition in a low and high frequency part. We
write f = f1,A + f2,A with f1,A = F−1(1B(0,A)f̂) and f2,A = F−1(1Bc(0,A)f̂).
It is obvious that

‖f1,A‖L∞ ≤ ‖f̂1,A‖L1 ≤ C

d− 2s
A

d
2
−s|f |Ḣs . (15)
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From the above inequality (15), we have

A = Aλ
def=

(
λ(d− 2s)
4C|f |Ḣs

) p
d

⇒ µ

(
|f1,A| > λ

2

)
= 0.

As (|f | > λ) ⊂ (2|f1,A| > λ) ∪ (2|f2,A| > λ), we infer that

‖f‖p
Lp ≤ p

∫ ∞

0
λp−1µ(2|f2,Aλ

| > λ)dλ.

Using Bienaymé-Tchebichev inequality, we get

‖f‖p
Lp ≤ 4p

∫ ∞

0
λp−3‖f2,Aλ

‖2
L2dλ. (16)

Using Fourier-Plancherel theorem, we have from inequality (16) that

‖f‖p
Lp ≤ 4p(2π)d

∫

R+×Rd
λp−31{(λ,ξ) / |ξ|≥Aλ}(λ, ξ)|f̂(ξ)|2dξdλ.

But by definition de Aλ, we have

|ξ| ≥ Aλ ⇔ λ ≤ Cξ
def=

4C|f |Ḣs

d− 2s
|ξ| dp .

Using Fubini’s theorem , we have

‖f‖p
Lp ≤ 4

p(2π)d

p− 2

(
4C

d− 2s

)p−2

|f |p−2

Ḣs

∫

Rd
|ξ|

d(p−2)
p |f̂(ξ)|2dξ.

As 2s =
d(p− 2)

p
, the usual Sobolev embedding is proved.

The problem here is to substitute m(x, ξ) to |ξ| in the proof written above.
We are going to define a smoothing operator. Let us choose a cut-off func-
tion χ

def= 1[0,1]. For any g-weight m, any strictly positive real number A and
any Y = (y, η) in R2n, we define

χY,m,A(x) def= χ

(
m(x, η)

A

)
·

Let us define the operator Sm,A by

Sm,Au
def=

∫

R2n
ψw

Y (χY,m,Aϕw
Y u)|gY |

1
2 dY. (17)

This operator is the analogous of the frequency cut-off usued in the preceeding
proof. It is a smoothing operator in the spaces H(mσm1) in the following
sense.

Theorem 2.1 Let m and m1 two g-weights and σ > 0. A constant C exists
such that, for any real number A > 1, we have

‖Sm,A‖L(H(m1),H(mσm1)) ≤ CAσ.

This theorem is proved in [4].
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The following L∞-estimate, which is the equivalent of inequalty (15) will
be very important for us. An analogous statement is proved in [4].

Theorem 2.2 Let m be a g-weight and (δ, σ) a couple of real numbers so
that δ is positive. Let us denote by Ωδ,σ the set of all x of Rn such that, for
some strictly positive real number A0, we have

Π2(x) def= sup
A>A0

Π2(A, x) < +∞ with (18)

Π2(A, x) def= A−2δ
∫

m(x,η)≤A
m(x, η)−2dη.

Then a constant C exists so that, for any A ≥ A0 and for any x of Ωδ,σ, the
linear form defined on S(Rn) by

{
S(Rn) → C

u 7→ Sm,Au(x)

can be extended to a continuous linear form on H(m) so that

∀u ∈ H(m) , ∀x ∈ Ωδ,σ , |Sm,A(u)(x)| ≤ CAδ‖u‖H(m) sup
B≥A

Π(B, x). (19)

The proof of this theorem relies on the following pointwise estimate, proved
in [4] and implicitely contained in the proof of lemma 4.8 of [2].

Lemma 2.3 For any couple of integers (N, N ′), a constant C and an integer
k exist so that for any function θ ∈ S(R2n) and for any splitted quadratic
form

γ(dx2, dξ2) = γ1(dx2) + γ2(dξ2) with γ ≤ γσ,

for any Y ∈ R2n and for any x ∈ Rn, we have,

|(1 + γ−1
2 (x− U1,Y ))Nθwu(x)|

≤ C‖θ‖k,Conf(γ,Y )|γ2|−1/2((1 + γ−1
2 (·))−N ′ ∗ |u|)(x).

Let us go back to the proof of theorem 2.2. From lemma 2.3, for any
couple of integers (N, N ′), a integer k and a constant C exist such that

|Sm,Au(x)| ≤ C

∫

(Y,z)∈R2n×Rn
(1 + g−1

2,Y (x− UY ))−N |g2,Y |−
1
2

× (1 + g−1
2,Y (x− z))−N ′

m(Y )χY,m,A(z)m(Y )−1|(ϕw
Y u)(z)||gY |

1
2 dY dz.

As the weight m is temperate, applying (8), we infer the existence of an
integer N2 so that

m(Y )−1 ≤ Cm(z, η)−1(1 + g−1
2,Y (z − U1,Y ))N2 .
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As we know that

g−1
2,Y (z − U1,Y ) ≤ 2g−1

2,Y (x− z) + 2g−1
2,Y (x− U1,Y ),

we deduce from this that

Sm,Au(x)2 ≤ C

∫

Im(A)
(1 + g−1

2,Y (x− UY ))N2−N (1 + g−1
2,Y (x− z))N2−N ′

×m(z, η)−1|g2,Y |−
1
2 m(Y )|(ϕw

Y u)(z)||gY |
1
2 dY dz with

Im(A) def= {(Y, z) ∈ R2n×Rn / m(z, η) ≤ A}.
Schwarz inequality for the measure |gY | 12 dY dz implies that

Sm,Au(x)2 ≤ C‖u‖2
H(m)I(x) with

I(x) def=
∫

Im(A)
m(z, η)−2(1 + g−1

2,Y (x− UY ))2N2−2N

× (1 + g−1
2,Y (x− z))2N2−2N ′ |g1,Y |

1
2 |g2,Y |−

1
2 dY dz.

The metric g is temperate, so, stating X = (x, η), we have

|g1,Y |
1
2 |g2,Y |−

1
2 ≤ |g1,X |

1
2 |g2,X |−

1
2 (1 + g−1

2,Y (x− UY ))N0n and

(1 + g−1
2,Y (x− z))2N2−2N ′ ≤ (1 + g−1

2,X(x− z))2N2−2N ′

× (1 + g−1
2,Y (x− UY ))2N0(N ′−N2).

Using uncertainty principle and the fact that g is temperate, we have

(1 + g−1
2,Y (x− UY ))−n ≤ C(1 + g1,X(x− y))−n(1 + g−1

2,Y (x− UY ))N0n.

Then we claim that the quantity

(1 + g−1
2,Y (x− UY ))2N2−2N (1 + g−1

2,Y (x− z))2N2−2N ′ |g1,Y |
1
2 |g2,Y |−

1
2

is smaller than

C(1 + g1,X(x− y))−n(1 + g−1
2,X(x− z))2N2−2N ′ |g1,X |

1
2 |g2,X |−

1
2

× (1 + g−1
2,Y (x− UY ))2N0(N ′−N2)+n(N0+1)+2(N2−N).

So choosing N = (1−N0)N2 + N ′ + n

[
N0 + 1

2

]
, we find that

I(x) ≤ C

∫

Im(A)
m(z, η)−2(1 + g−1

2,X(x− z))2N2−2N ′

×(1 + g1,X(x− y))−n|g1,X |
1
2 |g2,X |−

1
2 dY dz.
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As m is a g-weight, we have, by definition of Im(A), that

I(x) ≤
∫

Jm(A)
m(x, η)−2(1 + g−1

2,X(x− z))4N2−2N ′

× (1 + g1,X(x− y))−n|g1,X |
1
2 |g2,X |−

1
2 dY dz with

Jm(A) def= {(y, η, z) ∈ R2n×Rn / m(x, η) ≤ CA(1 + g−1
2,X(x− z))N0}.

With the change of variables η′ = η, y′ = g
1
2
1,X(x − y) and z′ = g

− 1
2

2,X(x − z),

whose jacobian is |g1,X | 12 |g2,X |− 1
2 , we get

I(x) ≤ C

∫

Km(A)
m(x, η′)−2(1 + |z′|2))2N2−2N ′

(1 + |y′|2)−ndy′dη′dz′

with Km(A) = {(y′, η′, z′) / m(x, η′) ≤ CA(1 + |z′|2)N0}. As it is obvious
that A ≤ CA(1 + |z′|2)N0 , we have, by definition of functions Π(A, ·),

∫

{η / m(x,η)≤A(1+|z|2)N0}
m(x, η)−2dη ≤ C sup

B≥A
Π2(B, x)A2δ(1 + |z|2)2N0δ.

So we get

I(x) ≤ CA2δ sup
B≥A

Π2(B, x)
∫

(1 + |z|2))4N2+2N0δ−2N ′
(1 + |y|2)−ndydz.

Choosing for instance N ′ = [N2δ] + 2N2 + n + 1, we conclude the proof of the
theorem.

3 Proof of the embedding theorems in Lp

We begin the proof exactly as in the classical case by writing
∥∥∥∥∥

u

Πp

∥∥∥∥∥
p

Lp(Ωp,dµp)

≤ p

∫

λ≤λ0

λp−1µp

(
|u|
Πp

> λ

)
dλ

+ p

∫

λ≥λ0

λp−1µp

(
|Sm,Au|

Πp
>

λ

2

)
dλ

+ p

∫

λ≥λ0

λp−1µp

(
|u− Sm,Au|

Πp
>

λ

2

)
dλ.

If C is the constant given by inequality (19) of theorem 2.2, let us define

Aλ =

(
λ

4C‖u‖H(m)

)(p−2)/2

and λ0 = 4C‖u‖H(m)A
2/(p−2)
0 ,
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Theorem 2.2 applied with δ =
2

p− 2
and A = Aλ gives

(
|Sm,Au|

Πp
>

λ

2

)
= ∅.

So we get
∥∥∥∥∥

u

Πp

∥∥∥∥∥
p

Lp(Ωp,dµp)

≤ p

∫

λ≤λ0

λp−1µp

(
|u|
Πp

> λ

)
dλ

+ p

∫

λ≥λ0

λp−1µp

(
|u− Sm,Aλ

u|
Πp

>
λ

2

)
dλ.

We infer that
∥∥∥∥∥

u

Πp

∥∥∥∥∥
p

Lp(Ωp,dµp)

≤ λp−2
0 p

∫

λ≤λ0

λµp

(
|u|
Πp

> λ

)
dλ

+ p

∫

λ≥λ0

4λp−3

∥∥∥∥∥
u− Sm,Aλ

u

Πp

∥∥∥∥∥
2

L2(Ωp,dµp)

dλ.

Let us notice that, for any function v of L2(Rn, dx), we have

∥∥∥∥∥
v

Πp

∥∥∥∥∥
2

L2(Ωp,dµp)

= ‖v‖2
L2(Ωp,dx);

so we have

λp−2
0 p

∫

λ≤λ0

λµp

(
|u|
Πp

> λ

)
dλ ≤ λp−2

0 ‖u‖2
L2(Ωp,dx) ≤ (4C)p−2A2

0‖u‖p
H(m)

and then
∥∥∥∥∥

u

Πp

∥∥∥∥∥
p

Lp(Ωp,dµp)

≤ (4C)p−2A2
0‖u‖p

H(m)

+ p

∫

λ≥λ0

4λp−3‖u− Sm,Aλ
u‖2

L2(Rn,dx)dλ.

Now let us estimate ‖u−Sm,Aλ
u‖2

L2 . We apply the localized Cotlar lemma 1.11
with θY = ψY and uY (x) = (1− χY,m,Aλ

)(x)ϕw
Y u(x); so we get

‖u− Sm,Aλ
u‖2

L2 ≤ C

∫
(1 + g−1

2,Y (x− U1,Y ))−N (1− χY,m,Aλ
(x))2

× |ϕw
Y u(x)|2|gY |

1
2 dY dx.
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So we infer that

p

∫

λ≥λ0

λp−3‖u− Sm,Aλ
u‖2

L2dλ ≤ C

∫
(1 + g−1

2,Y (x− U1,Y ))−N

× (1− χY,m,Aλ
)(x))2|ϕw

Y u(x)|2λp−3|gY |
1
2 dY dxdλ.

By definition of χY,m,Aλ
and Aλ, we have

λ ≤ 4C‖u‖H(m)m(x, η)2/(p−2) = λ(x, η).

So we get

Ip
def= p

∫

λ≥λ0

λp−3‖u− Sm,Aλ
u‖2

L2dλ

≤ p

p− 2

∫
(1 + g−1

2,Y (x− U1,Y ))−N0λ(x, η)p−2dY dx

≤ Cp
N‖u‖p−2

H(m)

∫
(1 + g−1

2,Y (x− U1,Y ))−Nm2(x, η)|ϕw
Y u(x)|2dY dx.

As m is a g-weight, we have m2(x, η) ≤ Cm2(y, η)(1 + g−1
2,Y (x − U1,Y ))N0 ; so

we get

p

∫

λ≥λ0

λp−3‖u− Sm,Aλ
u‖2

L2dλ ≤ C‖u‖p
H(m).

This proves theorem 1.13.
Now let us prove the theorem 1.14. The main step consists in the proof

of the following interpolation lemma.

Lemma 3.1 Let us assume the hypotheses of theorem 1.14. For any strictly
positive real number ε, a constant Cε exists so that such that, for any u
in H(m), we have

∥∥∥∥∥
u

Πp

∥∥∥∥∥
Lp(Ωp;dµp)

≤ Cε‖u‖L2(Ωp;dx) + ε‖u‖H(m).

Let us start from inequality (20) and assume that ε < 1. A strictly positive
real number Aε exists so that

∀x ∈ Ωp , sup
B≥Aε

Πp(B, x) ≤ εΠp(x).

Consider the constant C of inequality (19) of theorem 2.2 and let us define

Aλ,ε =

(
λ

4C‖u‖H(m)ε

)(p−2)/2

and λ0,ε = 4Cε‖u‖H(m)A
2

p−2
ε .

The theorem 2.2 implies that ‖Sm,Aλ,ε
‖L∞ ≤ λ/2. So, we have

∥∥∥∥∥
u

Πp

∥∥∥∥∥
p

Lp(Ωp;dµp)

≤ λp−2
0,ε p‖u‖2

L2(Ωp,dµp) + p

∫

λ≥λ0

λp−3‖u− Sm,Aλ,ε
u‖2

L2dλ.
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Applying the localized Cotlar lemma 1.11, and using the fact that, by defini-
tion of χY,m,A, we have

∥∥∥∥∥
u

Πp

∥∥∥∥∥
p

Lp(Ωp;dµp)

≤ λp−2
0,ε p‖u‖2

L2(K,dµp)

+ Cp,N

∫

λ≤λε(x,η)
(1 + g−1

2,Y (x− U1,Y ))−N |ϕw
Y u(x)|2λp−3|gY |

1
2 dY dxdλ

with λε(x, ξ) def= 4Cε‖u‖H(m)m(x, η)
2

p−2 . Along the sames lines as in the proof
of theorem 1.13 and using the definition of λ0,ε we proof that

∥∥∥∥∥
u

Πp

∥∥∥∥∥
p

Lp(Ωp;dµp)

≤ CpA
2
ε‖u‖p−2

H(m)‖u‖2
L2(K,dµp) + Cpε

p−2‖u‖p
H(m).

This implies the lemma. Using theorem 1.9, the theorem comes from the
above lemma 3.1 with standard functionnal analysis arguments.
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References

[1] R. Beals, Weighted distribution spaces and pseudodifferential operators,
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1994, pages 77–118.

[3] J.-M. Bony and N. Lerner, Quantification asymptotique et microlocalisa-
tion d’ordre supérieur, Annales de l’École Normale Supérieure, 22, 1989,
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[5] L. Hörmander, The analysis of linear partial differential equations, tome
3, Springer Verlag, 1985.

[6] N. Lerner, Sur les espaces de Sobolev généraux associés aux classes
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