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1. Introduction

This work deals with interior regularity for solutions of quasilinear systems of
the form

(1.1)
m∑

i ,j =1

X∗
j

(
aij (x, u(x))Xi uα(x)

)
= f α(x, u(x),Xu(x)) , 1≤ α ≤ N ,

where X = (X1, . . . ,Xm) is a set ofC∞ vector fields satisfying Ḧormander’s
condition in a neighborhood of the closure of an open setΩ in Rn, n ≥ 2, and
the matrix (aij (x, y)) is symmetric and positive definite. The right hand side in
(1.1) will be assumed to be at most of quadratic growth inXu, which means that

(1.2) ||f (x, y, p)|| ≤ a |p|2 + b for (x, y, p) in Ω × RN × RmN .

We shall consider weak solutions of (1.1)i.e. solutions belonging to the space
M 1(Ω) =

{
u ∈ L2(Ω,RN ) : Xi u ∈ L2(Ω,RN ), i = 1, . . . ,m

}
. A particular case

of our main result will be the following

Theorem 1.1. Assume that the data aij and fα are C∞ functions o f their argu-
ments and that fα satisfies (1.2). Then every weak solution u∈ M 1(Ω) of (1.1)
which is continuous inΩ is C∞ in Ω.

Non linear equations and systems involving vector fields have received much
attention during the recent years. For equations coming from variational problems
Xu [X1] has proved the existence of a Hölder continuous weak solution. More
recently systems which are particular case of (1.1) appear in connection with
existence of subelliptic harmonic maps in a recent work by Jost and Xu [JX] and

? The work of first author is partially supported by NSF of China.
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again the existence of a Hölder continuous weak solution is proved. For equations,
G. Lu, [L] has recently announced the Hölder continuity of weak solutions. Our
Theorem 1.1 applies to all these cases and provides higher regularity of weak
solutions.

Our work has been, of course, greatly influenced by the elliptic case (i.e.
m = n, Xi = ∂

∂xi
), where fairly complete results have been obtained through

the works of Campanato [C], Giaquinta-Giusti [G] etc... There are two main
difficulties in our case: the lack of commutation and the lack of homogeneity of
the vector fields. The first one does not allow us to differentiate the equation.
Instead, after lifting the vector fields as in Rothschild-Stein [RS], we prove a
lemma which allows us to handle the first derivative as the solution itself. The
same lemma allows us to prove precise Sobolev inequalities on balls which, in
the elliptic case, are proved by scaling from inequalities on the unit ball. As
soon as this has been done, the proof goes along the same lines as in Giaquinta
[G], using the Poincaré inequality proved by Jerison [J], the maximal regularity
results of Rothschild-Stein [RS] and some a priori estimates proved in Xu [X2].

This work has partially been done while the first author was visiting the
University of Paris XI-Orsay. He would like to thank this institution for support
and hospitality.

2. Geometry of vector fields and functions spaces

In this section we collect some classical facts and we prove some preliminary
results.

2.1. Let (X1, . . . ,Xm) be a set of real andC∞ vector fields, in an open set̃Ω of
R

n, n ≥ 2, satisfying Ḧormander’s condition up to the orderr . By the Rothschild-
Stein lifting theorem (see [RS]), the vector fields (X1, . . . ,Xm) can be lifted by
adding extra variables to free vector fields (X̃1, . . . , X̄m) on Ω̃×T ⊂ Rn ×Rd−n,
whereT is the unit ball inRd−n and

X̃j = Xj +
d−n∑
k=1

λkj (x, t)∂tk .

Since for u = u(x), we haveXj u(x) = X̃j u(x), then if u(x) is a solution of
equation (1.1), it is also a solution of following equation

m∑
ij =1

X̃∗
j (aij (x, u(x))X̃i u

α(x)) = f̃ α(x, t , u(x), X̃ u(x)) , 1≤ α ≤ N .

So we may assume without loss of generality that these vector fields (X1, . . . ,Xm)
are free up to the orderr . As usual, we associate to this set a continuous subel-
liptic local metricρ(x, y) which satisfies on each compact setK in Ω̃

(2.1) C−1 |x − y| ≤ ρ(x, y) ≤ C |x − y| 1
r .
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For small positiveδ one can then define the ballB(x, δ), of centerx and radius
δ, with respect to this metric. Then (see [NSW], [X3])

(2.2) |B(x, δ)| = |λ(x)|δQ

where|B| denotes the Lebesgue measure,Q is the homogeneous dimension and
0 < C1 ≤ |λ(x)| ≤ C2 on any compactK in Ω.

2.2. The functions spaces(see [X2])

Let Ω be an open set iñΩ. For k ∈ N andα ∈]0, 1] we define

(2.3) S0,α(Ω) =

{
f ∈ L∞(Ω) : [f ]X

α,Ω = sup
x,y∈Ω

|f (x)− f (y)|
ρ(x, y)α

< +∞
}

(2.4) Sk,α(Ω) =
{

f ∈ S0,α(Ω) : XI f ∈ S0,α(Ω), |I | ≤ k
}

where, as usual,XI = Xi1 . . .Xip if I = (i1, . . . , ip).
ThenSk,α(Ω) is a Banach space when it is endowed with the obvious norm

deduced from m its definition. Moreover by Hörmander’s condition and (2.1) we
have

(2.5) Skr,α(Ω) ⊂ Ck,αr (Ω) for all k ∈ N .
We can then define the spacesSk,α

loc (Ω) as usual.
We shall also consider, for any integerk, the Sobolev space

(2.6) M k(Ω) =
{

f ∈ L2(Ω) : XI f ∈ L2(Ω), |I | ≤ k
}
.

Endowed with the obvious scalar product this is a Hilbert space. The closure
of C∞

0 (Ω) in M k(Ω) will be denoted byM k
0 (Ω). It is proved in [X3] that for

k > Q
2 , elements inM k(Ω) are continuous functions inΩ.

Let us now recall the Poincaré-type inequalities.
For any open setΩ with Ω ⊂ Ω̃ one can find positive constantsR0, C such

that for anyx0 in Ω andR in ]0,R0] we have

(2.7) ||u||L2(B(x0,R)) ≤ C R
m∑

j =1

||Xj u||L2(B(x0,R)) , ∀u ∈ M 1
0 (B(x0,R))

(2.8) ||u − ux0,R||L2(B(x0,R)) ≤ C R
m∑

j =1

||Xj u||L2(B(x0,R)) , ∀u ∈ M 1(B(x0,R))

whereux0,R = 1
|B(x0,R)|

∫
B(x0,R) u dx is the average ofu on B(x0,R).

The inequality (2.7) is easy but (2.8) is hard and has been proved by Jerison
[J].

As in the Euclidian case the spaceS0,α can be characterized in terms of
integral conditions.
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Proposition 2.1. Let u be in L2(Ω), then the following conditions are equivalent.

a) u ∈ S0,α
loc (Ω).

b) One can find positive constants R0 and C such that for any R in]0,R0] and
any x0 in Ω such that B(x0, 2R) is contained inΩ one has

(2.9)
∫

B(x0,R)
|u(x)− ux0,R|2 dx ≤ C |B(x0,R)|R2α .

Since the metricρ is continuous the proof is very close to that in the Euclidian
case (see [C], [G]).

2.3. The following results are crucial for the sequel. LetP be a second order
differential operator of the form

(2.10) P =
m∑

i ,j =1

X∗
j (aij Xi )

wereaij are functions and denote byA the matrix (aij )1≤i ,j≤m.

Lemma 2.2. For any x0 in Ω one can find coordinates in a neighborhood V
of x0 and a matrix T(x) ∈ GL(m,R) which is C∞ in V such that if we set
(Y1, . . . ,Ym) = T(x)(X1, . . . ,Xm) we have

i) Yj =
∂

∂xj
+

n∑
k=m+1

gjk
∂

∂xk
, 1≤ j ≤ m,

ii) the set(Y1, . . . ,Ym) satisfies Ḧormander’s condition of order r and is free up
to the order r in V ,

iii) P =
m∑

i ,j =1

Y∗
j (bij Yi ) where(bij ) = t C(x)AC(x) and C(x) is an invertible matrix

with C∞ entries in V .

Corollary 2.3. Let us set x= (x′, x′′) ∈ Rn with x′ ∈ Rm and for k ∈ N∗ and
(CJ )|J |≤k in Rd, h(x′) =

∑
|J |≤k

1
J ! CJ (x′−x′0)J . Then for any I with|I | = k we have

YI h = CI .

Proof of Lemma 2.2.
i) Since the vector fields (X1(x0), . . . ,Xm(x0)) are linearly independent and com-
mute one can find coordinates nearx0 in which Xj (x0) = ∂

∂xj
, 1 ≤ j ≤ m. In

these coordinatesXj =
n∑

k=1
cjk (x) ∂

∂xk
with cjk (0) = 0 if j 6= k and cjj (0) = 1,

1≤ j ≤ m. Let us setZj =
m∑

k=1
cjk (x) ∂

∂xk
, Rj =

n∑
k=m+1

cjk (x) ∂
∂xk

, Z = (Z1, . . . ,Zm),

R = (R1, . . . ,Rm), ∂ =
(

∂
∂x1

, . . . , ∂
∂xm

)
, C = (cjk )1≤j ,k≤m. Then X = Z + R and
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Z = C∂. SinceC(0) = Id one can find a neighborhoodV of x0 in which C is in-
vertible withC∞ entries. Let us setY = C−1X. ThenY = C−1(Z+R) = ∂+C−1R
which proves i).

ii) is obvious sinceX = CY whereC is smooth and invertible.

iii) We have P =
m∑

i ,j =1
X∗

j (aij Xi ) =
m∑

i ,j =1

m∑
k,`=1

Y∗
k cjk aij ci ` Ỳ =

m∑
k,`=1

Y∗
k bk` Ỳ with

B =t C AC. In particularB is positive definite ifA is so.

Proof of Corollary 2.3.
It is obvious if we use i) of Lemma 2.2.
With the aid of the above results one can prove the following

Proposition 2.4. Let (Yj )1≤j≤m be the vector fields defined in Lemma 2.2 and
k > Q

2 . Then one can find positive constants R0,C independent of x0 such that
for any R≤ R0 and u in Mk(Ω) we have

(2.11) sup
B
(

x0,
R
4

) |u| ≤ C
∑
|J |≤k

R|J |−
Q
2 ||YJ u||L2(B(x0,R)) .

Let us remark that in the Euclidian case or in the case of left invariant vector
fields on nilpotent Lie groups, this inequality can be deduced by scaling from
the Sobolev embedding in a fixed domain. The problem here is then the lack of
homogeneity.

Proof of Proposition 2.4.For 1≤ ` ≤ k let us set

(2.12) p`,x0,R(x′ − x′0) =
∑
|J |≤`

1
J !

(YJ u)x0,R(x′ − x′0)J

where (v)x0,R denotes the average on the ballB(x0,R) andx′ ∈ Rm.
First claim : for any 1≤ ` ≤ k and for smallR we have

(2.13)
∫

B(x0,R)

∣∣u(x)− p`−1,x0,R(x′ − x′0)
∣∣2 dx ≤ C R2`

∑
|I |=`

||YI u||L2(B(x0,R)) .

According to Corollary 2.3, this claim can be proved by a straightforward induc-
tion from the Poincaŕe inequality (2.8).

Second claim :we have

(2.14)
∣∣∣ux0,

1
2 R − ux0,R

∣∣∣ ≤ C Rk−Q
2
∑
|I |=k

||YI u||L2(B(x0,R)) .

Herek andx0 are fixed so we shall write for shortpR, uR, BR instead ofpk−1,x0,R,
ux0,R, B(x0,R). Then we setp0

R = pR − uR. We have
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∣∣B1
2 R

∣∣ · ∣∣u1
2 R − uR

∣∣2 =
∫

B1
2 R

∣∣u1
2 R − uR

∣∣2 dy

=
∫

B1
2 R

∣∣∣p1
2 R − p0

1
2 R
− u(y) + u(y)− (pR − p0

R)
∣∣∣2 dy.

Therefore∣∣u1
2 R − uR

∣∣2 ≤ C R−Q

{∫
B1

2 R

∣∣u(y)− p1
2 R

∣∣2 dy

︸ ︷︷ ︸
(1)

+
∫

BR

∣∣u(y)− pR

∣∣2 dy︸ ︷︷ ︸
(2)

+
∫

BR

∣∣p0
R − p0

1
2 R

∣∣2 dy︸ ︷︷ ︸
(3)

}
.

It follows from (2.13) that

(2.15) (1) + (2)≤ C R2k
∑
|I |=k

||YI u||2L2(B(x0,R)) .

According to (2.12), since onBR one has|x′ − x′0| ≤ R, we have

(2.16) (3)≤ C
∑

1≤|J |≤k−1

RQ+2|J |
∣∣∣(YJ u)R − (YJ u) 1

2 R

∣∣∣2 .
We deduce from (2.15) and (2.16) that for anyk ≥ 1 we have

(2.17)
∣∣u1

2 R − uR

∣∣2
≤ C

{
R2k−Q

∑
|I |=k

||YI u||2L2(BR) +
∑

1≤|J |≤k−1

R2|J | ∣∣(YJ u)R − (YJ u) 1
2 R

∣∣2} .
We now prove by induction oǹ with 1≤ ` ≤ k − 1 that for everyK such that
|K | = ` we have foru ∈ M k(BR),

(2.18)̀
∣∣(YK u) 1

2 R − (YK u)R

∣∣2 ≤ C R−Q+2(k−|K |) ∑
|I |=k

||YI u||L2(BR) .

This is true for` = k − 1. Indeed if|K | = k − 1

∣∣B1
2 R

∣∣2 ∣∣(YK u) 1
2 R − (YK u)R

∣∣2 =

∣∣∣∣ ∫
B1

2 R

(
YK u(y)− (YK u)R

)
dy

∣∣∣∣2
≤ ∣∣B1

2 R

∣∣ ∫
BR

∣∣YK u(y)− (YK u)R

∣∣2 dy

so by the Poincaré inequality (2.8) we get
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2 R − (YK u)R

∣∣2 ≤ C R−Q+2
∑
|I |=k

||YI u||L2(BR) .

Now assume (2.18) true fork, (k − 1), . . . , ` and let |K | = ` − 1 ≥ 1. Let us
apply (2.17) withYK u instead ofu andk − ` + 1 instead ofk. We get

∣∣(YK u) 1
2 R − (YK u)R

∣∣2 ≤ C

{
R2(k−`+1)−Q

∑
|I |=k

||YI u||2L2(BR)

+
∑

1≤|J |≤k−`
R2|J | ∣∣(YJ YK u) 1

2 R − (YJ YK u)R

∣∣2} .

Since|J | + |K | ≥ ` the second term in the right hand side can be estimated by
(2.18)̀ so we get (2.18)̀ −1.

Inserting (2.18) in (2.17) gives (2.14).
Now using (2.14) withRj = 2−j R, j = 0, . . . , q and taking the sum we obtain

∣∣ux0,R − ux0,Rq

∣∣ ≤ C
q−1∑
j =0

2−j
(

k−Q
2

)
Rk−Q

2
∑
|I |=k

||YI u||L2(B(x0,R)) .

Now sincek > Q
2 , the functionu is continuous, then for anyε > 0, there is

q0 > 0 such that ifq ≥ q0, we have|u(x) − u(x0)| ≤ ε for all x ∈ B(x0,Rq) ⊂
{y ∈ Rn; |y − x0| ≤ 2−q0R0}, and

|ux0,Rq − u(x0)| =

∣∣∣∣|B(x0,Rq)|−1
∫

B(x0,Rq)
(u(x)− u(x0))dx

∣∣∣∣ ≤ ε.

So lim
q→+∞ ux0,Rq = u(x0) and the sum in the right hand side converges. Therefore

∣∣u(x0)− ux0,R

∣∣ ≤ C Rk−Q
2
∑
|I |=k

||YI u||L2(B(x0,R)) .

Since|ux0,R| ≤ C R−
Q
2 ||u||L2(B(x0,R)) we get

(2.18) |u(x0)| ≤ C
∑
|J |≤k

R|J |−
Q
2 ||YJ u||L2(B(x0,R)) .

An obvious covering argument gives (2.11). ♦
We recall now that we can construct cut off functions which are adapted to

our balls.

Lemma 2.5. (see [X2])For small R, c1, c2 with c1 < c2, there exists a function
ζ in C∞

0 (B(x0, c2R)) such thatζ = 1 on B(x0, c1R), 0≤ ζ ≤ 1 and

(2.19) |XI ζ| ≤ cI R−|I | ,
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where cI are independent of R.

Finally we quote from [G] the following useful lemma.

Lemma 2.6. ([G] lemma 2.1)Letφ(R) be a non negative, non decreasing function
on 0 < R≤ R1. Assume

(2.20) φ(R) ≤ A

{(( R
R0

)α
+ ε

)
φ(R0) + B Rβ

0

}
for all R, R0, 0 < R≤ R0 ≤ R1, with A, B,ε, α, β being non negative constants
A≥ 1, β < α. Then there exists a constantε0 = ε0(A, α, β) such that ifε ≤ ε0

(2.21) φ(R) ≤ C

{( R
R0

)β
φ(R0) + B Rβ

}
for all 0 < R≤ R0 ≤ R1 with C = C(A, α, β).

3. Regularity for solutions of linear equations

3.1. Linear homogeneous equations with constant coefficients

In the sequel we shall use the Einstein summation convention. We shall consider
in this section equations of the following type.

(3.1) Lu = aij Xi Xj u = 0

where (aij ) is a constant coefficient matrix which is assumed to be real, symmetric
and satisfies

(3.2) λ |ξ|2 ≤ aij ξi ξj ≤ Λ |ξ|2 , for all ξ in R
m ,

whereλ andΛ are positive constants.
A weak solution of (3.1) inΩ will be a functionu ∈ M 1(Ω) such that

(3.3)
∫
Ω

aij Xj u · X∗
i ϕdx = 0, for all ϕ in M 1

0 (Ω) .

For these solutions we have a Caccioppoli-type inequality.

Proposition 3.1. Let u ∈ M 1(Ω) be a weak solution of (3.1). Then u∈ C∞(Ω)
and for all x0 in Ω, all R in ]0, 1[ such that B(x0,R) ⊂ Ω and all k ∈ N we have

(3.4) ||u||
M k
((

x0,
R
2k

)) ≤ C R−k ||u||L2(B(x0,R))

where the constant C is independent of x0, R and u.

Proof. The functionu is C∞ since L is hypoelliptic. We shall prove (3.4) by

induction onk. We shall writeBR instead ofB(x0,R) and|Xu| =
( m∑

j =1
|Xj u|2

)1/2
.
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Let ζ ∈ C∞
0 (BR), 0≤ ζ ≤ 1, ζ = 1 on BR

2
and |Xj ζ| ≤ C R−1, j = 1, . . . ,m. Let

us take in (3.3)ϕ = uζ2 ∈ M 1
0 (Ω). We get∫

BR

aij Xi u · Xj u · ζ2 dx =
∫

BR

aij Xj u · ci · u · ζ2 dx− 2
∫

BR

aij Xj u · u · ζ · Xi ζ dx .

Using (3.2) we deduce

λ

∫
BR

|Xu|2ζ2 dx ≤ C R−1
∫

BR

|Xu| · |u| · ζ dx

≤ ε

∫
BR

|Xu|2ζ2 dx +
Cε

R2

∫
BR

|u|2 dx .

Taking ε small enough and sinceζ = 1 on BR
2

we get (3.4) fork = 1. Assume

now (3.4) true up to the orderk − 1 with k ≥ 2. Let ζ ∈ C∞
0

(
B R

2k−1

)
be such

ζ = 1 on B R
2k

, 0 ≤ ζ ≤ 1 and|XI ζ| ≤ Ck R−|I |. Using the maximum regularity

for the operatorL proved by Rothschild-Stein [RS] we get∑
|I |=k

||XI u||
L2
(

B R
2k

) ≤ ||ζu||M k (Ω) ≤ C
{
||Lζu||M k−2(Ω) + ||ζu||L2(Ω)

}
.

SinceLu = 0 we haveLζu = [L, ζ] u so, using the Leibniz formula, the estimates
on ζ and the induction we get (3.4) fork.

We begin now to prove estimates for the weak solutions of (3.1). In the sequel
x0 is a fixed point inΩ andBR stands forB(x0,R).

Theorem 3.2. There exist positive constants C0, R0 such that for every x0 in Ω,
for any R≤ R0 and any weak solution u∈ M 1(Ω) of (3.1) we have

(3.5)
∫

BR

|u|2 dx ≤ C0

( R
R0

)Q
∫

BR0

|u|2 dx

(3.6)
∫

BR

|Xu|2 dx ≤ C0

( R
R0

)Q
∫

BR0

|Xu|2 dx

(3.7)
∫

BR

|u − ux0,R|2 dx ≤ C0

( R
R0

)Q+2
∫

BR0

|u − ux0,R0|2 dx

(3.8)
∫

BR

|Xu− (Xu)x0,R|2 dx ≤ C0

( R
R0

)Q+2
∫

BR0

|Xu− (Xu)x0,R0|2 dx

where(v)x0,R denotes the average ofv on BR = B(x0,R).

Proof. Without loss of generality, according to Lemma 2.2, one may assume that
the vector fieldsXj satisfy the conclusion of corollary 2.3.
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If λ0 ∈]0, 1[ is fixed, (3.5) to (3.8) are true (with a constantC0 depending
on λ0) if λ0 <

R
R0
≤ 1. This is obvious for (3.5) and (3.6). For (3.7) and (3.8)

this follows from the fact that
∫

BR
|u − ux0,R|2 dx = inf

c

∫
BR
|u − c|2 dx.

i) Let k be a fixed integer,k > Q
2 . Let us takeR ≤ R0

2k+2 whereR0 is such that

B(x0,R0) ⊂ Ω and (2.11) is true forR0
2k . Then by (2.11)∫

BR

|u|2 dx ≤ |BR| sup
B R0

2k+2

|u|2 ≤ C |BR|
∑
|J |≤k

R2|J |−Q
0 ||XJ u||2

L2
(

BR0
2k

) .
Now by (3.4) we have

||XJ u||2
L2
(

BR0
2k

) ≤ ||XJ u||2
L2
(

B R0
2|J|

) ≤ C R−2|J |
0 ||u||2L2(BR0

) .

Therefore (3.5) follows from the fact that|BR| ≤ C RQ.

ii) We takeR≤ R0
2k+3 andR0 as above. Then by (2.11) and (3.4)∫

BR

|Xi u|2 dx ≤ C RQ sup
B R0

2k+3

|Xi u|2 ≤ C1 R2
∑
|J |≤k

R2|J |−Q
0 ||XJ Xi u||2

L2
(

B R0
2k+1

)
≤ C RQ

∑
|J |≤k

R2|J |−Q
0 R−2(|J |+1)

0 ||u||L2(BR0
) .

Sinceu − ux0,R0 is still a weak solution of (3.1) we get∫
BR

|Xi u|2 dx ≤ C
( R

R0

)Q
R−2

0

∫
BR0

|u − ux0,R0|2 dx .

Then (3.6) follows from the Poincaré inequality (2.8) applied to the right hand
side and (3.7) from the same inequality applied to the left hand side.

iii) (3.8) will follow from

(3.9)
∫

BR

|X2u|2 dx ≤ C
( R

R0

)Q
R−2

0

∫
BR0

|Xu|2 dx

where|X2u|2 =
∑
i ,j
|Xi Xj u|2. Indeed let us take in Corollary 2.3,k = 1 andcj =

(Xj u)x0,R0 thenh(x) = c0 +
m∑

j =1
cj (x′j − x′0j ) satisfiesX2h = 0 andXj h = (Xj u)x0,R0.

Thenu − h is still a solution of (3.1). Therefore we get from (3.9)

(3.10)
∫

BR

|X2u|2 dx ≤ C
( R

R0

)Q
R−2

0

∫
BR0

|Xu− (Xu)x0,R0|2 dx .

Now the Poincaŕe inequality (2.8) implies
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(3.11)
∫

BR

|Xu− (Xu)x0,R|2 dx ≤ C R2
∫

BR

|X2u|2 dx .

Therefore (3.8) follows from (3.10) and (3.11). Let us prove (3.9). We take
R≤ R0

2k+2 andR0 small. Then from (2.11) and (3.4) we get∫
BR

|X2u|2 dx ≤ C RQ sup
B R0

2k+4

|X2u|2

≤ C1 RQ
∑
|J |≤k

R2|J |−Q
0 ||XJ X2u||2

L2
(

B R0
2k+2

)
≤ C2 RQ

∑
|J |≤k

R2|J |−Q
0 R−2(|J |+2)

0 ||u||2L2(BR0
)

≤ C3

( R
R0

)Q
R−4

0 ||u||2L2(BR0
) .

Now, sinceu − ux0,R0 is still a weak solution of (3.1) we get∫
BR

|X2u|2 dx ≤ C3

( R
R0

)Q
R−4

0

∫
BR0

|u − ux0,R0|2 dx ,

so (3.9) follows from the Poincaré inequality (2.8) applied to the right hand side.

3.2. Linear equations with Ḧolder coefficients

We consider now an equation of the form

(3.12) X∗
j

(
aij (x)Xi u

)
= X∗

j f j + g .

The matrix (aij ) is assumed to be real, symmetric with entries belonging to some
S0,µ(Ω), whereµ ∈]0, 1[, and satisfies

(3.13) λ |ξ|2 ≤ aij (x)ξi ξj ≤ Λ |ξ|2 , ∀x ∈ Ω, ∀ξ ∈ Rn

(3.14)
[
aij
]X

Ω,µ
≤ H , ∀ i , j .

We shall assume moreover

(3.15) f = (f 1, . . . , f m) ∈ S0,µ(Ω,Rm) and g ∈ L∞(Ω) .

The purpose of this section is to prove the

Theorem 3.3. Let u ∈ M 1(Ω) be a weak solution of (3.12). Under conditions
(3.13), (3.14) and (3.15) we have u∈ S1,µ

loc (Ω) and for all x0 in Ω there exists
R0 > 0 such that for0 < R≤ R0 we have



334 C.-J. Xu, C. Zuily

(3.16) osc
B(x0,R)

Xu ≤ C Rµ
{
||Xu||L2(Ω) + [f ]X

Ω,µ + ||g||L∞(Ω)

}
where the constant C depends on n, m,λ, . . . ,H and d(x0, ∂Ω) but is independent
of R and u.

Proof. In what follows,x0 will be a fixed point inΩ andBR = B(x0,R). According
to Proposition 2.1, our conclusion will follow (by (2.8)) from

(3.17)
∫

BR

|Xu|2 dx ≤ CεB RQ−ε , for every smallε > 0.

(3.18)
∫

BR

|Xu− (Xu)x0,R|2 dx ≤ C B2 RQ+2µ ,

whereB = ||Xu||L2(Ω) + [f ]X
Ω,µ + ||g||L∞(Ω) andC as in (3.16).

Proof of (3.17).We rewrite equation (3.12) as follows

X∗
j (aij (x0)Xi u) = X∗

j f j + g − X∗
j

(
(aij (x)− aij (x0))Xi u

)
.

Let R0 be such that Theorem 3.2 can be applied. Letv ∈ M 1(BR0) be a solution
of the problem

(3.19)

{
Xj
(
aij (x0)Xi v

)
= 0 in BR0

u − v ∈ M 1
0 (BR0) .

Thenu − v is a weak solution of the following equation onBR0.

X∗
j

(
aij (x0)Xi (u − v)

)
= X∗

j f j + g − X∗
j

(
(aij (x)− aij (x0))Xi u

)− cj aij (x0)Xi v

sinceX∗
j = −Xj + cj . Now, sinceu − v ∈ M 1

0 (BR0) we get

(3.20)
∫

BR0

aij (x0)Xi (u − v)Xj (u − v)dx︸ ︷︷ ︸
(1)

=
∫

BR0

f j Xj (u − v)dx︸ ︷︷ ︸
(2)

+
∫

BR0

g(u − v)dx︸ ︷︷ ︸
(3)

−
∫

BR0

(
aij (x)− aij (x0)

)
Xi u Xj (u − v)dx︸ ︷︷ ︸

(4)

−
∫

BR0

cj aij (x0)Xi v (u − v)dx︸ ︷︷ ︸
(5)

.

It follows from (3.13) that

(3.21) (1)≥ λ

∫
BR0

|X(u − v)|2 dx .
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Now, sinceu − v ∈ M 1
0 (BR0) we have

(2) =
∫

BR0

(f j (x)− f j (x0))Xj (u − v)dx ,

so

(3.22) |(2)| ≤ λ

10

∫
BR0

|X(u − v)|2 dx + C RQ+2µ
0

(
[f ]X

Ω,µ

)2
.

Furthermore by the Poincaré inequality

|(3)| ≤
(∫

BR0

|g|2 dx

)1/2(∫
BR0

|u − v|2 dx

)1/2

≤ C R
Q
2 +1

0 ||g||L∞(Ω)

(∫
BR0

|X(u − v)|2 dx

)1/2

.

Therefore

(3.23) |(3)| ≤ λ

10

∫
BR0

|X(u − v)|2 dx + C RQ+2
0 ||g||2L∞(Ω) .

Now by (3.14),

(3.24) |(4)| ≤ λ

10

∫
BR0

|X(u − v)|2 dx + C H 2 R2µ
0

∫
BR0

|Xu|2 dx .

Finally,

|(5)| ≤ C0

(∫
BR0

|Xv|2 dx

)1/2(∫
BR0

|u − v|2 dx

)

≤ C1 R0

(∫
BR0

|Xv|2 dx

)1/2(∫
BR0

|X(u − v)|2 dx

)1/2

|(5)| ≤ λ

10

∫
BR0

|X(u − v)|2 dx + C2 R2
0

∫
BR0

|Xv|2 dx .

Therefore

|(5)| ≤ λ

10

∫
BR0

|X(u − v)|2 dx + 2C2 R2
0

∫
BR0

|X(u − v)|2 dx(3.25)

+ 2C2 R2
0

∫
BR0

|Xu|2 dx

whereC2 depends only onH in (3.14) and on the coefficients ofXj onΩ. Taking
2C2 R2

0 ≤ λ
10 and using (3.20) to (3.25) we get, sinceµ < 1,
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(3.26)∫
BR0

|X(u − v)|2 dx ≤ C

{
RQ+2µ

0

[(
[f ]X

Ω,µ

)2
+ ||g||2L∞(Ω)

]
+ R2µ

0

∫
BR0

|Xu|2 dx

}
.

Now for R≤ R0 we write

(3.27)
∫

BR

|Xu|2 dx ≤ 2
∫

BR

|Xv|2 dx + 2
∫

BR

|X(u − v)|2 dx .

Sincev is a weak solution of (3.19) it follows from (3.6) in Theorem 3.2,

(3.28)
∫

BR

|Xv|2 dx ≤ C
( R

R0

)Q
∫

BR0

|Xv|2 dx

≤ 2C
( R

R0

)Q
{∫

BR0

|Xu|2 dx +
∫

BR0

|X(u − v)|2 dx

}
.

We deduce from (3.27), (3.28) and (3.26) that∫
BR

|Xu|2 dx ≤ (3.29)

≤ C

{[( R
R0

)Q
+ R2µ

0

] ∫
BR0

|Xu|2 dx + RQ+2µ
0

(
||g||2L∞(Ω) +

(
[f ]X

Ω,µ

)2
)}

.

It follows from Lemma 2.5 that for everyε > 0,
(3.30)∫

BR

|Xu|2 dx ≤ C ′
{( R

R0

)Q−ε ∫
BR0

|Xu|2 dx + RQ−ε
0

(
||g||2L∞(Ω) +

(
[f ]X

Ω,µ

)2
)}

.

This proves (3.17).

Proof of (3.18).Let us take 0< R1 ≤ R0 andv solution of (3.19) onBR1. Then,
for any 0< R≤ R1

(3.31)
∫

BR

|Xu− (Xu)x0,R|2 dx ≤ C

{∫
BR

|X(u − v)|2 dx︸ ︷︷ ︸
(1)

+
∫

BR

|Xv − (Xv)x0,R|2 dx︸ ︷︷ ︸
(2)

+
∫

BR

|(Xv)x0,R − (Xu)x0,R|2 dx︸ ︷︷ ︸
(3)

}
.

It is easily seen that

(3.32) (3)≤ (1).

Now, by (3.8)
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(2)≤ C
( R

R1

)Q+2
∫

BR0

∣∣Xv − (Xv)x0,R1

∣∣2 dx ,

so

(2)≤ C
( R

R1

)Q+2
{∫

BR1

|X(v − u)|2 dx +
∫

BR1

∣∣Xu− (Xu)x0,R1

∣∣2 dx

+
∫

BR1

∣∣(Xu)x0,R1 − (Xv)x0,R1

∣∣2 dx

}

(3.33) (2)≤ C
( R

R1

)Q+2
∫

BR1

∣∣Xu− (Xu)x0,R1

∣∣2 dx + 2C
∫

BR1

|X(u − v)|2 dx .

It follows from (3.31), (3.32) and (3.26)∫
BR

∣∣Xu− (Xu)x0,R

∣∣2 dx ≤
{( R

R1

)Q+2
∫

BR1

∣∣Xu− (Xu)x0,R1

∣∣2 dx

+RQ+2µ
1

(
[f ]X

Ω,µ + ||g||L∞(Ω)

)2
+ R2µ

1

∫
BR1

|Xu|2 dx

}
.

If we use (3.17) withR = R1 we deduce∫
BR

∣∣Xu− (Xu)x0,R

∣∣2 dx ≤ C

{( R
R1

)Q+2
∫

BR1

∣∣Xu− (Xu)x0,R1

∣∣2 dx + B2 RQ+2µ
1

}
whereB = [f ]X

Ω,µ + ||g||L∞(Ω) + ||Xu||L2(Ω). HereC depends on the distance of
x0 to ∂Ω. It follows from Lemma 2.6 that
(3.34)∫

BR

∣∣Xu− (Xu)x0,R

∣∣2 dx ≤ C
( R

R1

)Q+2µ
∫

BR1

∣∣Xu− (Xu)x0,R1

∣∣2 dx + B RQ+2µ .

Therefore∫
BR

∣∣Xu− (Xu)x0,R

∣∣2 dx ≤ C ′RQ+2µ
(

[f ]X
Ω,µ + ||g||L∞(Ω) + ||Xu||L2(Ω)

)2

which proves (3.28) and completes the proof of Theorem 3.3. ♦
We consider now higher regularity results. Let us consider equations on the

form

(3.35) Pu = X∗
j

(
aij (x)Xi u

)
+ bj Xj u + cu = f .

We assume as before uniform ellipticity of (aij ) i.e. ∀Ω′ ⊂⊂ Ω,

(3.36) λ |ξ|2 ≤ aij (x)ξi ξj ≤ Λ |ξ|2 , ∀x ∈ Ω′ , ∀ξ ∈ Rn .

The purpose is now to prove the
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Theorem 3.4. Let k ∈ N and µ ∈]0, 1[. Assume aij ∈ Sk+1,µ
loc (Ω), bj , c, f ∈

Sk,µ
loc (Ω).

Then if u∈ M 1(Ω)∩S1,µ
loc (Ω) is a weak solution of (3.35) then u∈ Sk+2,µ

loc (Ω).

Proof. Let Ω′ be an open subset such thatΩ
′ ⊂ Ω and let/υ ∈ C∞

0 (Ω), 0≤ /υ ≤
1, /υ = 1 onΩ′. We can findΩ1, Ω2 open withΩ′ ⊂⊂ Ω1 ⊂⊂ Ω2 ⊂⊂ Ω such
that /υ(x) ≥ 1

4 on Ω2, /υ(x) ≤ 3
4 on Ω \Ω1. Let us define

(3.37) Yj = /υXj , 1≤ j ≤ m, Ym+` = (1− /υ)∂x` , 1≤ ` ≤ n .

This new set of vector fieldsY = (Y1, . . . ,Ym+n) satisfy also Ḧormander’s con-
dition onΩ but it is elliptic onΩ \Ω1.

If we denote bySk,µ
Y (Ω) the Hölder space associated withY we have

Sk,µ
Y (Ω′) = Sk,µ

X (Ω′) and Sk,µ
Y (Ω \ Ω1) = Ck,µ(Ω \ Ω1) which is the usual

Hölder space. We set

(3.38) P̃ = X∗
j

(
/υ2 aij Xi

)− n∑
i =1

∂xi (1− /υ)2∂xi

(3.39) H̃ =
m∑

j =1

X∗
j /υ2 Xj −

n∑
i =1

∂xi (1− /υ)2∂xi .

Then we can state

Theorem 3.5. For anyµ ∈]0, 1[, k ∈ N, f in Sk,µ
Y (Ω) andϕ in Ck+2,µ(∂Ω) the

Dirichlet problem

(3.40) H̃ u = f , u|∂Ω = ϕ

has an unique solution u∈ Sk+2
Y (Ω) and we have the estimate

(3.41) ||u||
Sk+2,µ

Y (Ω)
≤ C

{
||f ||

Sk,µ
Y (Ω)

+ ||ϕ||
Sk+2,µ

Y (∂Ω)

}
,

with C independent of u, f , ϕ.

Proof. Sinceϕ ∈ Ck+2,µ(∂Ω) there exists ˜ϕ ∈ Ck+2,µ(Ω) ⊂ Sk+2,µ
Y (Ω) with

ϕ̃|∂Ω = ϕ so we can takeϕ = 0 in (3.40). Letζ ∈ C∞
0 (Ω). If v is a weak

solution of the Dirichlet problemH̃ v = ζf , v|∂Ω = 0, the strong maximum
principle of Bony [B] implies that suppv ⊂ suppζ ∩Ω and

(3.42) v(x) =
∫
Ω

G(x, y)(ζf )(y)dy

where G is the Green function ofH̃ on Ω. Let us take a partition of unity
(ζ`)`=0...N with ζ0 ∈ C∞

0 (Ω) and ζ` ∈ C∞
0 (Ω \ supp/υ), ` = 1, . . . ,N . Then

Theorem 4.1 in [X2] ensures thatv0(x) =
∫
Ω

G(x, y)(ζ0f )(y)dy ∈ Sk+2,µ
Y (Ω),
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suppv0 ⊂⊂ Ω. For 1≤ ` ≤ N let us set,v`(x) =
∫

suppζ`∩Ω G(x, y)(ζ`f )(y)dy.
Then

suppv` ⊂ Ω \ supp/υ. Therefore we havẽH v` = ∆v` = ζ`f on Ω ∩ suppζ`,
v` = 0 on the boundary ofΩ ∩ suppζ`. It follows thatv` ∈ Ck+2,µ(Ω \ supp/υ).
Then

u =
N∑̀
=0
v` ∈ Sk+2,µ

Y (Ω) is our solution. The uniqueness is given by the

maximum principle and the a priori estimate by that onv`.

Theorem 3.6. Let k ∈ N andµ ∈]0, 1[. Assume that

aij ∈ Sk+1,µ
loc (Ω), bj , c, f ∈ Sk,µ

loc (Ω), ϕ ∈ Sk+2,µ
Y (∂Ω). Then the Dirichlet

problem

(3.43) P̃u = f on Ω, u|∂Ω = ϕ

has an unique solution u∈ Sk+2,µ
Y (Ω).

Proof. The uniqueness is still given by the maximum principle. The existence
will be proved by the continuity method using Theorem 3.5. The main step will
be the proof of an a priori estimate for smooth solution of (3.43)i.e.

(3.44) ||v||
Sk+2,µ

Y (Ω)
≤ C

{
||P̃v||

Sk,µ
Y (Ω)

+ ||v||
Sk+2,µ

Y (∂Ω)

}
with C independent onv.

Since
(
aij (x)

)
is positive definite on supp/υ, for anyx0 in supp/υ, the operator

P̃0 =
m∑

i ,j =1

X∗
j

(
/υ2 aij (x0)Xi

)− n∑
i =1

∂xi (1− /υ)2∂xi

can be rewrited in the form (3.39) with vector fieldsX̃j such thatX̃ = B(x0)X
whereB(x0) is a non singularm×m matrix. So(3.41) gives the estimate (3.44)
for P̃0. Then (3.44) forP̃ follows from an easy perturbation argument using a
partition of unity.

Proof of Theorem 3.4.Let ζ ∈ C∞
0 (Ω′). Thenζu ∈ S1,µ(Ω′). From (3.35) we get

Lζu = F , L = X∗
j

(
aij (x)Xi

)
andF (x) = ζ(f − bj Xj u− cu) + uLζ + aij

(
X∗

j ζXi u +
X∗

j u Xi ζ
)
.

Since u ∈ S1,µ
loc (Ω) it follows that F ∈ S0,µ(Ω′) and suppF ⊂ Ω′. Then

ζu ∈ S1,µ
Y (Ω), F ∈ S0,µ

Y (Ω) and P̃(ζu) = L(ζu) = F , ζu = 0 on ∂Ω. Then
the regularity and uniqueness results given by the Theorem 3.6 imply thatζu ∈
S2,µ(Ω′). Since this is true for anyΩ′ and ζ it follows that u ∈ S2,µ

loc (Ω). For
higherk we use an induction. This completes the proof of Theorem 3.4.

Remark 3.7.If the equations are written foru ∈ S2,µ
loc (Ω) in the form

aij Xi Xj u + bj Xj u + cu = f
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it has been proved in [X2] that for anyk ∈ N we haveu ∈ Sk+2,µ
loc (Ω) if aij , bj ,

c, f are inSk,µ
loc (Ω).

4. Quasilinear subelliptic systems

The content of this section is very close to [G] which deals with the elliptic case
(see also Sect. 2.4 in [Sc]).

We consider a quasilinear subelliptic system of the form

(4.1) X∗
j

(
aij (x, u)Xi uα

)
= f α(x, u,Xu) , α = 1, . . . ,N

wereX = (X1, . . .Xm) is a set of vector fields satisfying Hörmander’s condition.
We shall assume that we have a solutionu such that

(H.1) u ∈ M 1(Ω,RN ) ∩ C0(Ω,RN ) .

We assume moreover that
(H.2)

the coefficientsaij are locally Ḧolder continuous onΩ × RN with

exponentµ ∈]0, 1[ and for anyΩ′ ⊂⊂ Ω there exist some positiveλ,Λ

such thatλ |ξ|2 ≤ aij (x, z)ξi ξj ≤ Λ |ξ|2, ∀ (x, z, ξ) ∈ Ω′ × RN × Rm ,

(H.3){
the functionsx 7→ f α(x, u(x),Xu(x)) are measurable onΩ and satisfy

for some positivea, b : |f (x, u(x),Xu(x))| ≤ a|Xu(x)|2 + b, a.e.

We shall fix positive constantsM andH such that

(4.2) ||u||M 1(Ω) ≤ M , [aij ]Ω×RN ,µ ≤ H .

Remark. From (H.1) u is uniformly continuous on each compact set inΩ.
Therefore for eachx0 in Ω in a small neighborhoodV of x0, u has a modulus
of continuity that is a functionω : [0, a[→ [0,+∞[, continuous, non decreasing,
with ω(0) = 0 and|u(x)− u(x′)| ≤ ω(|x − x′|) for all x, x′ in V .

The first result is the following

Theorem 4.1. Let u ∈ M 1(Ω) be a solution of (4.1). Under conditions (H.1),
(H.2), (H.3) there existsα ∈]0, 1[ such that u∈ S1,α

loc (Ω,Rn) and for x0 ∈ Ω there
is a radius R0 and a constant C , which depends only on n,N ,m, λ, Λ, µ,H , a,
b,M and dist (x0, ∂Ω) such that osc

B(x0,R)
Xu ≤ C Rα.

As soon as we have this result we can apply Theorem 3.4 to get higher
regularity.
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Theorem 4.2. Let u ∈ M 1(Ω) be a weak solution of (4.1). Assume (H.1), (H.2),
(H.3) and that aij , f α are C∞ functions. Then u∈ C∞(Ω).

Proof. It follows closely [G]. (See also [Sc], Theorem 2.4.3). We give the details
only for sake of completeness. The constantsn,N ,m, λ, Λ,H , a, b,M will be
called the data. Letx0 ∈ Ω be fixed.

Step 1:for all ε ∈]0, 1[ there exists a radiusR1 > 0 and a positive constant
C(R1) depending on the data and ond(x0, ∂Ω) such that for allR in ]0,R1].

(4.3)
∫

BR

|Xu|2 dx ≤ C(R1)RQ−ε

Proof. We write our system as

X∗
j

(
aij (x0, u(x0))Xi uα

)
= f α + X∗

j

((
aij (x0, u(x0))− aij (x, u(x))

)
Xi uα

)
.

Without loss of generality we may assume the vector fieldsX1 . . .Xm free, satis-
fying Lemma 2.2 and Corollary 2.3.

Arguing as in the proof of (3.17) in Theorem 3.3 withv given onBR1 for
0 < R1 ≤ R0 we get

λ

∫
BR1

∣∣X(uα − vα)
∣∣2 dx ≤ C

{∣∣f α(x, u(x),Xu(x))
∣∣ |uα − vα|dx+

+
∫

BR1

∣∣∣aij
(
x0, u(x0)

)− aij (x, u(x))
∣∣∣ |Xi uα| |Xj (u

α − vα)|dx+

+
∫

BR1

∣∣aij (x0, u(x0))
∣∣ |Xi uα| |uα − vα|dx

}
.

Using (H.2), (H.3) and the Poincaré inequality (2.7) we get

(4.4)
∫

BR1

|X(u − v)|2 dx

≤
{[

sup
BR1

|u − v| + R2µ
1 + ω(R1)2µ

] ∫
BR1

|Xu|2 dx +
∫

BR1

|u − v|dx

}
.

By the maximum principle applied to the solutionv of (3.19) onBR1, we have

sup
BR1

|u − v| = v(x1)− u(x1) ≤ sup
BR1

v − u(x1) ≤ sup
∂BR1

u − u(x1)

≤ sup
BR1

u − inf
BR1

u ≤ ω(R1) .

(Same reasoning if sup|u − v| = u(x1)− v(x1)).
Applying once more Poincaré inequality to handle

∫
BR1

|u − v|dx we get
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(4.5)
∫

BR1

|X(u−v)|2 dx ≤ C

{(
ω(R1)+R2µ

1 +ω(R1)2µ
) ∫

BR1

|Xu|2 dx+RQ+2
1

}
.

Writing for R≤ R1∫
BR

|Xu|2 dx ≤ 2

{∫
BR

|Xv|2 dx +
∫

BR

|X(u − v)|2 dx

}
and using (3.6) we get easily∫

BR

|Xu|2 dx ≤ C

{[( R
R1

)Q
+ ω(R1) + R2µ

1 + ω(R1)2µ

] ∫
BR1

|Xu|2 dx + RQ+2
1

}
.

We use now Lemma 2.6. It follows that ifR1 is small enough (depending only
on the data) we have forR≤ R1 and all smallε > 0,∫

BR

|Xu|2 dx ≤ C

{( R
R1

)Q−ε ∫
BR1

|Xu|2 dx + RQ−ε
}
.

This gives (4.3) since
∫

BR1
|Xu|2 dx ≤ ||u||2

M 1(Ω)
≤ M 2.

It follows from Poincaŕe inequality (2.8) and from Proposition 2.1 that

(4.6) u ∈ S0,σ
loc (Ω) for every 0< σ < 1.

Step 2:We come back to the proof in step 1 using (4.6) instead of (H.1). Instead
of (4.5) we get, withν = min(1, 2µ)

(4.7)
∫

BR1

|X(u − v)|2 dx ≤ C

{
Rνσ

1

∫
BR1

|Xu|2 dx + RQ+2
1

}
sinceRσ

1 + R2µ
1 + R2µσ

1 ≤ C Rνσ
1 whereν = min(1, 2µ).

We fix now R1 as in step 1 and 2. We take 0< R0 < R1, R0 small enough
depending on the data and we takew solution of (3.19) onBR0. With thisw we
can do the same computations as in step 1 and step 2 to get the analogue of (4.7)
with R0 instead ofR1 i.e.

(4.8)
∫

BR0

|X(u − w)|2 dx ≤ C

{
Rνσ

0

∫
BR0

|Xu|2 dx + RQ+2
0

}
.

Now sinceR0 < R1 we can use (4.3). Then (4.8) implies forε > 0,

(4.9)
∫

BR0

|X(u − w)|2 dx ≤ C(R1)RQ−ε+νσ
0 .

Step 3:There existα > 0 andR0 > 0, C > 0 depending only on the data and
on d(x0, ∂Ω) such that for allR≤ R0,

(4.10)
∫

BR

∣∣Xu− (Xu)x0,R

∣∣2 dx ≤ C RQ+2α .
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Proof. We write, withw as above,∫
BR

∣∣Xu− (Xu)x0,R

∣∣2 dx ≤ C

{∫
BR

|X(u − w)|2 dx +
∫

BR

∣∣Xw − (Xw)x0,R

∣∣2 dx

}
.

So, using (3.8) and (4.9) we get forR≤ R0,∫
BR

∣∣Xu− (Xu)x0,R

∣∣2 dx ≤ C

{( R
R0

)Q+2
∫

BR0

∣∣Xu− (Xu)x0,R0

∣∣2 dx + RQ−ε+νσ
0

}
.

Since 0< νσ−ε < 1 we can use again Lemma 2.6 to get (4.10) with 2α = νσ−ε.
The conclusion of Theorem 4.1 follows from (4.10) and Proposition 2.1.
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pour les oṕerateurs elliptiques d́eǵeńeŕes, Ann. Inst. Fourier19 (1969) 227–304

[C] Campanato S.: Equazioni ellittiche del secondo ordine e spaziL 2,λ, Ann. Mat. Pura e Appl.
69 (1965) 321–380

[G] Giaquinta M.: Multiple integrals in the calculus of variations and nonlinear elliptic systems,
Annals of Math. Studies,105, Princeton Univ. Press, New Jersey, 1983

[GT] Gilbarg D., Trudinger N.S.: Elliptic partial differential equations of second order, Springer
Verlag, Heidelberg, New York (1977)
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