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In this lecture, we will discuss theory of microlocale analysis for nonlinear equations
F[’U,] = F(.’II,U, o ',8’6’11/, o )‘ﬁ‘gm =0.

If F' is linear with respect to w and their derivatives, the theory of microlocale analysis is well-
known, see for example [H6]. But in the nonlinear case, it is well known that the problems of
existence of solution, the regularities, and propagation of singularities are very different to linear
case. We shall overpass the difficulty of existence of solutions, and assuming that u is a given
solution in the whole space, having some regularity (u € H® s > sg). Our problem is to analyze
if w belongs to H* for some s’ > s at some point with respect to some direction, that means
microlocale analysis for a solution of nonlinear equation F[u] = 0.

The Littlewood-Paley decomposition is key tools for this theory, we will give the characterization
for Holder space and Sobolev space. the results of decomposition can be used to define a class of
linear operators with non smooth symbol (paradifferential operators), which has a symbolic calculus
as that of pseudo-differential operators. And we can also obtain a linear (para-) differential equation
from any nonlinear equation if it has a enough regular solution. Then the theory of microlocale
analysis for nonlinear equations is carry out.

This lecture is a basic course for this theory, we study in detail the theory of Littelwood-Paley
decomposition, and paradifferential operators. We give only some very simple application of this
theory.



Chapter 1

Littlewood-Paley theory

1.1. Sobolev space and Hoélder space

For 0 < a < 1, we define the Hélder space by

[ufz) = uly)|

— yla

C*(MR"™) = {u € L=(R"); [u]o = sup

< 400
z,y |z b

with the norm ||ul|ca = |||z + [t]o. And for &« € Ry \IN,a = [a] + 5,0 < 8 < 1, we define
C*(R™) = {u € CI(R™); DMu € CHR™), ]\ < [o]},

with the norm

lullea = D 1D ullgs.

IAI<[e]
Then C'* are Banach space, and it is evident that they norm are equivalent to

co= Y IDulr=+ Y [DMulg.

IAI<]e] [Al=[e]

[[ul

For a = 1, Zygmund space C! (module the affine functions) is defined by C! = {u €
C°(R™); [u]; < +oc}, where [u]} = supy, ,cIR" |u(z + k) + u(z — h) — 2u(z)|/|h|, then Cl is also
Banach space with norm [u]}. For m € IN, we define C™ = {u € C}; D*u € C},|\| < m—1}. From
now for @ € R4, without confusion we denote C?%, if a« € IN it is Zygmund space, if @ € Ry \ IN
it is holder space.

We define now Sobolev space H*(IR") for s € R,

H*(R") = {f € 8 (1 + [¢]*)*/2f € L*(R")},

with the norm || f||z = ||(1 + |£[2)%/2f]| .2, then H* is Hilbert space.
In this lecture, we will give a characterization of function spaces C'* and H?® by Littlewood-
Paley decomposition. We consider now a dyadic decomposition of IR", for K > 1 a fixed constant,

and p € IN; we set
Cy = {€ € R K127 < [¢] < K2vt1), (11)

and C_; = B(0,K) = {¢ € R";|¢| < K}, then {C,}T5° is a recover of IR".
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4 CHAPTER 1. LITTLEWOOD-PALEY THEORY

Lemma 1.1 There exist N1 which depends only on K such that for any p
#{¢;Cy[Cp # 0} < N1

That means {C,}75° is a uniformly finite recover of IR".
Proof: Fixed p, and suppose that Cy(C), # 0. The cas ¢ > p and ¢ < p is similar, we consider
only g<pandp# —-1. If £ € C;(Cp,q # —1, then

K 12P < ¢ < K291,

which give 2P~9 < 2K? and p — ¢ < [1 + 2log, K|. Note Ny = 2[1 + 2log, K] + 2, we have proved
Lemma.

Lemma 1.2 There exist o, € CP(IR™), with Suppy C C_q, Suppp C Cy, such that for any
£ € IR" and Ny, we have

PO+ (277 =1,
p=0

and
No—1

YO+ Y 2P =p(2 V).

p=0
Proof: Take § € C§°(IR") with 0 < 6 < 1,Suppf C Cp, and (&) =1 for 1 < |£| < 2. Set
s(€)= Y 0277, ¢eR"\0,
p=—o00

then from Lemma 1.1, s € C*°(IR™ \ 0). We define now

p(€) = 0(£)/5(8)-

If |¢| > K,p < —1, we have 27P|¢| = 2Pl|¢| > 2Pl K > 2K, and 27P¢ & Cp, then 6(27P¢) = 0.
Therefore, if |£| > K,

e N 0(27PE) Xl 00278
29T 2 e T g

here we have used the fact s(27P¢) = 3200 (2 (atp)g) = 3°°° 0(27P1¢) = s(€). Take now

q=—00 P1=—00

P(€) =1=3277p(27PE), then ¢ € C3°(IR™), Suppy C C—;1. Now for any No,

2N+ e PN =1
p=0
No—1 o)
= PO+ Y e+ > p(27F).
p=0 p=Np

Since 3707 p(27PNg) = 37\ p(27P1€), we have proved Lemma.

1.2. Dyadic decomposition for C* and H*



Using the dyadic decomposition of IR" and the associated partition of unity, we will give a
characterization of Holder space and Sobolev space. For ¢, € C§(IR"), we can define the
pseudo-differential operators (D) as

H(D)u(x) = / 0 ()€ de.

Definition 1.1 For u € S'(R"), we define their Littlewood-Paley decomposition (or dyadic de-
composition) {up}o% 1 as u_y = P(D)u,u, = (27PD)u.

It is evident that u, € S’ for any u € §’, and Suppt, C C,, we have

Theorem 1.1 Foru € S’, we have u = 22171 up, in sense of S'.

Proof: For any f € S, we have f(f) = Z;o:_l fp in the sense of S, then for any v € §’, using
Parseval formula, we have

(u, f) @2m) (@, f) = @2m) ™" > (@, fy)
= @)Y (@, ) = )Y Wy, f)
= (Z upaf)'

We have proved Theorem.
Since u, € §’, Suppi, C C),, Paley- Wienner-Schwartz theorem implies that u, € C*, we will
use this proprieties to characterized Sobolev space and Holder space.

Theorem 1.2 For s > 0, the following properties are equivalent.
(a) w e H(IR"™);
(b) u=7372 | up, with Suppi, C C, and

lupllze < 277, {ep} € 1%
(c) u= Z;O:_l up, with Suppt, C B(0, K12P) and
luplle <277, {cp}t € 1%
(d) u= Z;i—1 Up, with up, € C° and for any o € IN",
[D%up[r2 < Cp,aQ_p(S_laDv {cpal € 2.

Proof: The equivalence of (a) and (b) is for all s € IR, suppose that v € H*(IR") C &', and

Littlewood- Paley decomposition of u as Z;O:_l Up, then Suppt, C Cp, and

luplZ. = / (1 -+ [€2)° iy (6)]2de
/ (14 €)% o2 PE)a(e) e
/ (14 [€2)° 02 PE)a(e) e,

P



6 CHAPTER 1. LITTLEWOOD-PALEY THEORY

since for any s € IR and & € C),, we have K;2%° < (1 + |£[?)® < K522P%, we obtain
Killupllze <27 (Jupl e < Kallup|| 2. (1.2)

Set now ¢, = ||up||m, we want to prove {c,} € (2, since for |[p — q| > N1,C, [ Cy = 0, then series

o0

SQJVlu: E Ug+kN,
k=0

is orthogonal, and

ISl = [ (4118 mulde

> [P g, € Pde
k=0

oo
> lugrrn, e
k=0

but

oo

oo
D lupllzs < No Y~ llugenns 7 = NillSq vy ullfre < [lullfre < Nifjul3..
p=—1 k=0

We have proved (a) = (b). In inverse, if we have (b), then (1.2) give |lu,| g < Kacp, and

lel lel o0
il <3 [Semul = 3 (zuﬁmnas)
q=0

q=0 k=0

N

K2 Zcf) < 4o00.

p=0

that means u € H*(IR"), then (a) < (b).
(b) = (c) is evident, since C), C B(0,2K27).
Suppose that we have (¢), and v = Z;O:_l up, with Suppt, C B(0, K12P), then u, € C*°, and
for all Va € IN", we have
[D%upll2 = [[DYupl[L2 = (€% (&)l
< K2y e = G2 g

lal | 5—ps+plal _ —ps+plal
< Kj'cp2 = Cp,a2 ,

IN

A

we have proved (¢) = (d).
We prove now (c) = (a), it is now necessary s > 0. From (c), we have immediately u = > u, €
L?, and the properties Suppi, C B(0, K12P) implies

vk = (27 "D)u = p(27%D) Z Up.

[p—k|<Ny
Then, we have
2 2
2. = | S w@ 7D, = / S o2 Dyuy(a)| da
p:k‘—Nl p:k_Nl

L2



< / S 2@ D) | | S 2| de
p=k—Ny p=k—N1
< 027 S 9% p(27F D)uy |,
p=—1

Here we have used the fact s > 0 to get Z;o:k—Nl 272ps < 0272k%, As in the proof of (a) = (b),

we have
oo

Y e Dyuylze < Cllupll3e.
k=-1

We set ¢f = 3207 2°P%(|p(277D)uy 3., then {c} € I?, and u = 3" vy verifies the condition of
(b), we have proved (c) = (b) & (a).

Now it is enough to prove (d) = (a). Under assumption of (d), we have firstly u = > u, €
L% Take @ € ", |a] = sp > s > 0, and ¥p(¢) = ¥(27%¢) € C(IR™) with Suppyy, C
B(0,Co28+ 1) (&) = 1, €] < C12%, then

Suppt (1 — x) C {€ € R™; 0128 < |¢] < 09281},
Set i (€) = Ye(§)x(€) + (1~ v(©)x(€) = & () + 817 (€), we have

g2 = / M (€) + i (e)[2de

[

/ ) (€)2de + 2 / Be(©)(1 — () (©)Pde + / ) e
Since 0 < ¢ (§)(1 —¥r(§)) < 1, we have
gD 122 + u |22 < [lug|2. < 2720

Similarly, u )
i 20 + a2 200 < Jlugl|Zeo < 327 2(m50),

Set u(1) = Z’U,](Cl),u@) = Zu,(cz), then v = v 4+ u® | and from (c), u € H*, for u?, we have

oz D0 = [1 Y e D)uf? Pda

k<p+No
< T gk / ) 92k(a=20) | (27 D)l 2z
k<p+No k<p+No

1 — 2—2(p+No+1)(s—s0)

270 37 M@ D) e
k<p+No

- 1 —2—(s—s0)

But for sg > s > 0, we have
1 — 9= 2(p+No+1)(s—s0)

o2 =02

with C' independent on p. Set now ¢ = >\ v, 22"'(3_80)||<p(2_pD)u§€2)||%{so, then

S <> 2, < oo
P k
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We have proved u(?) = > ©(27PD)u? € H".
Before to study Holder space C'*, we give a lemma.

Lemma 1.3 Suppose that a € L>°(IR"), Suppa C B(0, R), then a € C*°(IR"), and for any o € IN"
there exist C(n,a) > 0 such that

D%z~ < C(n,a)R|al g (1.3)

Proof: Choose v € C§°(IR™), Suppyy C B(0,2),%(&) = 1 for [£] < 1, and set ¢r(£) = P(R7LE),
then we have a(£) = ¥r(£)a(§) and

a(z) = (R"Y(=R-) x a(-))(z) € CF(R").

We have D%a(z) = R"el((D*))(=R-) = a(-))(z), and |R*(D*))(—R)||1 = C(n,a) < +oo,
which give R
ID%al|ze < |R™ (D) (=R)| |12 R [la] e

For Holder space we have a similar results as Theorem 1.2.

Theorem 1.3 For any o > 0, and a = [+ 5,1 € IN,0 < 8 < 1, the following properties are
equivalents:

(a) u € C%

(b) w=">320"_ up with Suppty, C Cp, and |uy||= < C277%;

(¢) w=73202 | up with Suppi, C B(0, K127), and |luy||=~ < C277%;

(d) w=30" | up withu, € C'*, and for all X € N", [N <1+ 1, [[D upl|p < Cy2PlatAl),

oo

Proof: Suppose that v € C%, and u = Zp:_l u, his Littlewood-Paley decomposition. Since

Suppti_1 C B(0, K1), we have
[u—1l[zee < C(n)Ky|[ul[ze.

For p > —1, denote by ¢ the transformation of ¢, then ¢, (z) = 2"P@(2Pz), and for any A € IN",
we have

/:E)‘gE(x)dx = Dg/e*”i@(x)dxkzo = D2¢p(0) = 0. (1.4)

Now for any f € C*(IR"),a = [+ (3, the Taylor formula give

@) = Y 50 ) -y

YRS
+ %(.’E—y)k/ Z a>‘f(y+t(.1‘—y))(1_t)l—ldt
Ix|=l
= Y W)
NE
i %(x ad / D0yt —y) -yt

|Al=t

then we have

HEOEDY %fﬁf(y)(x — )| < Clle = y|*[|fllca.

A<t



And for u, = ¢, * u, using (1.4), we have
w) = [ eule =y
[onte =) = 3 e -0 u(@)dy,

[Al<
hence
lule~ < Clullon [ I6s(e = lie yidy
= Clule-27 [ |p(@)ljal*dz
< Collu|ga27P

We have proved (a) = (b).
(b) = (c) is evident.
(¢) = (d) is reduced by Lemma 1.3.
We prove now (d) = (a), take sum we have immediately « € C'(IR"), and for all |\| = I,p €
N,,z,y € R",
9 up(@) — Py ()] < MPO)z — .

Fixed |z — y| > 0 small, take py such that 2P0 < |z —y|~! < 2PoF1 then

Pule) = 0uly) = 3 [Vuple) — Duy(y)
£ Y0 () — Py (y)]
_ I

For the first term, we have

I < Mz —vy| Z oP1=0) < oM |z — y|2P0 =0 < 2aM |z — y|P.

P<po

For the second term, we have

I < > P up@) + Y 10Mu(y)]
P>Ppo P>po
< 2M 27 <Mt < 8Mx -y,

p>po

we obtain for |\| =,
0 u(@) — Puly) < Cla — y|°.
Then v € C*(R").
Remark Since the Littlewood-Paley decomposition is well-defined in the distribution space

S’. We large the definition of Hélder space for index o < 0 as the equivalence of (a) and (b) in
Theorem 1.2.

Definition 1.2 For a € R, and u € S’, if his Littlewood-Paley decomposition u = > -

p=—1Up
satisfy ||up|lpee < C27P%, then we say u € C*.
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Using this definition, we have in Theorem 1.3 the equivalence of (a) and (b) for all @ € R, and

as for Sobolev space, we have

Theorem 1.4 Suppose that P(D) € ST, then P : C* — C*~™ is continuous for all a € R.

Proof: Without loss general, we can suppose that P(£) is homogeneous of degree m for || > A.
Choose Ny big enough such that K—12N > A, For v € C* and v = Y u, his Littlewood-
Paley decomposition, set v, = P(D)u,. Then 0,(¢) = P(£)4,(£), and Suppd, C Cp, choose
now & € C°(R") with ®(¢) = 1 on Cp, and Supp® C C) = {¢ € R K71 < || < 2K},
then 4,(§) = ®(27PE)0,(£). Set (&) = P(§)P(€), and it is Fourier transformation of h(x), then
U, (&) = P(&)®(27P¢) = 2mPP(27P€)®(27P¢), and it is the transformation of 2(m+™Ph(2Pz)  and

vp(x) = 20MFIP(R(2P.) 5 u,) () = 2P / h(t)u,(x — 27Pt)dt.

Since h € Ll(]Rn)7 Hausdorff-Young inequality give
[vpllLoe < C2MP |ty < C27P—™),

We have proved v = P(D)u € C*~™.

1.3. Sobolev embedding Theorem

Using the Littlewood-Paley decomposition, we have a very simple proof of Sobolev embedding
theorem.

Theorem 1.5 (a) For any s € R, we have continuous embedding H® C cs—n/2;
(b) For any 0 < s < n/2, we have continuous embedding H® C LP where p =

(¢c) We have continuous embedding H"/?> ¢ VMO.

2n_
n—2s’

Proof: (a) Suppose that u € H®, u = Z;o:_l u, the Littlewood-Paley decomposition. Take ®(&)
as in the proof of Theorem 1.4, set h = ®, then

y(2) = 20((2) ) 2) = 2 [ (OR[2 o — 1),

and Schwartz inequality give

IN

lupllzz(12"Ph(2P2)| L2

1/2
et 2 ( / |2”ph<2px>|2dm)

1
22" |lup|| 2 || 1] 2

l|upll Lo

We have proved for u € H?,
s—

lupll o < 277 ey A 2.

Then u € C*~ 3.
(b) We give here a direct proof by Fourier transformation, similar proof can be easily given by
use Littlewood-Paley decomposition. For f € LP, we have

1712, = p / NV f] > AJdA,
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where m{|f| > A} is the Lebesgue measure of set {x € IR";|f| > A}. For A > 0, set f, , =
F Y g f),f=Ffi.+ foa wehave

odlloe < 1l < IFle( /B (&) dg)/>

)

IN

< CA™?7*||fl|u-

For any A > 0, we have {|f| > A} C {2|f, .| > A} U{2|f, .| > A}. Choose Ay = (A/(4C|| f|| =)™,
then m{[f, , | > A/2} =0, and

o0
12, <p / N im{2)f, | > AbdA.

but
m{lfon | > N2} = / dz
(o0, 1>2/2)
4 2
S / RG]
(fga 1>A/2) A
4
< glon, e
We obtain
o 2
1712, < » / N3 £, 2adA

p(2m)" /IR+><]R” N3 enezany | () PdEdA.

By the definition of Ay, we have |¢| > Ay = X\ < C¢ = 4C/||f||#=(£)"/P. Then Fubini theorem
implies that

A

Cg R
P 71-" -3 2
1 < pleny [ ([ wtafepas
Coll FI152 /IR (€)= f(e)|Pdg,

since n(p — 2)/p = 2s, we have proved (b).
(c) By the definition, u € VMO if and only if u € L{ (IR"), and

IN

loc
sup |B|™! / lu —upldr < 4o0; (1.5)
B B
lim |B|71/ |lu —up|dx =0, (1.6)
diamB—o0 B

where B = B(xg, R), the norm is give by (1.5). Take now u € H"/?(IR™), since S is dense in
H™?(IR™), we need only to prove (1.5). For any balls B(xo, R) with R > 0 small enough, there
exist Ny such that 27 No—1 < R < 27No_ we cup the Littlewood-Paley decomposition of u as

U= g Uy = Zgij up + 3TN, Up = u™ +u®, then

2
(|B|_1/ U—UB|dCL‘) §|B|_1/ lu — up|*d
B

B
§2|B|*1/ \u(l)—ug)\zd:v+2\3\*1/ [u® — 0P da.
B B
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For the first term, using Poincaré inequality and results of (a), we have

|B|*1/ lu® — uPda < C’R2|B\*1/ |DuM 2da
B B
No—1 2
< CR?|DuV|%. < CR? ( > C’2”> < OR?2?No < C

p=—1

where C' = Co||ul|3;.,» independent on g, R. For the second term,

|B|—1/ |u<2>—u§§>|2da:g2|3|—1/ @ 2dg
B B

IN

CR-" /IR" 14 (€)[2d¢ < CR™™ la(€)[*de

|§]>K—12No

< of sl Pl < Ol
|g|>K—12No

We have proved (1.5) for small R, since u € H"/?(IR™) c L*(IR"), (1.5) is evident for R > Ry with
constant C' = C(Ry).
Using Littlewood-Paley decomposition, we can also define Besov space.

Definition 1.3 For s € R,p,r € [1,+00], we say u € By ., if u € " and his Littlewood-Paley
decomposition {uq} satisfies the condition: ||ug||rr < cq279, with {cq} € 1". The norm is defined
by el = 122 gl ol

By the definition, we have B3 , = H*®, and By, ., = C®. The embedding theorem is now in the

( 1 1

form By . C B;;:l P P27 for any py > p; > 1. The operators T, is well-defined on Besov space,
we have
ITutlly < Clluli=loll,, . Vse R
[Twoll .y < Cllull, llollps Vs €IR, p <0
D, 0,0 p,T
IR,y < Clllly ol
for s1 + s >O,% = p%—l—piz < 1,% :min(l,%—i—i).



Chapter 2

Paradifferential operators

2.1. Paramultipication

There is two essentials problems in the theory of nonlinear partial differential equations, the
first one is nonlinearity, it restrict to consider weak solution in some algebra. The second one is
that we must work for operators with no regularities coefficients. We will use Littlewood-Paley
decomposition of first lecture to study those problems.

Theorem 2.1 If s > n/2, then H® is an algebra.

Proof: Take u,v € H®, denote by v = ) up,v = ) v, their Littlewood-Paley decompositions,

then we have
uv = E UpVq-
p.q

For some Ny big enough, B(0,4K27 o) is a very small balls, set
Cl = Cy + B(0,4K27No),

then {C,} possess same properties of {C},}. We define

Squ = Z Up, (2.1)

—1<p<q—No
and

T,v

Z(Squ)vq» (2.2)

q

R(u,v) = Z UpUyg- (2.3)

[p—gq|<No

Then, we have
wv = Tyv + Tyu + R(u,v). (2.4)

Since Supp@ C B(0, K27~ Not1) we have Supp(S;;L\)vq C C, and

q—No
1(Squ)vgllcz < [1Squllze vgllez < (Y C27PE72))e,2798 < (2P
p=—1

13



14 CHAPTER 2. PARADIFFERENTIAL OPERATORS

with {c,} € 12, using (b) of Theorem 1.2, we have proved Ty, v, T,u € H*. For R(u,v), we have

R(u,v) = Z R;(u,v) = Z Zuq_jvq.

—No<j<No —No<j<No q=j
Since
Suppug_;v, C Suppiy—; + Suppd, C B(0, K'29),
and

lug-goallze < lug-jllze logllze < C27 DT/ D e pmas = ¢ omal2emn/),
Using (c) of Theorem 1.2, we have proved R;(u,v) € H?*~"/2 which prove Theorem.

Definition 2.1 For a € L™ with compact support, we define paramultiplication operators T, :
S — & by
T,u = Z(Sqa)uq, (2.5)

where u € §',{aq}, {uq} the Littlewood-Paley decomposition, and Sqa =3 . n ap-

Remark that this definition depends on the constant K of Littlewood -Paley decomposition, the
partition of unity (defined by function ¢), and the constant Ny. then the definition isn’t canonic.
We will analyze the relation of T, and (K, ¢, Np) in each cas. We have

Theorem 2.2 If a € L*> with compact support, then for any s,a € R, we have that T, : H° —
H* T, : C* — C% is continuous and the norms of operators satisfies

[Tall (e ey < Csllallzes [ Tallzicn.on) < Calla] . (2.6)

Proof: We prove Theorem only for C%, since

No—qg—1

PRITN) =@+ D e277¢),

p=

then

—

Sqa(€) = (217N €)a(¢),

and for any u € C“, we have
Supp(S,a)u, C Suppgq?t + Suppt, C Cy.

Set h(€) = ¥(€), then
Sqa(x) = 28 NI [p(2917N0.)  a] (),

and
[Sgallze < [lallLe[lR] L1

Hence we obtain
[(Sqa)uqllLe < |BllLrllallLee([ugl|ze < Cllullce[|h] L1 [|lallp-27

Using Theorem 1.3, we have proved (2.6).
We study now the dependence of T, on (K, p, Np).
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Theorem 2.3 Let p > 0,a € C?, and T, defined by (K, ¢, No). Suppose that (K',¢') de-
fine anther Littlewood-Paley decomposition, and {Aq} a sequence in C™ verifies |ja — Agl|lpe <
C2_q”,SuppzZlq C B(0,C2%). For u € C%, denote by u = Y u, decomposition associated with
(K,¢), and w =Y v, decomposition associated with (K',¢’). Then for any N§, we have

Tou— Y Ag_nyvg € COFP. (2.7)
q

Proof: by definition of T,u, we have

Tau—g Ag-Nyvg = E aptg — E apvyg

q p<g—No p<g—No
+ g apvq — g Ay-Nyvg
p<q—No q
= E :ap[ E (ug — vq)]
p gzp+No
+ § [ § ap — Aqug]Uq
q p<q—No

PRI
p q
Without loss generality, we can suppose that K’ > K, then

Suppt, C Clnys BpllLe < €277,

and - B
Suppa, v, C Cpy Ny lapOp|lLee < c2ploter),
For fg, it is evident that Suppfq C Cy, and
ol < (la= Y apllo= +lla— Agngllze=)llvgllze < C279F0),
P<q—No

We have proved Theorem.
Corollary 2.1 Suppose that a € CP,p > 0, and Ty, T, the paramultiplication defined by dyadic de-
composition (K, p, No), and (K',¢',N§)). ThenT,—T, € L(C* C*tP) and T,—T, € L(H®, H*"F),
and

1Ta — Tolle(om,catry < Callallys (2.8)

1Ta — Tolle e ooy < Csllall, (2.9)

The proof of Corollary is directly by use Theorem 2.3 with Ag =3" _ N a,,, where {a;,} is the

Littlewood-Paley decomposition of a with respect to (K’,¢’).
We have now for p > 0,a € C?,

T, = T)(modL(C*,C**?), and, modL(H®, H**7)).

If an operators in £(C“,C*TP), or L(H®, H*"?), we called an p-regularization operators, and
denote by S™”. Then the paramultiplication T, is well-defined by function a¢ and module S~*. For
paramultiplication, we have also the calculus of operators.
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Theorem 2.4 Let a,b € C?, p > 0, with compact support, then

TooTy, —Ty € S_p; (210)
Tr—Ts€S°, (2.11)

their norm can be estimate by C|la||,||b]|, and C|lal|,.

The proof of (2.10) is also directly by use Theorem 2.3 with

Ag = E aps (Sq—Nob E Vq-

p2<qg—No

For (2.11), using the formula

(Tru,v) = (u, Tyv) Z Z /uqdpﬁrdx,

q p<r No

and
(Tau,v) Z Z /dpuqﬁrdac.
T p<q—No
we can get
(T = Ta)u, v)| < Cllallpllullslv]l-s—p-

which prove (2.11).
2.2. Operators with non smooth coefficients and regularization

We have study paramultiplication defined by a non smooth function, in fact this is a regular-
ization of multiplier. We study now the regularization of pseudo-differential operators with non
smooth coefficients.

Definition 2.2 (a) For p > 0,m € R, we denote by I} = {l(z,&);! is homogeneous of degree m,
and belong to C°(IR™ \ 0) for variables &, for x it is belong to C*,p > 0 with compact support
(uniformly respect to £)}.
(b) For any I € 1)}, denote by Sy(I(x,§)) = ¥(279D,)l(z,§), then Sy(l(x,§)) € STy For any
u € S we define
Tiu(x qu No(l(, D))ug(z).

q

If l(x,€) = Zj Li(z,€) is a finite sum, we denote by T} = Zj T;.

Remark that if I(z,£) = a(x)h(§), then T} = T, o h(D), for general I(x,&) we can use sphere
harmonic decomposition
= Z a,(x)h

See [CM] for detail.

Theorem 2.5 For | € I}}, we have that T} : H® — H*™™ (‘or C* — C*™™) is continuous for
any o, s € R.
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Proof: We prove only Theorem for I(z,£) = a(x)h(&), with h(£) € C°(IR™\ 0) and homogeneous
of degree m, and a € C? with compact support. Theorem 1.4 give that h(D) : H® — H*™™ is
continuous, and Theorem 2.2 give that T, : H*™™ — H®~™ is also continuous. We have proved
Theorem.

As in the Corollary 2.1, we have T; — T} € S™ ", then T; is well-defined by [(z, {) modulo S™~ 7.
We study now symbolic calculus of operators Tj, it is similar to pseudo-differential operators.

Theorem 2.6 Leta € CP,p > 0,p & IN, and with compact support, h € C*°(IR"™\ 0) homogeneous
of degree m. Then

1
R=h(D)oT,~ > —Tpea o h*(D) € ™77,
lal<p]

where h*(§) = 9¢(§)-

Proof: Since SuppF(S,;-n,(a)uy) C Cy, choose C; C C’; and @o € CS°(Cy) with ¢o(€) =1 on
Ch, set h(€) = h(€)p(€), then for £ € Cy»

h(€) = 2™9h(279).

If #(&§) = h(£), then r € S and for M > n+ p/2,
11+ [z?)r ()l < Cllhllg2r (gn-r).

Now for v € H*, since for £ € Cf, h*(&) = h*(¢) and it is Fourier transformation of (—iz)®r(z),
we have

R(U> = Z QWQ[B(Q_QD)S,],NO (a) — Z ésquo (Daa)ﬁa@—qD)]uq
? laf<[p]
= Z 9mq / () [Sq—n, (a)(x — 27 %)
> %SQ*NO(Da“)(x)(—ﬂ‘qt)a]uq(x —2ydt = f,.

lal<[p]

It is easy to see that Suppfq C €, we study now estimation of || f,z2. Since a € C”, we have

fi@l < 27 [ IOl (@)l en2 1o~ 2700 e
< o™ Palicn [ IHIr()lug(o - 277
< e 2™ allea [hlloaw sl

C;QQ(W*P*S).

Which prove that R(u) € H5TP~™ and
[Rlsm-r < Cllallcellhllc2r(gn-1)-

We study now the composition of two operators.
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Theorem 2.7 Let l;(z,£) € 1,7,5=1,2, set
1
(h#tha)(@, &) = Y —0¢h(x,) D3l (,€). (2.12)
|| <[p]
Then Ty, o Ty, — Tjy 1, € S™TM27F,
Proof: Let I1(x, &) = a(x)h(§),la(x,£) = b(x)g(§), then

Ty, 0T, = T,oh(D)oTy,og(D)
1
= T,o Z aT,;)%ofLa(D)og(D)—|—T,10Rog(D)
] <[p]
= Z Togpopoh®(D)og(D)+Tyo Rog(D)+ R* o h*(D) o g(D).
la <[]

using Theorem 2.6, we have R € S"™1~”, and Theorem 2.4 implies R* € S~(°~1®)) We have proved
Theorem.

Theorem 2.8 Let | €I}, set

1 _
F(z,8) =Y 96 Del(@,©), (2.13)

lal<[p]
then T} = T;»  mod(S™P).

From those theorems, we sew that the operators 7; is very similar to pseudo-differential oper-
ators, but here the symbolic calculus is only to the order [p], and the rest terms is in S7”. On the
other hand, for non smooth symbol I € [, we can also define the associated pseudo-differential
operators I(z, D).

Theorem 2.9 Let | € I", p > m, then for all s >m — p,
I(z,D) - T € L(H®, H*),

where s’ < min{p, s+ p —m}.

Proof: Let I(x,€&) = a(x)h(§), for w € H®, we have v = h(D)u € H*~™ , Tiu =T, o h(D)u = Tyv,
and
Tiu —l(xz,D)u = T,v — av = Tya + R(a,v).

Since s+ p —m > 0, we have R(a,v) € HTP~™  for
Tya = ZSquo (v)ag = Z fa>
q q

we have Suppfq C Cy, and

£l 2 < lagllzoellSq—no (W)l 22 < Clallee o]l gre-m279% Y 277",
p<q—No

if s—m > 0, then Zp 2_p(3_m)cp < C < 400, and we have for any € > 0, T,a € HP™%;if s—m < 0,
then
Z 2—p(s—7n)cp < gg-als=m),
r<q—No
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and for any ¢ > 0,T,a € H*TP~™ ¢ if s —m = 0, we have ||S;—n,(v)|lz2 < C|v||r2, and
Ty,a € HP~¢. We have proved Theorem.
From this Theorem, we have immediately following results.

Corollary 2.2 Let m > 0,1 € I, then l(z,D) — T, € L(H®, L?), for any € > 0.

Theorem 2.10 Letl € l;',p>0,p & N, then Ty € LT with symbol
o(Th)(x, &) = ZSq o (U, €))p(277€). (2.14)

Proof: It is evident T} = o(7})(z, D), we need only to prove o(7;) € ST, Take I(x,§) = a(z)h(§),
then
,6) =) 54y (@) ()h(€)p(277€),
q
and for all o, 8 € IN",

g0l o (T1) (x,€) = Za Sq—no (@) (2)0 (h(€)p(279€)).

Since a € Cf C L™, we have
10784y (@)L < C(nB)24" a| L.

Choose now ¢ € C§°(IR"™) such that Suppp C Cf, and @(§) =1 on Suppy, 0 < @ < 1, then

0h(E)p(279E)| < Co D [h™ ()27 lp(279g))

a1 tas=«
Ca|hll gz (gn-1y27 122l |gm o2l G(274¢)
CQQCI(m—WD@(Q—CIg)_

VARVAN

Since on Supp@(279€), we have K'~127 < [¢| < K'29F! we obtain

0070 (T)| < Caple" 1171 S (279) < Ca gl 71177,

q>No

which prove o(T}) € ST

We know ST is bad class for symbolic calculus, there isn’t asymptotic symbolic calculus in this
class. But for his subclass T}, we have a convenable symbolic calculus as that for pseudo-differential
operators.

2.3. Paradifferential operators

We define now symbolic class, and paradifferential operators.

Definition 2.3 (a) Let @ C IR™ be an open domain, for m € IR,p > 0, we define X7'(2) the
function class defined on Q x (IR™\ 0) of form

l(l’,f) = lm(zvf) + lm—l(xag) +ot lnL—[p] (1‘75)3

where L_,(x,€) belong to C*(IR™ \ 0) and homogeneous of degree m — k for variables &; for
variables x,l,_ € Clpozk(ﬂ)'
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(b) Let IV € 2,7 (Q),7 = 1,2, we define
1 (6% o
42 = Z 5 1 DSl gy
ol +ki+ka<[p]
then I'#1* € Xptm2(Q).
(c) Let 1 € X1 (2), we define
r= > Loeper
- al ¢ Hrim—k,
o] +k<[p]
then I* € X7'(Q).
For symbol class Z;”(Q), we define an operators class.

Definition 2.4 Let Q@ C IR"™ be an open domain, and L : D'(Q) — D'(Q) a proper supported
operators. L is called a paradifferential operators of order m, if there exist | € Z:,”(Q), such that
for any K CC ), and x € C§°(Q2), x(x) =1 on K, we have that

L—xTy: Héomp(K) - HSC_OWa

is continuous. We denote the class of operators by Op(¥7'(2)), and | = o(L) the symbol of
operators L.

It is evident for L € Op(X}*(€2)) and any s € IR,

L: HfOC(Q) — Hfo_cm(Q)
The following Theorem is essential results for paradifferential operators.

Theorem 2.11 Let Q C IR"™ be an open domain, m € R, p > 0, then
(a) For L € Op(X7(9)), there exist unique symbol o(L) € ¥7'(Q), and

o: Op(ET(Q)) — X7(Q)

is a surjection, and kero is a continuous maps from Hj () to H;O_CmJ”’(Q).
(b) For L; € Op(%,7(Q)),5 = 1,2, then

LioLy € Op(E)*T™2(Q));  o(Li o Lo) = o(L1)#0(La).
(c) For L € Op(¥7'(Q2)), then L* € Op(X7'(%2)), and
o(L*) = (o(L))".

(d) For L € LY, a proper supported pseudo-differential operators, and Zj lyn—j(z,§) his sym-
bol, then for any p > 0 we have

LeOp(Zr(Q);  oL)= > lmy.
]

0<[p
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Using definition of paradifferential operators and the properties of operators T};, we need only
to prove o surjection. For [ € ¥7*(€2), we construct L € Op(X}'(2)) verifies o(L) = I. Choose
{Q;} a local finite recover of Q with Q; CC Q, and {g;} the partition of unity associated with
{Q,;}. Take x; € C5°(9;), x;(x) =1 on Suppy;, we define for u € D',

Lu = Z X Tx,1(pju).
J

Then L is necessary paradifferential operators. The uniqueness of maps o give by following Theo-
rem.

Theorem 2.12 Let L € Op(X7'(2)),1 = Ly + -+ + Ly one of his symbol, if for some s € R
and e >0, L : H®* — H*~™%¢ is continuous, then l,, = 0.

Using this theorem, if L € Op(X}*()), and L : H® — H*~"*?, then o(L) = 0. The proof of
Theorem 2.12 give by following symbolic inverse calculus.

Theorem 2.13 Let I € X7'(Q),k € E;”/(Q), and I(z,&) # 0 on Suppk, then there exist h,h' €
Z?I’m(Q) such that
I#h = W #l = k.

We collect some results for paradifferential operators in following corollary.

Corollary 2.3 (a) For any d > 0, we have Op(X7'(£2)) C Op(EZfdd(Q)).

(b) For L € Op(X71(Q)),p > 1, if o,n(L) =0, then L € Op(EZT:II(Q)).
(¢) Let Ly € Op(X=7(Q)),j = 1,2,p > 1, then [Ly, Ly] € Op(E?jf‘mrl(Q)), and

1
UTTL1+TTL2—1([L17 L2]) = g{awu (L1)7 Omay (LQ)}
The paradifferential operators defined on function space C'* and Besov space B, ,. is similarly.
2.4. Tangential paradifferential operators

Since the problems for nonlinear equation is often with boundary value, so we have to study
theory of paradifferential calculus near to the boundary of a smooth domain. After localization
and a changing of variables, we study only demi-space IR}, = {(,z,) € R";x, > 0}, where
' ={x1, -+, xp—1}. We define the tangential Sobolev space (s,s” € R),

H (R") = {u € 8 (1+ |¢P)° (1 +[¢/)"af? € L1},

Then H** (IR™) is an algebra, if s + s’ > n/2,5 > 1/2,5 + 25’ > 1/2. Denote D = (D', D,,), A\, =
©(27PD), A, = p(27PD',0), Ay = Ap o Ay Then for any u € &',

Ny
u= g A_Lp/qug Np _qu+ E JAVSIET
p'=—1 p=0 p,p’' 20

This is double dyadic decomposition. We can also give a characterization of tangential space H 5,8’
as for usual Sobolev space.



22 CHAPTER 2. PARADIFFERENTIAL OPERATORS

Theorem 2.14 u € H** (R"), if and only if

N,

ST AP A pulde + Y 4P Ay _yul3s
p'=-1 p=>0
+ Z 4ps+pl8l”Ap,p’u||2L2 < +o00.

p,p’' >0

We have also the similar results as that of Theorem 1.2. We define now tangential paramulti-
plication
Tiu = Z(S;a)A;u,

q

where S;a = ZZ;]X‘{ Aju. We will use also double index paramultiplication

Hou = § Sq,qalq,q0,

q,q’

where S, ya = ZZ;JX‘{ g:;_‘i Ay pru. We have
Theorem 2.15 (a) If a € HYY (R"™),t > 1/2,t +t' > n/2, then 11, : H>* — H> is continuous
for any s,s’ € IR.

(b) Ifa € HYY (R™),t > 1/2,t+t' > n/2, then T : H>* — H>* is continuous for any s' € R
and —t < s <t. And I, — T, : H>* — H*s'T°01) “where p(t,t') = min(s + s’ — n/2,s —1/2), if
§#£n—-1)/2;,=5s-1/2—¢,6>0,if s =(n—1)/2.

(¢) Ifa € HO' (IR™),t > 1/2,t+t' > n/2, then T, : H>* — H** is continuous for any s € R
and (t+t —1/2 < s < (t+1t —1/2). And I, — T, : H>> — HSs'T+=0/2) " for any s € IR,
and —(t+t —1/2) < s < (n—1)/2.

the operators T/ is well-defined by modulo L£(H®*  H*s +#+'=1/2) " We have also similar
symbolic calculus, and tangential paralinearization.

Theorem 2.16 Let F € C®(IR), F(0) = 0,u € H>* (R"),s > 1/2,5 + s > n/2, then

_7 5,5"+p(s,5")
F(u) TF,(u)u eH L .
The proof of F(u) — II
reduced by Theorem 2.15.
Remark that for the operators T, variables x,, is only a parameter, then TC’L|]R,L is well-defined,
+

U € H#s'+p(s:5") i gimilar to Theorem 3.3, then Theorem 2.16

so we can use tangential paramultiplication 7, to study boundary value problems.



Chapter 3

Micolocal analysis for nonlinear
equation

3.1. Paralinearization

We study now the theory of linearization of nonlinear partial differential equations, the simplest
cas is composition of nonlinear functions.

Theorem 3.1 Let F € C®(R'),F(0) = 0. If f € H*(R™),s > n/2 is a real function (or
feC’(R"),0 > 0), then the composition F(f) € H*(IR") (or F(f) € C°(IR")).

Proof: Set 0 =s—n/2>0,f = Z;O:_1 fp, the Littlewood-Paley decomposition, then Theorem
1.2 and 1.3 give

1f = Sp(Hllzee < C2777| fllc-,

that means S,(f) converge uniformly to f on IR", and we have

here we note S_2(f) = 0. Then

1

F(S,(f)) = F(Syr(1) = fy / F/(Spr(f) + th,)dt = mpfy,

where m,(z) depends on f, we call first linearization formula

o0

F(f) = Z mpfp
— Y my@)p2 D) ~ L.

We will prove in Theorem 3.2, that L = >3°2 | m,(x)p(27?D) € LY, then L : H® — H® is
continuous for s > 0.

23
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Theorem 3.2 Let {m,} € C(IR") be a functions family verifies
|0%m, || L < Cu2Pll. (3.1)

Then the operators L(x, D) = Z;O:_l my(x)p(27PD) is continuous from H® to H®, and C* to C*
for any s > 0,a > 0.

Using theorems 1.2 and 1.3, the proof of theorem 3.2 is evident. Then the rest proof of theorem
3.1 is to prove (3.1) for my(z) = fol F'(Sp_1(f) 4+ tfy)dt. Since [|0%(Sp_1(f) +tfp)|lLe < Co2rlel
for all « € IN", then it is easy to get

10°F" (Sp1(f) + tfp) | poe < Ca271e. (3.2)
which finish the proof of theorem 3.1.

Theorem 3.3 Let F € C®(IR'), F(0) =0, and f be a real functions, then we have:
(i) If f € H*(IR™), s > n/2, then there exist g € H*~"/2(IR") such that

F(f)=Tppf+g.
(ii) If f € C°(IR™),0 > 0, then there exist g € C?°(IR™) such that
F(f)=Tppf+g

Proof: Using the first linearization formula, we will prove that there exist R € Li‘f, (0 >0,0 =
s —mn/2 > 0), such that
L —Tri) = R. (3.3)

By definition, we have

o(R) = ) [mp(@) = Spny (F' (/) (@)](277€)

+ D myl@)e(277E).

p<No

It is evident 3y m,(2)p(27PE) € S™°°. Using theorems 1.2 and 1.3, for the first terms we need
only to prove
105 (my () = Sy (F' (/) (@) | e < Ca2P1°17,

This implies by Taylor formula and (3.2).

The conclusion of Theorem 3.3 is also true for vector, if F(z,y) € C*(R™ x RY), F(z,0) = 0,
and real functions uq,---,uy € C°(IR"),c > 0 or in H*(IR"),s > n/2, then there exist g €
C?7(IR™), (H?*~"/2(IR™)), such that

N
F(%Ulw'nuzv)—ZTFjUj:g, (3.4)
=1

OF

where F; = a—yj(x,ul(x), o un ().

3.2. Paradifferential equations
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We consider now nonlinear partial differential equation of order m,
F[u]:F(x,u,-~~,3ﬁu,~~~)‘5|§m:O, (3.5)

where F' € C(Q x RY) is real function, Q ¢ IR™ an open domain, N = #{8 € IN"; |3| < m}.
Eventually, F is linear for some derivation of u, we can rewrite F' as following

Flu] = Z Z Aol u, -0, )1 51<p(0) 0%
ko<k<m |a|=k

+ Ako(x,u,~--,8ﬁu,-~-)|5|§k0.

where p(k) < k, if A, depends only on z, we put p(|a]) = —oco. Set

d = max (km k+2p(k)> .

then if F' is full nonlinear, d = m. If F is quasilinear, kg = m—1,p(m) = m—1,k =m,d = m—1/2.
If F is semilinear, kg = m — 1,k = m,p(m) = 0,d = m — 1. If F is only nonlinear for u,
ko = 0,p(k) = —oo,d = 0. If F is linear, then d = —co. We can now define the symbol of
linearized operators of F' on function u € C”.

Theorem 3.4 Let u € C} (), p > max(ko, p(k)). Set

p(z, &)= Y Falz,ulx),--)(i&)", (3.6)

|B]>2d—p
where Fg = 0y, F. Then p(x,§) € X7, 5,(9).
Using the symbol (3.6), we can give the paralinearization of nonlinear equation (3.5).

Theorem 3.5 Let u € Clpoc(Q)’p > max(ko,p(k)), and P paradifferential operator with symbol
p(z, &) defined by (3.6), and u is a solution of equation (3.5).
(a) If p > d, then Pu € CZQ(;:M.

(b)) If s>n/2+p,p>d—n/duc Hlsoc(Q)’ then Pu € HioJrcp_Qd'

The proof of this theorem is just as that of Theorem 3.3. In [XU1], we have proved that if
ue CP(Q) N H* (), p > max(ko,p(k)),s > 0 is a solution of equation (3.5), then

Pu e C*724Q) (HT~24(Q). (3.7)

From a nonlinear equation F[u] = 0, we have get a linear (paradifferential) equation Pu = f, with
f more regular than the solution u. Since for the operators P, we have the symbolic calculus as
that for pseudo-differential operators, then microlocale analysis for nonlinear equations is carry
out.

3.3. Microlocale elliptic regularity

Definition 3.1 For (z9,&) € T*IR" \ 0, we say u € Hy e (or u € 050750)7 if there exists a

neighborhood V,, of o in R}, and a conic neighborhood T of &y in IRE \ 0, such that for any
0 € C3° (Vi ), and v € C*°(T") homogeneous of degree 0 in &, con suppp C T', we have

(D) (pu) € H?, (or C%).
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We study now microlocale regularity for nonlinear elliptic equations.

Theorem 3.6 Let u € C’; (Q),p > d, a solution of equation (3.5), and (x¢,&) € @ x R™\ 0,

Pm(20,&) # 0. Then u € 02p+m 2d.

z0,80

Proof: Using Theorem 3.5, there exists f € CQ(;) 2d( Q) such that Pu = f, where paradifferential

operators P € Op(X7',,, 5,()). Since py(2o,o) # 0, there exists a conic neighborhood I
of (x9,&), and a classic pseudo-differential operator K of degree 0, with the symbol no vanish
on IV cC T, and con suppo(K) C I'. Then the symbolic calculus of paradifferential operators
(Theorem 2. 13) give q € Ep+m 0q(§2) such that g#p = o(K). If Q is the paradifferential operator

of symbol ¢, then Q o P = K + R with R € S—(P+m=2d) e have
Ku=Qf - Ruc Cfp+m_2d(Q),
oc
which prove Theorem.
3.4. Hypoellipticity for nonlinear equations

For nonlinear hypoellipticity, we consider only second order equation
F(2,u, Vu, V?u) = 0. (3.8)

For u € Clpoc(Q)’ p > 2, we define the linearized operator of F' associated with u by

L(z,D) = Y aj(x 88k+2b )d; + cl(a (3.9)
j,k=1

where a;i(x) = agj(x) = Oy, kF( u(z), Vu(z), V2u(z)),bj(z) = 0y, F(z,u(z), Vu(z), Viu()),

J

and ¢(z) = 8, F(z, u(z), Vu(z), V2u(z)) € CP ().

loc

Definition 3.2 We say that the linearized operators L is subelliptic, if for any x € Q, we have
(ax(z)) >0, and for any K CC Q, there exists € > 0,C > 0 such that for all ¢ € C§°(K) we have

lellzre < C{lLe, @) + llelZ}- (3.10)

Remark that if L is elliptic, then it is subelliptic with € = 1. There is many sufficient condition
for subellipticity, in [XU1], we have study the Hérmander’s condition, Oleinik-Radkevic’s condition,
and Fefferman-Phong’s condition.

We prove now nonlinear hypoellipticity.

Theorem 3.7 Letu € C?OC(Q), p > 4 be a real solution of equation (3.8). If the linearized operator
L is subelliptic, then u € C*>(Q).

The proof of this theorem is using paralinearization theorem to transform the nonlinear equation
into a linear paradifferential equation, then paradifferential symbolic calculus give the results as in
the classic cas.

Let P Op(EfVQ) be the paradifferential operators of symbol of L, then

P= Zaka +Go+ P,
k=1



where U(Gk) = gk‘(xag) = Z?:l ajk(x)(ifj)?k‘ =1,---,n, O(GO) = 90(-’13;5) = Z?zl(bj(l‘) -
>kt O,k (2))(i85), and o(Po) = c(x). Since u € C} () = C} () NHj, (), from (3.7), we
have

loc(

Pu=feCf () Hjy.(Q) (3.11)
This is a linear equation, we have the following a priori estimates.

Theorem 3.8 Assume that (aji(z)) > 0, then for any K CC Q,s € R, there exist C > 0, such
that for allv € C§°(K), and any o > 0, we have

2n

Y NGivlEe + 1GovlFem/2 < CLUIPOIIZ + [[0]Fr 3,
j=1

where 0(Gni) = 327 1 1617100, a5k (2)8€k, L= 1, .

Using the positivity of (a;x(z)) and the commutators of P with pseudo-differential operators
(1 — A)®/2, the proof of this theorem is evident. Now subellipticity of operators L, and Corollary
2.2 give immediately subelliptic estimate for paradifferential operators

[ollfese < CLIPOITS + IlolEe -

By regularization processes, we obtain for any ¢ € C§°(K), there exist @1, 2 € C§°(Q),e > 0,C >
0, such that for u € Hj = solution of equation (3.8), we have

lpullZrere < C{llprPulli + llozullZ }-

From this estimates, we prove immediately theorem 3.7. Since from u € Clpoc(Q) C Ht (Q), we

loc
get u € Hf(;rcg(Q), then by iteration u € Hﬁ;‘CNa (Q) for any N, which prove u € C*°(Q).

3.5. Propagation of singularity for nonlinear equation

We study now the propagation of singularities for nonlinear hyperbolic equation. If (zg,&p) €
T*Q\ 0 such that p,,(z0,&) = 0, we say that it is a characteristic point, and set

Charp = {(z,&) € T*Q\ 0;pp (2, &) = 0},

where p(z, ) is the symbol defined by (3.6). If p > m + 2, the integral curb of Hamiltonnian H,,
is called bicharacteristic for nonlinear equation (3.5) associated with function w. It is evident that
if a bicharacteristic contain a characteristic point, then it is full belong to Charp. We can now give
a result of propagation of singularities for nonlinear equation.

Theorem 3.9 Let u € H;OC(Q) be a real solution of nonlinear equation (3.5), s > n/2 +m +

2, (z0,&0) a characteristic point, I a bicharacteristic contain (xo,&y). If for some t < 2s —n/2 —
m—1,ue H, ., thenuec Hf.

The result is similar to linear equations. The proof is very long, we send to [BO1, BO2]. We
have studied only very weak singularities, for high frequency singularities, there is also many results
for semilinear equations, see the reference of [BO2|. Using tangential paradifferential operators, in
[XU2], we have studied the propagation of singularity up to the boundary for nonlinear boundary
value problems.
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