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1. Introduction

This work deals with interior regularity for solutions of quasilinear systems of
the form

(L1 DX (@ x,u)X u*(x) =F(x,u(x), Xux)), 1<a<N,
ij=1

where X = (Xy,...,Xn) is a set ofC> vector fields satisfying Brmander’s
condition in a neighborhood of the closure of an openfgenh R", n > 2, and
the matrix @’ (x,y)) is symmetric and positive definite. The right hand side in
(1.2) will be assumed to be at most of quadratic growt)Xin which means that

(1.2) If(x,y,p)|| < alp[*+b for (x,y,p) in 2 xRN x R™.

We shall consider weak solutions of (1.i18. solutions belonging to the space
M) = {u € LA(2,BN) : Xju € L%(2,BRN),i = 1,...,m}. A particular case
of our main result will be the following

Theorem 1.1. Assume that the datdl aand f* are C> functiors o f their argu-
ments and that ¢ satisfies (1.2). Then every weak solutiore M 1(£2) of (1.1)
which is continuous irf2 is C in 2.

Non linear equations and systems involving vector fields have received much
attention during the recent years. For equations coming from variational problems
Xu [X1] has proved the existence of adlder continuous weak solution. More
recently systems which are particular case of (1.1) appear in connection with
existence of subelliptic harmonic maps in a recent work by Jost and Xu [JX] and

* The work of first author is partially supported by NSF of China.
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again the existence of atfitier continuous weak solution is proved. For equations,
G. Lu, [L] has recently announced theédlder continuity of weak solutions. Our
Theorem 1.1 applies to all these cases and provides higher regularity of weak
solutions.

Our work has been, of course, greatly influenced by the elliptic cese (
m=n, X = afii), where fairly complete results have been obtained through
the works of Campanato [C], Giaquinta-Giusti [G] etc... There are two main
difficulties in our case: the lack of commutation and the lack of homogeneity of
the vector fields. The first one does not allow us to differentiate the equation.
Instead, after lifting the vector fields as in Rothschild-Stein [RS], we prove a
lemma which allows us to handle the first derivative as the solution itself. The
same lemma allows us to prove precise Sobolev inequalities on balls which, in
the elliptic case, are proved by scaling from inequalities on the unit ball. As
soon as this has been done, the proof goes along the same lines as in Giaquinta
[G], using the Poinca inequality proved by Jerison [J], the maximal regularity
results of Rothschild-Stein [RS] and some a priori estimates proved in Xu [X2].

This work has partially been done while the first author was visiting the
University of Paris XI-Orsay. He would like to thank this institution for support
and hospitality.

2. Geometry of vector fields and functions spaces

In this section we collect some classical facts and we prove some preliminary
results.

2.1.Let (X1,...,Xny) be a set of real an@ > vector fields, in an open sé? of
R", n > 2, satisfying Fhrmander’s condition up to the orderBy the Rothschild-
Stein lifting theorem (see [RS]), the vector fields, (. .., Xm) can be lifted by
adding extra variables to free vector field§ (. .., Xm) on 2 x T C R" x RI—",
whereT is the unit ball inR4—" and

d—n

X=X + Z Ak (X, t)atk .

k=1
Since foru = u(x), we haveXju(x) = )?ju(x), then if u(x) is a solution of
equation (1.1), it is also a solution of following equation

m

3% (@ (¢, u) Kiu® () = F0x, t u(x), X)), 1< a < N.
ij=1

So we may assume without loss of generality that these vector fiélds. (, Xqn)
are free up to the order. As usual, we associate to this set a continuous subel-
liptic local metric p(x,y) which satisfies on each compact &ein (2

_ 1
(2.1) CHx—y[<px,y) <C|x—y|r.
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For small positived one can then define the b&l(x, 6), of centerx and radius
6, with respect to this metric. Then (see [NSW], [X3])

(2.2) [B(x, )| = [A(x)|6°

where|B| denotes the Lebesgue measupeis the homogeneous dimension and
0 < C; < |AX)| < C; on any compackK in (2.

2.2. The functions spacegsee [X2])

Let £2 be an open set if2. Fork € N anda €]0, 1] we define

,Q — 00 . — |f(X) _f(y)‘
(2.3) S0() = {f eL®(@):[fl1X = Xs;lté% XY)e < +oo}

(2.4) sk () = {f € SPe(0): X f €SP, [I] < k}

where, as usuak| =X, ... X, if I =(ig,...,ip).

ThenS%*(£2) is a Banach space when it is endowed with the obvious norm
deduced from m its definition. Moreover bydHnander’s condition and (2.1) we
have

(2.5) ska() c chF () forall k e .

We can then define the spacﬁ&a(ﬁ) as usual.
We shall also consider, for any integerthe Sobolev space

(2.6) MK(2) = {f € L3(2) : Xif € LA9), [I| < k}.

Endowed with the obvious scalar product this is a Hilbert space. The closure
of C§2(£2) in M*(£2) will be denoted byMK(£2). It is proved in [X3] that for
k > 2, elements iV k(£2) are continuous functions if.
Let us now recall the Poincautype inequalities.
For any open sef? with 2 C 2 one can find positive constari®, C such
that for anyxg in 2 andR in ]0, Ry] we have

m
(2.7) Ul 2@g,ry < C RZ 1% Ul 2@ Ry YU € Mo (B(Xo, R))
=

m
l2@po.R) < C RZ 1% Ul 2@g.Ry: YU € MY(B(Xo, R))
=1

(2.8) |lu—u,r

whereuor = g6 oy Jaog,) . .
The inequality (2.7) is easy but (2.8) is hard and has been proved by Jerison
[J].
As in the Euclidian case the spa&®® can be characterized in terms of
integral conditions.

8 u dx is the average ofi on B(Xp, R).
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Proposition 2.1. Let u be in 12(£2), then the following conditions are equivalent.

a) u € §o.'(12).
b) One can find positive constantg Brd C such that for any R {0, Ry] and
any x in 2 such that Bxg, 2R) is contained inf2 one has

(2.9) / lu(X) — Ug, r|2dX < C [B(xo, R)|R?*.
B(xo,R)

Since the metrig is continuous the proof is very close to that in the Euclidian
case (see [C], [G]).

2.3. The following results are crucial for the sequel. [Rtbe a second order
differential operator of the form

(2.10) P=> X (ayX)
ij=1

wereg; are functions and denote lythe matrix &;)i<i j<m.

Lemma 2.2. For any X% in {2 one can find coordinates in a neighborhood V
of % and a matrix Tx) € GL(m,R) which is C* in V such that if we set
(Y1, ..., Ym) = T(X)(Xq, ..., Xm) We have

n

) 0 0 .

Y = + 1 , 1<) <m,

i) j 3)(]' kzzmﬂg]k X S S

ii) the set(Yy, ..., Yy) satisfies rmander’s condition of order r and is free up
to the orderr in V,

m
i) P = Z Y;* (o i) where(b;) = tC(x)AC(x) and C(x) is an invertible matrix
ij=1
with C* entries in V..

Corollary 2.3. Let us set x= (x’,x”) € R" with X’ € R™ and for k € N* and

(Ca)aj<k INRY, h(x) = 3 5 Cy(x’' —x{)’. Then for any | withl | = k we have
191<k

Y| h= C| .

Proof of Lemma 2.2.
i) Since the vector fieldsXi(Xo), - - . , Xm(X0)) are linearly independent and com-

mute one can find coordinates ne@rin which X;(xp) = 82}_, 1<j<mln

n
these coordinateX; = > cj(x) azk with ¢ (0) = 0 if j Z k andc;(0) = 1,
k=1

m n
1<j <m. Let us setz =kzcjk(x) aik- R =kz Gk (X) aik, Z=(Z1,...,2Zn),
=1 1

=m+

R=Rey....Rn), 9=(2..... .2 ), C = (Ck)igjk<m- ThenX = Z +R and

oxq 7 ” ’ OXm
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Z = Co0. SinceC(0) = Id one can find a neighborhodad of X, in which C is in-
vertible withC > entries. Let us s&t = C~1X. ThenY =C~}(Z+R) = 9+C IR
which proves i).

i) is obvious sinceX = CY whereC is smooth and invertible.

m m m m .

III) We haveP = Z X‘*(a” Xi) = Z Z Yk* Cik ajj CeYy = Z Yk* bke Yo with
ij=1 i,j=1k,e=1 k,0=1

B =t C AC. In particularB is positive definite ifA is so.

Proof of Corollary 2.3.
It is obvious if we use i) of Lemma 2.2.
With the aid of the above results one can prove the following

Proposition 2.4. Let (Y;)1<j<m be the vector fields defined in Lemma 2.2 and
k > 2. Then one can find positive constantg & independent ofpxsuch that
for any R< Ry and u in MX(£2) we have

_Q
(2.11) sup ul < C > R |Yull 2@, Ry
B(x. §) <k

Let us remark that in the Euclidian case or in the case of left invariant vector
fields on nilpotent Lie groups, this inequality can be deduced by scaling from
the Sobolev embedding in a fixed domain. The problem here is then the lack of
homogeneity.

Proof of Proposition 2.4For 1< ¢ < k let us set
1
(212) PR =X0) = D J, (YU (X = xg)”
19]<e

where ()y,r denotes the average on the (i, R) andx’ € R™.
First claim : for any 1< ¢ < k and for smallR we have

2
(2.13) / UG = Pr-1xo,RK = X0)| "X < CRD ™ [ ul| 2 ) -
B(x,R) Il |=¢

According to Corollary 2.3, this claim can be proved by a straightforward induc-
tion from the Poinca inequality (2.8).

Second claim we have

_Q
(2.14) T uxO,R] <CRT2 ) YViullizgury-
I |=k

Herek andx, are fixed so we shall write for shapk, Ug, Br instead ofok_1 x, r,
Ux,,R, B(Xo, R). Then we sepf = pr — Ur. We have
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Therefore

!UgR—UR\ZSCR—Q{/B |u(y)—p%R!2dy+/B |uy) — pe|"dy
1 R

SR

(@)

0 _ 0 |2
+/BR|pR P1gl dy}-

(©)

@

It follows from (2.13) that

(2.15) (D + @< CR* Y [YiullPgpq ry -
I |=k

According to (2.12), since oBgr one hagx’ — xj| < R, we have
2
Q+2|J| _
(2.16) @<c Y REWI(ur - (Hu)g|
1<3|<k—1

We deduce from (2.15) and (2.16) that for any- 1 we have

(2.17) }u%R—uRjz
_ 2
gc{R2k O MUyt D RPH(YUR — (Yau)1g }
1=k 1<|J|<k—1

We now prove by induction od with 1 < ¢ < k — 1 that for everyK such that
|K| = ¢ we have foru € M¥(Bg),

2 _ _
(2.18), ](YKu)%R — (Yeu|” < C R™@2k-IKD Z ViUl |2y -
1=k

This is true for{ =k — 1. Indeed if|[K| =k — 1

2

Byl |(Yk W) — (Yc)r” = ‘ /BlR (Yeu(y) — (Ycu)e) dy

S‘B%R‘/B ’YKU(y)_(YKU)R‘Zdy
R

so by the Poincd&r inequality (2.8) we get
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2 _
|(YKU)%R*(YKU)R| <CR Q+2Z Y1 Ul 2gg) -
I

Now assume (2.18) true fd¢, (k — 1),...,¢ and let|K| = ¢ —1 > 1. Let us
apply (2.17) withYk u instead ofu andk — / + 1 instead ok. We get

2 —ee1)—
’(YKU)%R — (Yku|" < C{Rz(k DN VUl P2y
1=k

2
Y R”'|<YJYKu)%R(YJYKu>R\}.
1< <k—¢

Since|J| + |K| > ¢ the second term in the right hand side can be estimated by
(2.18), so we get (218),_1.

Inserting (2.18) in (2.17) gives (2.14).

Now using (2.14) withR = 277R,j =0,...,q and taking the sum we obtain

q—1

i (k_Q) O
|Ugo,R — Uiy | <C Y2 (- 8) e 3 > Ml 2@ Ry
j=0 HES

Now sincek > g, the functionu is continuous, then for any > O, there is
Go > 0 such that ifg > dp, we have|u(x) — u(Xo)| < ¢ for all x € B(xo, Ry) C

{y e R"; |y — %o| < 27%R,}, and

<e.

U e — U(X0)| = ‘|B(xo, Ryl /B (W) — ()

(*0,Rq

Soq IiQ1 Uxy,Ry = U(Xo) and the sum in the right hand side converges. Therefore

)
lu(x0) — Uor| < CRT2 Y (Y1l 2@pgry-
1=k

. _Q
Since|ug, rl < CR™ 2 [[U]] 2Ry WeE g€t

_Q
(2.18) lu(x)| < C Z RMI=2 Y3 ull 2@ xo,R) -
[91<k
An obvious covering argument gives (2.11). &

We recall now that we can construct cut off functions which are adapted to
our balls.

Lemma 2.5. (see [X2])For small R, g, ¢; with ¢; < ¢y, there exists a function
¢ in C5°(B(Xo, c2R)) such that = 1 on B(xg, c1R), 0 < ¢ < 1 and

(2.19) X ¢ <q R,
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where ¢ are independent of R.

Finally we quote from [G] the following useful lemma.

Lemma 2.6. ([G] lemma 2.1)et¢(R) be a non negative, non decreasing function
on0 < R < R;. Assume

(2.20) ¢(R)§A{((§O)“+e> ¢(Ro)+BF€}

forall R, Ry, 0 < R < Ry < Ry, with A, B¢, «, 3 being non negative constants
A > 1, 5 < a. Then there exists a constang = (A, o, 3) such that ife < ¢

(221) GRS RTCILLY

forall 0 < R< Ry <Ry withC =C(A a, ).

3. Regularity for solutions of linear equations
3.1. Linear homogeneous equations with constant coefficients

In the sequel we shall use the Einstein summation convention. We shall consider
in this section equations of the following type.

(3.1) Lu=a’ X Xu=0

where @) is a constant coefficient matrix which is assumed to be real, symmetric
and satisfies

(3.2) MNP <alge < Alg)?, forall € in R™,

where X and A are positive constants.
A weak solution of (3.1) in2 will be a functionu € M(£2) such that

(3.3) / al Xju-X*pdx =0, forall ¢ in M(:2).
2

For these solutions we have a Caccioppoli-type inequality.

Proposition 3.1. Let u € M(£2) be a weak solution of (3.1). ThenaiC>°(£2)
and for all x in {2, all R in]0, 1[ such that Bxy, R) C {2 and all k € ¥ we have

—k
(3.4) ||U||Mk((X07 Zrﬁ)) < CRUll 2@ R)
where the constant C is independent gfR and u.

Proof. The functionu is C* sincel is hypoelliptic. We shall prove (3.4) by
m

induction onk. We shall writeBg instead ofB(xo, R) and [Xu| = (3 [X u|2)1/2.
j=1
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Let(ng’o(BR),Ogggl,gzlont and|X¢|<CRLj=1....m. Let
us take in (3.3)p = u¢? € M3(£2). We get

/aiJXiU'XjU'CZdX:/ al Xju-c-u-¢?dx—2 [ alXu-u-¢-X¢dx.
BR BR BR

Using (3.2) we deduce

IXu|?¢?dx < CR™ / IXu| - Jul - ¢dx

C.
<5/ |Xul gzdx+R2/ lu2dx.
Br Br

Taking e small enough and sincg= 1 on szz we get (3.4) fork = 1. Assume

now (3.4) true up to the ordde — 1 with k > 2. Let¢ € C§°(B R ) be such

¢=1 onBR ,0< ¢ <1and|X¢| < CRI'l. Using the maX|mum regularity
for the operat0|L proved by Rothschild-Stein [RS] we get

Br

> 0o, ) < 601wt < C{IILcullu-za) * lIcullizey | -
1=k

SincelLu = 0 we have_(u = [L, (] u so, using the Leibniz formula, the estimates
on ¢ and the induction we get (3.4) fdx.

We begin now to prove estimates for the weak solutions of (3.1). In the sequel
Xo is a fixed point in{2 and Bg stands forB(xg, R).

Theorem 3.2. There exist positive constantg,dRy such that for everyxin {2,
for any R< Ry and any weak solution & M*(£2) of (3.1) we have

Q
(3.5) / |u|2dx§C0(R) / |u|?dx
Br Ro Bry
Q
(3.6) / Xul2dx < co( R) / Xul2dx
Br o/ Jeg,
Q+2
(3.7) / |u—uXO7R|2dx§C0<R) / U — Uy Ry |2 dX
Br Ro Bry ’

) R\ Q+2 2
(3.8) / XU — (XU)y, r|2dx < Co( ) / XU — (XU)xg,Ro| “dX
Br Ro Bro

where(v)y,,r denotes the average ofon Bz = B(xo, R).

Proof. Without loss of generality, according to Lemma 2.2, one may assume that
the vector fieldsX; satisfy the conclusion of corollary 2.3.
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If Ao €]0, 1] is fixed, (3.5) to (3.8) are true (with a consta®y depending
on \g) if Ao < Ri"; < 1. This is obvious for (3.5) and (3.6). For (3.7) and (3.8)

i 2 =i 2
this follows from the fact thaffy,_[u — Uy, r[?dx = inf Jog IUu—cl?dx.

i) Letk be a fixed integerk > 3. Let us takeR < 2592 whereRy is such that
B(, Ro) C £2 and (2.11) is true fof?. Then by (2.11)

2 2 213|-Q 2
Ju?ax < Bl sup u? < ClBsl Y- ROl .

Ro <
ok+2 i<k 2k

Br

Now by (3.4) we have

XUl g ) < 1Dl g

2 2191

—2|J
) <CR P 1ul B2y

Therefore (3.5) follows from the fact thig| < C R?.
ii) We takeR < %, andR, as above. Then by (2.11) and (3.4)

XuPax < CRY sup X < CiRP S0 R IXXuIR,
Br B Ry [J1<k Egl
ok+3 z
21J|—-Q —2(|J|+1
<CR Y RPITORZEI |z
13I<k

Sinceu — uy, R, is still a weak solution of (3.1) we get

Q
|Xiu|2dx§C<R) RO‘Z/ U — Uy Ry 20X,
JBRr RO BRO

Then (3.6) follows from the Poincarinequality (2.8) applied to the right hand
side and (3.7) from the same inequality applied to the left hand side.

iii) (3.8) will follow from
Q
(3.9) IX2u|2dx < c( R) RO‘Z/ Xul2dx
Br Ro Bry
where|X2u|? = 3" |X; Xju|?. Indeed let us take in Corollary 2.8,= 1 andg; =

1)
m
(% U)xg,R, thenh(x) = co+ _Z;CJ (¢ — x5 satisfiesX?h = 0 andX;h = (X U), R,-
]:
Thenu — h is still a solution of (3.1). Therefore we get from (3.9)
R\Q
(3.10) IX2uf2dx < C(RO> Ro—2/ XU — (XU 20X
Br Bry
Now the Poinca inequality (2.8) implies
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(3.11) / IXu — (Xu)y, r|?dx < C R / |X2u|?dx.
BR BR

Therefore (3.8) follows from (3.10) and (3.11). Let us prove (3.9). We take
R< 2522 andRy small. Then from (2.11) and (3.4) we get

|X2u|?dx < CRR sup [X?ul?
Br B
ok+4

SGR 30 R IXXCUE,

\J|§k ok+2

201-Q p—2(J]+2) 2
<R Y RVIOR; A 1112
91<k

RN\Q __
<G ) Rl

Now, sinceu — Uy, R, is still a weak solution of (3.1) we get

Q
|X2u|2dx§C3(R) Ro_“/ U — Uy, R, |2dX,
Br Ro Bro

so (3.9) follows from the Poincarinequality (2.8) applied to the right hand side.

3.2. Linear equations with &lder coefficients
We consider now an equation of the form
(3.12) X" (@l ) Xiu) =X fl +g.

The matrix @) is assumed to be real, symmetric with entries belonging to some
S%1(£2), wherey €]0, 1[, and satisfies

(3.13) AP <al ()64 < AP, VxenR, VEeR
(3.14) [a‘i]z# <H, Vi,j.

We shall assume moreover
(3.15) f=(1...,fM) e SO(N,R™ and g € L>(12).

The purpose of this section is to prove the

Theorem 3.3. Let u € M(£2) be a weak solution of (3.12). Under conditions
(3.13), (3.14) and (3.15) we have @ Sé’c"(()) and for all % in (2 there exists
Ro > 0 such that for0 < R < Ry we have
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(316) ose Xu< CR|Xulzo) + 1115, *llgllieo

where the constant C depends onnn,..,H and d(xo, 0{2) but is independent
of R and u.

Proof. In what follows,xy will be a fixed point inf2 andBg = B(Xp, R). According
to Proposition 2.1, our conclusion will follow (by (2.8)) from

(3.17) IXu|?dx < C.BRR~¢, for every smalle > 0.
Br

(3.18) IXu — (Xu)y, r|?dx < C B?RY*%,
Br
whereB = [|Xu[| 2 + [f1%,, + Il9llLc(2) @andC as in (3.16).
Proof of (3.17).We rewrite equation (3.12) as follows
X@" (o) Xiu) = X" 1 + g — X ((@" (x) — @ (o)) X;u)

Let Ry be such that Theorem 3.2 can be applied. L.etM!(Bg,) be a solution
of the problem

(3.19) {Xi (&’ (XO)Xliv) =0 in Bg,
U—wv € Mgy(Bg,)-

Thenu — v is a weak solution of the following equation g, .
X" (' (%) Xi (u — v)) = X1 + g — X ((@" (x) — a' (x)) Xiu) — G a’ (xo) Xiv

sinceX* = —X; +¢. Now, sinceu — v € Mg(Bg,) we get

(3.20) /B aij(xo)Xi(u—v)Xj(u—v)dx:/B 1 (u — v)dx
Ro Ro

@) 2
— )dx — i (x) — gl UX(U—
+/BR0g(u )dx /Bpo (a¥ (x) — a' (x)) Xju X (u — v)dx

® Q)

— ¢ al (xo)Xiv(u — v)dx.
Bro

®)
It follows from (3.13) that

(3.21) 1>\ IX(u — v)[2dx.
Bro



Higher interior regularity for quasilinear subelliptic systems 335
Now, sinceu — v € Mg(Bg,) we have
@= [ (160~ 110)X (- v)dx
Bro
SO

A +
(3.22) [(2)] < 10 /BRO IX(u — v)|2dx+C pg 2#([f]>(<2,#)2.

Furthermore by the Poincaiinequality

@) < (/RO gzdx)l/2</% u v|2dx)l/2

Q4
< R llloecon( |

1/2
IX(u— v)|2dx> .
Bro

Therefore
A
629 1@< [ XU 0Pdcs CRE gl
Bro
Now by (3.14),
(3.24) |(4)| < 1/\0/3 IX(u—v)|?dx +C H2R§“/ |Xul?dx.
Ro

Bro
Finally,

1/2
I(5)] < c:o</BRO |Xv|2dx> </BR0 |u v|2dx>
2 12 2
C d —v)[*d
< 1R0</BRO [Xv] x> </BRO [X(u — )| x)

A
I(5)] < 10/ |X(u—v)|2dx+C2R§/ |Xv|?dx.
Bro Bro

1/2

Therefore
(325) (8 < ;o [ Ix(u—o)dx+ 2GR [ x(u - u)fPax
Ro Ro
+2C2R§/ |Xu|?dx
Bry

whereC, depends only ofl in (3.14) and on the coefficients &f on 2. Taking
2CR2 < fo and using (3.20) to (3.25) we get, singe< 1,
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(3.26)
+ 2
| xw-opdxs C{RS (005,007 + ol ecor] +RE [ |><u|2dx}.
Bro Bro
Now for R < Ry we write
(3.27) / IXu|?dx < 2/ |Xv|?dx + 2/ IX(u — v)[?dx.
Br Br Br

Sincew is a weak solution of (3.19) it follows from (3.6) in Theorem 3.2,

Q
(3.28) /|Xv|2dx§C(R) / XuPdx
Br Ro Bro

<2C(FF:O)Q{/BRO |Xu|2dX+/BRO |X(u—v)2dx}.

We deduce from (3.27), (3.28) and (3.26) that

IXu|?dx < (3.29)
Br

<c{{(§o)q+ 2#] /B

It follows from Lemma 2.5 that for every > 0,
(3.30)

/ R\Q—¢ —
xupac (2% [ e RS (ol + (115,0)°) |-
Ro

This proves (3.17).

Xufax + RE (J1glEe oy * ([11%,.)°) } :
Ro

Br

Proof of (3.18).Let us take 0< R; < Ry andv solution of (3.19) orBg,. Then,
forany 0< R< Ry

(3.31) / |Xu—(Xu)XO,R|2dx<c{/ IX(u — v)|?dx
BR B
6
+/ |Xv—(Xv)x0,R|2dx+/ |(XU)X0’R—(XU)XO)R|2dX}.
BR BR

(@) (©)

It is easily seen that
(3.32) (3)< ().

Now, by (3.8)
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R\ Q+2 2
(2)gc(R1) /BRO\XU—(XU)XO,RJ dx,

SO

(2)gc(§l)o+2{/8 |X(v7u)\2dx+/ XU — (XU | dix

BRl

+/ |(XU)XO,R1—(XU)XO7R1|2dX}

Bry

R\ Q*2
(3.33) (2)<C (Rl) /BRl |Xu — (XU)XQ,R1|2dX+ 2C /Bal IX(u — v)[?dx.

It follows from (3.31), (3.32) and (3.26)

/|xU—(Xu)x0,R|2dxs{(R)Q+2/ [Xu = (XU}, [
Br Ry Bry

2
R ([1%,, +llgllie) + R / Xuzdx}.

BRl

If we use (3.17) withR = R; we deduce
Q+2
[ xu= (g afax < C{(FF:) | xu= 0 Paxcs BZR?*Z”}

whereB = [f]}g# +|gl[Loe(2) + [IXU[| 2y HereC depends on the distance of
Xo to 012. It follows from Lemma 2.6 that
(3.34)

R

Q+2
/ | Xu — (Xu)y, R|2dx < C( ) g / |Xu — (Xu)y, Rlyzdx +B R,
k) Rl k)
Br BRl
Therefore
2 1 pQ+2u X 2
XU~ Xl < CTRO ([T, + lolloecen * X0 )
R

which proves (3.28) and completes the proof of Theorem 3.3. &

We consider now higher regularity results. Let us consider equations on the
form

(3.35) Pu=X"(a' (x)Xu) +b/ Xju+cu="f.
We assume as before uniform ellipticity afl() i.e. V2’ cc £,
(3.36) AeP<al (&g < AP, vxe, VEeR".

The purpose is now to prove the
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Theorem 3.4.Let k € IN and z €]0,1[. Assume & € SM#(12), b c,f €
Sec' ().
Thenifue M1(£2) msg’:(rz) is a weak solution of (3.35) thenal SE"Z“(Q).

C

Proof. Let {2’ be an open subset such thatc 2 and lety € C5°(£2),0<p <
1, =1 onf’. We can find(2,, £2, open with2’ cc 2, cc 2, cc {2 such
thatp(x) > ; on £, p(X) < 3 on 2\ ;. Let us define

B37)  Yj=pX, 1<j<m, Ymu=(L—p)d,, 1<<n.

This new set of vector field¥ = (Yy,..., Ym+n) Satisfy also Wrmander’s con-
dition on {2 but it is elliptic on 2\ {2;.

If we denote byS‘f’“(Q) the Holder space associated with we have
SRy = (') and SEF(2 )\ 14) = CR#(02 \ 24) which is the usual
Holder space. We set

n
(3.38) P= X (?/)2 al Xi) - Z O (1— V))ZaXi
i=1

m n
(3.39) H = X 2% = > 0 (1—9)?0y -
j=1

i=1
Then we can state

Theorem 3.5. For anyp €]0,1[, k e ¥, f in S&’“((Z) and g in CK*21(912) the
Dirichlet problem

(3.40) Hu=f, upn=¢
has an unique solution & Sk*2(£2) and we have the estimate

(3.41) < C{Hf

HU\|S$+2,#(Q) Hs\l;,u(m"'H%OHS\';*Z#(@Q)}’

with C independent of i, .

Proof. Since ¢ € CK*21(912) there existsp™e CK21(0) c SE2#(£2) with
@loo = ¢ S0 we can taker = 0 in (3.40). Let¢ € C§°(f2). If v is a weak
solution of the Dirichlet problentv = (f, vlgn = 0, the strong maximum
principle of Bony [B] implies that supp C supp{ N {2 and

(3.42) 160= [ Be ey
where G is the Green function ofi on 2. Let us take a partition of unity

(Ce)e=o..n With (o € Cg°(82) and (, € Cg(¢2 \ suppy), £ = 1,...,N. Then
Theorem 4.1 in [X2] ensures thab(x) = [, G(x,y)(Cof )(y)dy € S¢™#(92),
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suppug CC £2. For 1< £ < N let us setwy(x) = fsuppcemG(x,y)((gf)(y)dy.
Then

suppvy C {2\ suppy. Therefore we havél v, = Av, = ¢f on 2N suppée,
vy = 0 on the boundary of? N supp(,. It follows thatv, € CK*24(02\ suppy).
Then

N
u=>uv € S‘Y“Z’“(Q) is our solution. The uniqueness is given by the
=0
maximum principle and the a priori estimate by thatwn
Theorem 3.6. Let k € N and 1 €]0, 1[. Assume that

al e S&M(), by, e f e §4), ¢ € SE2(012). Then the Dirichlet
problem

(3.43) Pu=fonf, upo=¢

has an unique solution & S (12).

Proof. The uniqueness is still given by the maximum principle. The existence
will be proved by the continuity method using Theorem 3.5. The main step will
be the proof of an a priori estimate for smooth solution of (3i48)

(3.44) V]l gz gy < C{”P““sb*‘(m " ||””S¢*2’“<99>}

with C independent om.
Since(aij (x)) is positive definite on supp, for anyxg in suppy, the operator
Po = Z X (7/)2 a’ (xo) Xi) - Z Ox (1 — W)zaxi

ij=1 i=1

can be rewrited in the form (3.39) with vector fields such thatX = B(xg) X
whereB(xp) is a non singulam x m matrix. So(3.41) gives the estimate (3.44)
for Py. Then (3.44) forP follows from an easy perturbation argument using a
partition of unity.

Proof of Theorem 3.4.et ¢ € C§°(£2'). Then¢u € SH#(£2'). From (3.35) we get
L¢u=F,L=X* (a (x)X;) andF (x) = ((f — b Xju —cu) +uL¢ +a’ (Xr¢Xiu+
X uXc).

Sinceu € s})g*((z) it follows that F € S%#(£2') and supgF C (2. Then
Cu e SPM(), F e SY*(2) and P(Cu) = L(Cu) = F, ¢u = 0 on df2. Then
the regularity and uniqueness results given by the Theorem 3.6 imply that
S2#(£2). Since this is true for any?’ and ¢ it follows thatu € Sf,’“(ﬁ). For

C
higherk we use an induction. This completes the proof of Theorem 3.4.

Remark 3.7.1f the equations are written far € S2(£2) in the form

al X Xju+b Xu+cu=f
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it has been proved in [X2] that for arky e I we haveu € SK:2#(12) if ail, bi,
c, f are inS5/(92).

4. Quasilinear subelliptic systems

The content of this section is very close to [G] which deals with the elliptic case
(see also Sect. 2.4 in [Sc])).
We consider a quasilinear subelliptic system of the form

(4.1) X*(al (x, u)Xiu®) =f*(x,u,Xu), «=1,...,N

wereX = (Xg, ... Xm) is a set of vector fields satisfyingddmander’s condition.
We shall assume that we have a solutiosuch that

(H.1) ue M2, 'rN)yNncowu, rY).

We assume moreover that
(H.2) )
the coefficientsa’ are locally Holder continuous on2 x BN with

exponentu €]0, 1[ and for any 2’ cC 2 there exist some positive\, A
such that\ €)% < @' (x,2)& & < Al¢]%, V(X,2,8) € 2/ x BN x ™,
(H.3)
{the functionsx — f*(x, u(x), Xu(x)) are measurable of? and satisfy
for some positivea, b : |f (x, u(x), Xu(x))| < a|Xu(x)|?+b, a.e.

We shall fix positive constantgl andH such that

(4.2) Ul <M, [@']oumn, <H.

o=

Remark. From (H.1) u is uniformly continuous on each compact setfih
Therefore for eachxp in 2 in a small neighborhoo of Xy, u has a modulus
of continuity that is a functiow : [0, a[— [0, +oc[, continuous, non decreasing,
with w(0) = 0 and|u(x) — u(x’)| < w(|x — x’|) for all x,x’ in V.

The first result is the following

Theorem 4.1.Let u € M1(£2) be a solution of (4.1). Under conditions (H.1),
(H.2), (H.3) there exista €]0, 1] such that ue Sif‘((),ﬂ%“) and for » € {2 there
is a radius B and a constant C, which depends only oNnm, A\, A, 1, H , a,

b, M anddist (Xo, 912) such thathf% Xu < CRe.

As soon as we have this result we can apply Theorem 3.4 to get higher
regularity.
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Theorem 4.2. Letue M 1(£2) be a weak solution of (4.1). Assume (H.1), (H.2),
(H.3) and that 4, f* are C° functions. Then & C*°({2).

Proof. It follows closely [G]. (See also [Sc], Theorem 2.4.3). We give the details
only for sake of completeness. The constamtbl, m, A\, A,H,a,b,M will be
called the data. Lety € {2 be fixed.

Step 1:for all € €]0, 1] there exists a radiu®; > 0 and a positive constant
C(Ry) depending on the data and diixp, 3f2) such that for allR in ]0, Ry].

(4.3) |Xul?dx < C(R;)RO—¢
Br

Proof. We write our system as
X (@ (0, U0 X u”) = £ + X" ( (a (0, () — &' (x, U())) X u*) .

Without loss of generality we may assume the vector fixlgds. . X, free, satis-
fying Lemma 2.2 and Corollary 2.3.

Arguing as in the proof of (3.17) in Theorem 3.3 withgiven onBg, for
0 < Ry <Ry we get

)\/ X(ue — o) *dx < C{|f‘”(x7U(X),XU(X))\ u® — v dx+

Bry

+ /

al (xo, u(xp)) — al (x, u(x))‘ X U] X (U — )| dx+

+/ a7 (xo, u(xo))| X u®|Ju* — v“ldX}-
Br

1

Using (H.2), (H.3) and the Poindainequality (2.7) we get

(4.4) /B IX(u — v)|?dx

< { [sup|u — v + R +w(R1)2“} / |Xu|2dx+/ lu — v|dx}.
Br Br

Bry 1 1
By the maximum principle applied to the solutienof (3.19) onBg,, we have

sup|u — v| = v(X1) — u(X1) < supv — U(Xy) < supu — u(xy)
BRry Bry OBRy
< supu — inf u < w(Ry).

Br, Bry

(Same reasoning if sup — v| = u(x1) — v(Xy)).
Applying once more Poincarinequality to handquBR |u — v|dx we get
1
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(45) [ [Xu-v)Pdx < C{(w(R1)+Rf“+w(R1)2u) /
B

|Xu|2dx+R1Q+2}.
BRl

Ry

Writing for R< Ry

|Xu|2dx§2{/ \Xv\zdx+/ |X(UU)|2dX}
Br Br Br

and using (3.6) we get easily

Q
/|xU\2dx§c: {(R) +w(R1)+Rf“+w(Rl)2“]/ IXu|?dx + R 4.
Br Ry Br,

We use now Lemma 2.6. It follows that R; is small enough (depending only
on the data) we have f&® < R; and all smalls > 0,

Q_
|Xul?dx < C{( R) E/ |Xu2dx+RQ5}.
Br Ry Br,

This gives (4.3) sincey  [Xu[?dx < [|u[[%1 ., < M2
1

It follows from Poincaé inequality (2.8) and from Proposition 2.1 that

(4.6) ue So7(f2) for every 0< o < 1.

Step 2:We come back to the proof in step 1 using (4.6) instead of (H.1). Instead
of (4.5) we get, withv = min(1, 2u)

(4.7) / IX(u — v)]Pdx < C{le / IXu[2dx + Rf*z}
Ry Br,
sinceRY + R¥# + R2? < C RY” wherev = min(1, 2u).
We fix nowR; as in step 1 and 2. We take<Q Ry < Ry, Ry small enough
depending on the data and we takesolution of (3.19) orBg,. With this w we
can do the same computations as in step 1 and step 2 to get the analogue of (4.7)
with Ry instead ofR; i.e.

(4.8) /B .

Now sinceRy < R; we can use (4.3). Then (4.8) implies for> 0,

IX(u — w)|?dx < C{Rg" / IXu[2dx + R§+2}.
Bro

(4.9) /B IX(u — w)[?dx < C(R)RY ="
Ro

Step 3:There exista > 0 andR, > 0, C > 0 depending only on the data and
on d(Xo, 02) such that for alR < Ry,

(4.10) / XU — (Xu) r|*dx < C RO*2,
JBRr
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Proof. We write, withw as above,

/ ny—(Xu)xo,R|2dx<c{/ |X(u—w)|2dx+/ |xu;—(xm)xo,Ryzdx}.
Br Br Br

So, using (3.8) and (4.9) we get f& < Ry,

/ |XU—(XU)XO7R|2dX§ C{(RRO>Q+2/ |XU—(XU)XO,RO|2dX+R§_E+VU}-
Br BRO

Since O< vo—e < 1 we can use again Lemma 2.6 to get (4.10) with=2vo —e¢.
The conclusion of Theorem 4.1 follows from (4.10) and Proposition 2.1.
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