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ABSTRACT

In this work, we study the quasilinear Cauchy-Dirichlet problem, 0;u +
Y X7 Ayt u) Xju—30 ) By(w, 6, u) Xjut-c(a, t,u) = 0, in]0, T[xQ; uf—g =
o, ond; u = 1, on[0,T[x0N., where X = {X;,...,X,,} is a system of real
smooth vector fields which is defined on a open domain M of IR", and satisfies
the Hormander’s condition, 2 C M. Assume that 02 is non characteristic for
the system Xy, ..., X,,. Under some hypothesis for the boundary of domain and
the elliptic structure condition for the non-linear coefficients A;;, B;, C, i,j =
1,...,m, we have proved that the existence and regularity of solution for above
Cauchy-Dirichlet problems.
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§ 1 Introduction

In this work, we study the following quasilinear Cauchy-Dirichlet problem:

Lu= 0w+ Y X;Aj(z,t,u)X;u

2,j=1

+2_ Bj(w,t,u)Xju+ C(z,t,u) = 0, in 0, T[xQ (1)
j=1

Uli—o = ¢, on 0f2 (2)

u =1 on [0, T[x OS2 (3)
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where X = {Xj,..., X,,} is a system of real smooth vector fields defined in an
open domain M C IR",n > 2, Q is a bounded open subdomain of M with 02
smooth. X7 = —Xj;+¢; is the formula adjoint of X;. We assume that the system
of vector fields X = {X3,..., X,,} satisfies the following Hérmander’s condition
(H):
Xi, ..., X, together with their commutators X, = [Xa,, - - - [Xa._y, Xao] - - ]
up to some fixed length r span the tangent space at each point of M.

We will study the problem (1)—(3) similar to the case of second order parabolic
equations. The role of Laplaceian —/\, is substituted by the Hormander’s opera-
tors H =377 X7 X + ¢, where ¢ > ¢y > 0. Actually by using the geometry and
the function spaces associated with the system of vector fields X, the operators
H seems to satisfy nearly all properties of Laplacian —A\, (see [1, 4, 6, 11]).

We assume that the system of vector fields X and the boundary 0 satisfies
the following additional conditions (S. E. 09)

%) is non characteristic for the system X. And for all 1 < 7 < r,
we have X] = X; N T,(0Q) for all x € 9, and the dimension of Xj is
constant in a neighborhood of €.

Where X is the linear space spanned by the vector fields Xi,...,X,, with
smooth real coefficients in C*°(M),X; = [X;, Xj_1]. And for z € 00, X] =
XINT,(09Q), X = [X], X/_|]. SH*(Q) is the “non-isotropic” Horlder space asso-
ciated with the system of vector fields X (see [8] and Section 2).

Then, the Hérmander’s condition implies that X,.(x) = T, M for all z € M.
And the condition (S. E. 092) implies that the bases of A] (vector fields defined
on 0N2) satisfies the Hormander’s condition as well on the manifold 02 at order
r.

For the nonlinear coefficients, we assume that there exists constants A, A > 0
and g(z,t) € C°([0, T[xQ) such that:

Ai,j7 BJ, CECOO([()?T[XQXIR), Z,j:1,7m, (4)

|Aij(z,t, 2)|, |Bj(z,t, 2)|, |C(z, ¢, 2)| < g(,1); (5)
,J

V(x,t,2,€) € [0, T[xQ C R*. (6)

We prove in this work the following theorem:

Theorem 1 Assume that the system of vector fields X1, ..., X,, and OS2 satisfies
the Hérmander’s condition and (S. E. 02). Let the nonlinear coefficients of

equation (1) satisfy the conditions (4)-(6). then there exists a solution of problems
(1)-(3) in the class C*°([0, T[xQ), if p,v are in the class of C>.

We will give the essential notations and well know results of Hormander’s
operators in Section 2. We study linear problems in Section 3, and nonlinear
problems in Section 4.



§ 2 Preliminary Lemmas And Notations

We define now the sub-unit metric on M associated with X as in [4] and [§].

Definition 1 Let C(0) be a class of absolutely continuous mappings ¢ : [0,1] —
M which almost everywhere satisfy the differential equation

¢'(t) = D as(t)Xs((1)) (7)

[J]<r
with |ay(t)] < 61, then we define
plz,y) = inf{0 >0 ]3¢ € C(0) with (0) =z, ¢(1) = y}. (8)

Then, p is a local metric on M. We introduce now a class of “non-isotropic”

Holder continuous functions. For 1 > «a > 0, we define the function spaces
SO([0, T[xQ) = C°([0, T[xQ), and S*([0, T[x) by

_ 1) —
fESO([O,T[XQ), sup |f(.’L', ) f(yvt)l < 400
x,y€Qtel0,T] p(:E? y)a
sup |f<$7t)_ui‘s§77)| < 400 5. (9)
zeQt,7€[0,T |t - 7_|

And for k,1 € N, 1 > a > 0, we define S&([0, T[xQ) by

{ue€ 50, T[xQ); X ue S*([0,T[x0),
Vh < k,2h+ |J| <1} (10)
The definition of norm of S¥([0, T[xQ) is classic, and it is also a Banach
space as in [8] (see also [5, 12]).
Using the hypotheses (S. E. 9Q) on 0%, we can also define the functions spaces

SEL([0, T[x0R) by use the bases of X] as in (9) (10) (see [5, 12]). We have also
the following interpolation inequality and compactness results.

Lemma 1 For any k1 < ko, I1 < lr,a < [3, ki+h+a< ko+ 1o+ (3, and e > 0,
there exist C. > 0 such that for any u € SEQ’ZQ([O,T[XQ), we have

ol g o ey < 2t g gy + Cellllgongenn. (11)

Then the embedding from Si" ([0, T[xQ) to SH1([0,T[xQ) is a compact map.



§ 3 Existence and estimation of solutions
for linear problems

We consider in this section the following linear problems:

O+ Hu = f(x,t), in]0,T[x$, (12)
Ul—o = ¢ on (2, (13)
u=1 on [0,T] x 09. (14)

We will use the method of Hilbert spaces to study existence of weak solution for
above problems. We define now

M'(J0,T[xQ) = {ue L*(]0,T[xQ); du € L*(]0,T[xN),
Xju e L*(J0,T[xQ), 1 < j <m};
m'(Q) = {ue L*Q); Xue L*(Q),1<j<m}.
The norm of M'(]0, T[xQ),m'(Q) is classic, and it is Hilbert spaces. m}(Q)

denote the closure of D(2) in m!'(Q2), and we have D(H) = m{(Q).
For u,v € m{(2), we define

CL(U,U) = (Hu7v)m1(ﬂ)><m1(ﬂ)
= /ZXjuTﬂdx++/cu@dx
St Q
Then we have
alu,u) > collullZ gy (15)
la(u,v)] < Cllullmio)llvllm @) (16)

Using the abstract existence theorem (see [3]), we obtain the existence of weak
solution for degenerate parabolic problems :

Theorem 2 If f € L*(]0,T[; m}'(Q)), ¢ € L*(Q). Then there exists an unique
solutionu € W(]0,T[; my()) = {v € L2(J0,T[; my(Q)); dw € L*(J0,T[; my'(Q))}
of following Cauchy problems:

Oy + Hu(t) = f(t), (17)
u(0) = up. (18)

where my'(Q) is the adjoint Hilbert spaces of m ().

Since L*(]0,T[xQ) C L*(]0,TY; my' (), then for f € L*(]0,T[xQ),p €
L*(),¢ € M'(]J0,T[xQ), we have proved the existence of weak solution for

problems (12)-14) with 1 = 1| rxaq. Here the existence of trace for func-
tion of M*(]0,T[xQ) is given in [2, 5, 12]. We have also W (]0,T[; m$(Q)) C
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M'(]0,T[xQ). Let u = v — 1), then v will be a solution of problems (17)-(18)
with f(z,t) = f(z,t) + Ob(x, t) + H(x,t) € L2(]0, T[; my(K2)).

For the regularity of this weak solution, if f € C*°([0,T[xQ),p € C®(Q),v €
C>([0, T[x0R), then w is also in C*([0,T[xQ). But we have to use a more
precise regularity results in the associated Holder spaces S®!([0, T[xQ) to study
nonlinear problems. So we will use the following estimate of heat kernel. Since the
operators 0y + H is hypoelliptic, and the boundary [0, T'[x 02 is noncharacteristic,
there exists the heat kernel K;(z,y) of Cauchy-Dirichlet problems (12)-(14).

Lemma 2 For any N € IN and t > 0 small, we have the following estimate of
heat kernel:

L _
OF X7 Ky(,y)] < Cnyant ™7 [Blas t'/?)[
2\ —N
X (1 n M) . (19)

t
where the differentiations of X’ are taken in x ory.

This is just Theorem II of [6]. Using the hypothesis (S. E. 092). We can prolong
the functions of S*!([0, T[xQ) and heat kernel K; to the exterior of [0, T[x€2, so
we have also the estimate (19) near the boundary of domain. The following is
maximum principle for degenerate parabolic operators (see [12]).

Lemma 3 If f € C°[0,T[xQ), ¢ € C°Q), v € C°[0,T[x9R), and u €
S12(]0, T[xQ) is a solution of problems (12)-(14). Then we have the following a
priori estimate for all t € [0,T7,

lulleqorixey < CLllello@) + ¢l oo (orixon)
+ I llegorixa}- (20)

Using the estimate of heat kernel and maximum principle, we have proved the
following precise regularity results (see [12]).

Theorem 3 Fork € IN, 0 < a <1, let f € S¥2#([0, T[xQ), p € S*F22(Q), ¢ €
SEXLAR2([0, T[xQ), there exists an unique solution of problems (12)-(14) in the
function space SETL2R2([0, T[xQ). And the solution verifies following estimate:

HuHS(’;“’%”([o,T[Xﬁ) < C{H‘PHS%Hva(ﬁ)"‘ H’l/}|’52+1’2k+2([0,T[><89)
1 gk oz - (21)

where the constant C' is independent of .

Using the freezing coefficients method, we can also study the following linear
problems

Gtu + Z Xi*aij(;c, t)XJU + Z bj(l’, t)X]u

ij=1 j=1



+ce(z, t)u = f(x,t), in]0,T[xQ (22)
u =, on {t=0} xQ (23)
u =1, on [0, T[x 0. (24)

Assume that, for some k € IN,a > 0, the coefficients a;;, b;, c satisfies the condi-
tions:

MEP < Z aij(x, 1)&&; < AJEJ?,

2,7=1
V(z,t,€) € [0, T[xQ x R (25)
Z HainSg,% + Z ||bj||S§,2k + ||C||5’Djv2’C < A. (26>
ij=1 j=1

We have the following results.

Corollary 1 Assume that the coefficients a;;,b;, ¢ satisfies the conditions (25)-
(26), and f € SB*([0,T[xQ), ¢ € SP*T22(Q),¢p € SkHLHL2([0, T[x00N). Then
the solutions of problems (22)-(24) is in the class SET12RT2([0, T[xQ), and we
have also the estimate

HuHsgﬂv%”([o,T[xﬁ) < C{HWHS%H!Q(@) + Hw”sgﬂv%”([o,ﬂxag)
I TP, 27)
where C' depends only on X\, A, .

The proof of this Corollary is given in [12]. We will use those results to study
the existence of smooth solution for quasilinear problems (1)-(3) in Section 4.

§ 4 Existence of solution for quasilinear
problems
We consider now the quasilinear problems (1)-(3). Using the results of Corol-

lary 1 and Leray-Schauder’s fixed point theorem, we have the following existence
theorem.

Theorem 4 Assume that ¢ € S**(Q), ¢ € SY*([0,T[x0Q). Under the hypoth-
esis of Theorem 1, if there exist constant B > 0,3 > 0 such that for all solution
u € SL2([0, T[xQ) of following problems (0 < o < 1):

3tu + Z X:AU(ZE, t, U)XJU +0o Z Bj(l‘, t, U)XJU

ij=1 j=1
+oC(z,t,u) =0, in]0, T[x (28)
Uli=0 = o, on OS2 (29)
u=o1 on [0, T[x 012, (30)
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satisfies the a priori estimate:
[ull so(0.x3) < B- (31)
Then there exist a solution u € Sé’z([O,T[xﬁ) for quasilinear problems (1)-(3).

In fact, we define the operator T': SP([0, T[xQ) — SP([0, T[xQ) by u = Tv
is the solution of following linearization problems:

du+ Y XiAy(z,t,v)Xu+ Y Bj(z,t,v)Xu

ij=1 j=1
+C(x,t,v) =0, in]0, T[x
Uli—o = ¢, on 0F2,
u=1 on [0, T[x00.

Since a;(w,t) = Aj(z,t,v(x,t)),bj(x,t) = Bj(z,t,v(z,t)), c(x,t) = C(x,t,v(x,1)) €
S%[O,T[Xﬁ), using the results of Corollary 1, we have T : SP([0,T[xQ) —
S/é’ ([0, T[x€2). Then Lemma 1 give that T : S?([0, T[xQ) — SP([0, T[xQ) is a
compact operator, so that T has a fixed point in S?([0, T[xQ). Corollary 1 give
the results of Theorem 4.

Now, the proof of Theorem 1 is to construct the a priori estimate (31). We
sckicth this process in two step.

(1) Estimate of max |u|.

Denote by I' = {{t = 0} x Q}U{[0, T[x 0}, then we have

Lemma 4 Assume that the nonlinear coefficients A;;, By, C, i,j =1,...,m sal-
isfies the hypothesis (4)-(6), and u € SL2([0, T[xQ)) verifies equation (1). Then
there exists constant C'= C(supy r,q 19 A A, [, supp [ul), such that

sup |u| < C. (32)
10,7[xQ

The proof of this Lemma is as following. We have the following Sobolev inequality,
for u € M'(]0, T[x), there exists ¢ €]2, - 2/7~[ such that

1wl Latgo,rixey < Cllullargorixa), (33)

Where |2l Lot o712 (fo (Jo |u(z, t)|qd:13dt)l/q) , and [ verifies 1/q = Q/T) +

1=@/ . Using Nash-Moser processor and inequality (33), we can obtain estlmate

(32) as in [7] (see also [5]).

(2) Estimate of |ju||gs.



The estimate of ||ul|gs is given by Harnack’s inequality for quasilinear degen-
erate parabolic equation (1), there is also two step for this processor, one is in
the interior of domain and on a ball of B(z,¢), another is near the boundary
and on a semi-ball B(x,e)*. The method is standard for degenerate elliptic and
parabolic equation under the hypothesis of Theorem 1, we reference the proof to
the detail paper [5].

End of proof of Theorem 1

Now we have proved that for p € S2*(Q), ¥ € SL2([0,T[x0), there exists
a solution u € 55’2(}0, T[x) for quasilinear problems (1)-(3). Using the linear
regularity results of Theorem 3 with freezing method, we can prove that if ¢ €
S2H2a(Q)), b € SEHLH2([0, T[x9Q), then u € ST 2(]0, T[xQ) for any k €

IN. Since SZH’QHZ(]O, T[xQ) c C@+2/7([0, T[xQ), we have proved Theorem 1.
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