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SUBELLIPTIC VARIATIONAL PROBLEMS
BY

Cuao-Jiancg XU (¥)

RESUME. — En utilisant la méthode directe et l'itération de MOSER, nous
démontrons l'existence et la CH-régularité du point stationnaire pour le probléme
variationnel elliptique dégénéré I(p) = fQ F(z,u,Xu)dx on X = (X1,...,Xm) est un
systeme de champs de vecteurs C° réels qui satisfait a la condition de Hormander. Les
hypotheses sur F(z,u, &) sont analogues & celles faites pour les problemes elliptiques.

ABSTRACT. — Using the direct method and the MOSER’s process, we prove the
existence and C* regularity of stationary point for the degenerate elliptic variational
problem I(u) = fQ F(z,u, Xu)dx where X = (X1,...,Xm) is a system of real smooth

vector fields which satisfy the Hormander’s condition. The assumption imposed on
F(z,u,&) are similar to those for the elliptic case.

1. Introduction

In this paper, we study the existence and the regularity for the
minimum points of the following variational problem :

(1.1) I(u):/QF(:E,u,Xu)d:E,

where Q) is an open set in R™, n > 2, and X = (X1,..., X,,) is a system of
real smooth vector fiels in M, which is a bounded domain of R™ such that
) CC M. We assume that F(z,u,§) is convex in ¢ and that X satisfy the
Hormander’s condition in M, i.e.

{X;} together with their commutators
(H) up to a certain fized length v span the
tangent space at each point of M.

(*) Texte regu le 26 juin 1989, révisé le 15 mars 199o.
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148 C.-J. XU

In this case, the Euler’s equation of (1.1)

(1.2) ZX;ng(x,u,Xu)—i—Fu(x,u,Xu):O
j=1
is degenerately elliptic. We assume also, for j =1,...,m,

Mes{z € Q| X;(z) =0} = 0.

For linear problems of this kind, there is a lot of work after the first
appearing of L. HORMANDER's (see [1, 2, 4, 5, 7, 8, 9]). In particular, we
note that the Hormander’s condition permit us to define a metric p(x,y)
associated with X in M. Using the geometry of this metric, we can think
the Hormander operator

H:zm:Xf-i-c(x)

j=1

as the Laplace operators. Then we can study the existence of weak
stationary points of (1.1) by the direct method just as we do for the
elliptic problem, and discuss the C* regularity of weak solution of (1.2)
by Moser’s process just as we do for the linear degenerate elliptic problems.

Our result is an extention of those for the elliptic variationnal problem
to a certain class of highly degenerate problems. We will consider the C*°
regularity problems in another paper.

2. Function space M*¥P ()

In order to study the weak solution, we introduce a function space
M*P(Q) associated with X, which is analogue to Sobolev’s space. For
any integer k > 1, p > 1 and Q CC M, we define

(21) M@ ={ferr@)]
X7f € LAQ), VT = (- ds), 1] <k}

where X7 f = X, ... X, f, |J| = s and define the norm in M*?(Q) to be

1/
(2.2) [ fllazer ) = (Z ||XJf||Z£p(Q)> "

[71<k

We also denote by M*(Q) = M*2(Q). Then we have :
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SUBELLIPTIC VARIATIONAL PROBLEMS 149

TueoREM 1. — The function space M*P(Q) is a Banach space for
1 < p < 400, which is reflexive for 1 < p < +oo and separable for
1 <p < +oo. Also, M*(Q) is a separable Hilbert space.

Proof. — a) Let J = (j1,...,Js), with 1 < j. < m, and denote by X’/*
the adjoint operator of X”. Then

(2.3)  MFP(Q) = { f € LP(Q) | 3g; € LP(Q) such that
[ x70do= [ greds, pec@), 1<k}
Q Q

Suppose {u;} to be a Cauchy sequence of M*P(Q), then {X7u;}, for
|J| < k, are all Cauchy sequence in LP(£2). Hence there exists u’ € LP()
such that X7u; — u” in LP(£2). On the other hand

/ZquJ*cpda::/gX‘]ujgadx, ey, |J] <k
¢ 2

Let j — oo, we have
/uoX‘]*god:v:/ngodx, © e C§o (), |J| <k,
Q Q

which proves u® € M*?(Q2), X7u® = u” and ||u; — u®||prr0 Q) — 0.

b) Setting £ = [], ;< L*(2), then E is a reflexive Banach space for
1 < p < +oo. Define T : M¥P(Q) — E by Tu = (X7u), then T is an
isometry from M*?(Q) to E. Since T(M*?(€)) is a closed subspace of E
and T(M"*?(1)) is reflexive, then M*P(Q) is also reflexive. The proof for
separability is similar.

We denote by My?(Q) the closure of C§°(2) in M*?(£2). From the

subellipticity of Hormander’s operator H, we have the following lemma :

LEMMA 2. — Let Q be a bounded subdomain of M. Assume that X
satisfies the Hormander’s condition in M. Then, we have the continuous
imbedding MEP(Q) ¢ WH™2(Q) for all k > 1, p > 1 and there exists
C =C(p,Q,r) such that

(2.4) ullywr/rr () < Clluf|prep (£2)
or atl u € ? . ere, ’ 18 the usua 000LEV’S space.
for all w € MEP(Q). (Here, WP(S) is th 1 Sobolev’

For the proof of this LEMMA, see [2, 9]. Using the classical Sobolev in-
equality in W#P(Q) and imbedding LEMMA above, we obtain the following
Sobolev inequality for the function space M*?(Q).
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150 C.-J. XU

THEOREM 3. — Assume that Q is a C°° domain. Then, we have
continuous imbedding

L/ (=kp/T)(Q)  for kp < nr,

k,p
(2.5) My (Q) C { cm (@) for k/r—n/p>m>0.

Further, there exists a constant C = C(n,r,p,k) such that for any
u € Mg’p(Q) we have

(2.6) ||U||an/<nfkp/r>(sz) < C||U||M’CvP(Q) Jor kp < nr,
ullgm ey < CIQM /P |ul|pprni)  for k/r —n/p>m > 0.

By a contradiction argument based on the compactness result of
the usual Sobolev’s space, we obtain an interpolation inequality for the
space M*P(Q).

LeMMA 4. — Assume that € is a C*° subdomain of M and u an element
of M*¥P(Q). Then, for any e >0 and 0 < |J| < k, we have
X7 ull o) < ellullamero) + Cliull L)

where C = C'(k,Q, ).

We define now a metric p(z,y) associated with X in M as in [7, 9],
and take

Br(z) = {y € Q| p(z,y) < R}

for R > 0 small enough. Then, in the function space M*P(€)), we have
also the following Poincaré inequality.

LEMmMA 5.

(1) For any 2° € Q, there exists Ry > 0 such that for all 0 < R < Ry,
if o € My?(Bgr(z)), then

(2.8) l[ollLe (Br(20)) < CR|IX@||Lr(Br(0))

where C' is of independant on ¢ and R.

(2) If, in the system of vector field X = (X1,...,X,,) there exists at
last one vector field which can be globally straightened in €, then we have

(2.9) ||<P||LP(Q) < CdiamQ||X<P||Lp(Q)
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SUBELLIPTIC VARIATIONAL PROBLEMS 151

for all p € M&’p(Q), where C' is of independant on ¢ and S.

(3) There exists a constant C and a radius Ry > 0 such that for any
20 € Q and any R, with 0 < R < Ry, for which Bag(z®) C Q, we have

(2.10) /B |u(z) — ag|’de < CRP /B > IXju(x)|Pde

R j=1
for all w € MYP(BR), where u = |Bg|™* fBR u(y) dy and |Bg| denote the
volume of Br(z?).
The proof of (1) is classical and we can find the proof of (3) in [8].
Now, for u € M3 () and k > 0, let

Arv={zeQlu(x) >k} and A} ={zecQ|u(x)==Fk}.
It is readily seen that these sets are mesurable, and

A = U Apye, ARUAL = ﬂ Ap_e,

e>0 e>0
N[E)S(A}C \Ak+€) — 0, MGS(A;C_E \ (Ak U A;C) — 0

as € — 0. For the functions u®) (z) = max{u(x) — k,0}, we have

LeMMA 6. — Let u € M3(Q) and k > 0. Then u'® € M3 (Q) and for
7 =1,...,m, we have

(2.11)

Xou® — Xu(z) for almost all x € Ay,
J 10 at other places.

Proof. — From the definition, for u € Mg (), there exists a sequence
{up} € C§°() such that lim, o [[up — ul[ar1 () = 0. Thus u, — u and

Xju, — Xjuin L2(Q) for j = 1,...,m. We have immediately u;(,k) — u¥)
in L?(2). Setting A} = {z € Q| up(x) > k}, we have, for p — oo,

Mes(Ak \ (Az N Ak)) — 0,
Mes(A} \ (A} N (Ap U A4))) — 0.

In fact, we know that Mes Q7¢ = Mes{x € Q; |up(z) —u(z)| > e} - 0
for all € > 0 and p — oo, and Ay N (QN Q) C A} for € > 0.

Ap N (Apge N QN QPF)) = A0 (Q\ QPF) € AL Ay,
A\(APNAg) = (A\ Ase)U(Ap e NDP9) U (Ag 1 N(Q\QP9))\ (A2 N Ay).
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Now, for § > 0, take ¢ = £(d) such that
Mes(Ay, \ Akye) < 30
and p(8) such that for p > p(d), Mes QP59 < 16, implying that
Mes(Ax \ (A7 N Ay)) < 4.

On the other hand, A} N (2\ Q7¢) C Aj_., hence is also contained in

Az N Ag_.. Now
AP\ (AN (ApUAY)) = (AN (Q\QP°) U (AL NQPe) \ (AL N Ak—c)
U(AL N (Ak—c \ (Ax U AL))).

For § > 0, take e = &(d) > 0 such that

MeS(Ak_E \ (Ak U A%))S 1)

2
and p(0) such that for p > p(8), Mes P < 6. Thus

Mes (A} \ (A} N (Ar U AL)))< 6.
Now, since u, € C>°(2), A} is an open subset of Q and, for j =1,...,m

) : p
Xju(k) _ Xju, in A}, B
i’ 0 in Q\ 4.

In fact, denote by E; = {x € Q| X;(z) = 0}. Then Mes E; = 0, and X
is a nondegenerate vector field on 2\ E;. Then we can obtain, as in the
classical case, Xju,(,k) = 0 for almost = € AZl \ Ej.
exists uékj) € L%(9) such that a subsequence of { X juz(,k)} converges weakly
to uékj) in L2(Q2), i.e. for all p € C§°(Q), we have

: k

lim (Xjuz(,k), ) = (ué);,@.

p—00

On the other hand

3 k T k *

= <u(k)’X;fsp>
= (X;u®, o).
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(k) (k)
Thus X;u® = ug

because Supp u}(,k) is compact in  and X;u

almost x € (), hence

€ L*(Q) for j = 1,...,m, which proves u*) € M3 (Q)

,(gk) converges to X;u(F) for

pli_}rgo Mes{z € Q; |Xjuz(7k) - Xju(k)| >e} =0
foralle > 0 and j =1,...,m. Denote
EF = {X € Ap; |Xulf) — Xju| > e}
Then we have :
Ef = (EF N (AP N A)) U (EE N (AF\ (A7 N Ar)))
where, for p — oo,

Mes(EE N (AP N Ay)) = Mes{z € AY N Ay ; | Xjup, — Xju| > e} — 0,
Mes(Ejy N (Ax \ (A} N Ar))) < Mes(Ax \ (4] N Az)) — 0.

That implies X;u®)(z) = X;u(z) for almost x € Ay, and j = 1,...,m.
On the other hand, we have

O\ Ap = (Q\ (AL UAR)) U (A2 (AP 1 (A U AL))) U (Ag U AY)
where, for p — oo,
Mes{z € Q\ (A} U 4y) ; |Xjuz(,k)| > e} < Mes9AL =0,
MeS{Az \ (Ai N (Ak U A;C))} — 0.

For the term A} NAj , if Mes A}, # 0, denote by Q = {z € Q | X;(z) # 0}.
Then Mes 2 = Mes (2, and € is an open subset of 2 by using Hérmander’s
condition. Hence, just as in the classical case, there exists A} such that

Mes Al, = Mes Ay, and X;u(z) =0 for 2 € A, and j = 1,...,m. Then

Mes{z € A} N A} ; | X;ulP) (2)| > ¢}
= Mes{z € A} N Al | Xjup(z) — Xju(z)| > e}
< Mes{z € Q; |Xjup(z) — Xju(z)| > e} — 0,

for p — oo, which proves lim,_, Xju,(gk) (x) = 0 = X,;u®) () for almost
r € \ Ap.
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3. Existence of minimizing points

Assume that 2 is a C*° bounded subdomain of M. We now consider
the problem of minimizing the functionnal

(3.1) I(u) :/Q F(z,u, Xu)dx

in the function space My ().
_ For the existence problem, we assume that the function F(x,u,§) :
Q xR x R™ — R satisfies the following conditions :

(1) F(z,u,&) > \¢|P for p>1and A > 0;

(2) F(z,u,&), Fu(z,u,§) and F¢,(x,u,§) are, for j = 1,...,m, conti-
nuous functions in 2 x R x R™;

(3) F(z,u,€) is convex in ¢ for all (z,u).

We will prove the following existence theorem :

THEOREM 7. — Let X satisfy the condition (H) and the assumption (2)
of LEMMA 5. Assume that F satisfies the conditions (1), (2), (3) and that
there exists a function @ € MyP(Q) such that I(¢) < 4oc. Then the
functionnal I(u) attains a minimum in My™(Q).

Proof. — Assume that {uj} is a minimizing sequence in M,”(Q),
that is u, € MyP(Q) and I(ug) = dp — d = inf, e ) I(v). From
0
condition (1), we get

(3.2) / | Xug|Pdx < I(ug) < constant independant of k.
Q

On the other hand, from the point (2) of LEMMA 5, we obtain :

(3.3) /|uk|pdx§c1/ | X ug|Pda.
Q Q

Hence ||uk||M01,p(Q) < const, independant of k. Now, MP(Q) is a reflexive
Banach space for p > 1. Passing to a subsequence when necessary, we
know that {ug} converges almost everywhere in €2, strongly in LP(Q2) and
weakly in M1?(Q) to a function ug € My (Q). We have to prove that
I(ug) = d. From Egorov’s theorem, for any ¢ > 0, there exists a subdomain
Q. C Q such that Mes(Q2 \ .) < € and {ug} converges uniformly to wug
in Q.. For N > 0, we define Qn = {z € Q; |ug| + |Xug| < N}. Since
uy € MyP(Q), we have Mes(Q \ Q. n) — 0 when N — oco. Putting
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Qen = Q. NQN C N, we have Mes(Q \ Q. y) — 0 when ¢ — 0 and
N — oo. Using the condition (3), we find

/ (F(z,urXur) — F(x,uo, Xug)) da
Q.,N

2/ Zng(x,uk,Xuo)-Xj(uk—uo)dx
QN =

—|—/ (F(w,uk,Xuo) —F(:C,UO,XUO)) dx.
Q.,N

Let k — oo. Since F, (x,ur, Xug) is bounded and converges uniformly
in Q. n and X;(ur —up) — 0 weakly in LP(Q), we deduce

m

/ ZFfj(x,uk,Xuo)Xj(uk—uo)d:v—>0 as k — oo.
QN o5

On the other hand, {ux} converges uniformly to wug in €,
/ (F (2, ur, Xug) — F(x,u0, Xug)) dv — 0 as k — oc.
Q.,N
Therefore, we have obtained, for any € > 0 and N :

lim F(x,up, Xug)dx > F(x,ug, Xup) dz.
k—oo Jo, N Q.,N

That means d > fQ ~ F(z,u0, Xug) dz. Now, let € — 0 and N — oo : we
have proved the theorem.

REMARK 8. — For the non-homogeneous Dirichlet problem, we have to
study the trace of M?(§) functions. If €2 is C*° and non-characteristic
for X, we know from [2] that for u € M"P(Q), the function |, is
measurable in 9€). In this case, we can consider in a similar way the
minimizing problem of I(u) in M = {v € MyP(Q) | v — ¢ € M'P(Q)}
for some function ¢ € MUP(Q) which take a prescribed value on the
boundary 9f2.
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4. Estimation of Esssup|u| of weak solutions

In the preceeding section, we have obtained a weak solution in M P for
the variational problem I(u). We now study the regularity of this solution.
For simplifying the notations, we suppose that p = 2 and consider non-
homogeneous problems. We have :

THEOREM 9. — Let X satisfy the condition(H) and the assumption (2)
of LEMMA 5. Assume that I(v) attains a minimum in M = {v € M1 (Q) |
v—p € M}Q)}, at u e MY(Q) and Esssupyg, |u| < My. Let the function
F(x,u,§) satisfy, for |u| > My, the following conditions :

(4.1) F(z,u,€) 2 e — plul® — Julp(2),
(4.1) F(x,u,0) > plul® + |u*¢(x),

where A >0, p >0, a €]2,2[, p € LYQ), ¢ > tnr and 2 = 2nr/(nr —2).
Then we have

(4.3) Esssup Ju(z)| < C
Q

where C' depends on n, v, A\, u, a, Mo, |||z, || Xu||r2 and Mes Q.

Proof. — We take A, = {z € Q | u(z) > k}, and prove the majoration
Esssupg u(z) < C. (The proof of Esssupg(—u(x)) < C' is similar, using
in this case the set A} = {x € Q| —u(z) > k}.) Setting

& {u(m) if e Q\ Ag,
u' () = :
k if x € Ay,

then, for k > My and from the LEMMA 6, we get u* = u —u®) € M, and
I(u)=d=1infI(v) :

/F(x,u,Xu)dxg/F(:z:,uk,Xuk)dx
Q Q

:/ F(x,k,O)der/ F(z,u, Xu)d.

Hence

/F(x,u,Xu)de/ F(z,k,0)dx.
Ak Ak

It follows from the conditions (4.1) and (4.2) that
)\/ | Xul?de — / (lu|® + JulPo(z)) do < / (1k® + k*o(z)) da.
Ay, Ay Ay,
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Taking k£ > 1, we have
2 2 [e% 2
XulPde < = [ (ulul® + [uP(a)) do.
Ak >\ Ak

From the conditions of the THEOREM, we also have ¢ > inr, 2/(a —2) >
1

snr and ||u||z;2 = [|u*?|| 3/(a—2, hence
J R [ TR 1 e
k

< 2||ulloZ kI3 14, + F° Mes™ " Ay)

2 (I
[ u@Pe@ o < lellurqan 2110
k

< 2||80||Lq(Ak)(||u - k”%@z(Ak) + k* Mes™/ 2 Ak?)a

where 1 =2 x 2/(2+2— ), lo = 2q/(q— 1), {1, {3 € ]2,2[. Therefore,
we have obtained, for all k¥ > max{My, 1}, that

(4.5) / XuPde < S Colllu— ki, + K2 (Mes 4)2/%),
Ak i=1,2
where Cy = 4u/)\||u||L2(Q) Cy = 4X7Y|g|| and 2/6; = 1 —2/(nr) + &;
with g1 = 2/(nr) — (@ —2)/2 > 0 and e3 = 2/(nr) — 1/q > 0.
Hence, THEOREM 9 can be proved with the following lemma :

LemMA 10. — Let u € MYP(Q), with 1 < p < nr, and Esssupgq u(z) <
ko < 4+o0. Assume that for any k > ko, we have

(4.6) /|Xu|de<~yZ||u .

j=1

+’YZ/€ (Mes Ay) 1- p/(nr)-i-fj

where £; <P, €j >0 and p < oy < ;0 + p. Then, we have

(4.7) Esssupu < C(n,r,p, kv, 4, 0,65, ||u||L;)
Q
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Proof. — First, it follows from the Holder inequality

[lu — k||L@j(Ak) < (Mes A4~ P|ju — kll L7 a,)

Using point (2) of LEmma 5 and, as in the proof of Lemma 6, u(F) €
My?(Q), we have

v — Kl e; (Ap) = Co(Mes Ak)l/gj_l/z_7||Xu||L5(Ak)-
On the other hand,

k(Mes Ax)V?P < L = ull L7 ay)-

Thus, for
(4.8) k> K = max{ ko, L2CYNy) /0P |
we have
Ny N, ~
P = M ) <D ColMes A5 VR Xull
Jj=1 j=1

Ny
[1Xul[f 4,7 D CELE ™ PE-t/ P
j=1

IN

IN

1
§||XU||ip(Ak)-

Taking 6 = min{e; — (a; — p)/P > 0, we have obtained, for k > &/, that

(4.9) / | XuPdz < 41 kP (Mes Ay ) P/ (1) +9,
Ag

where v, = 2y Z;V:zl L2i~P. Now, for u € My*(2), we use the Holder
inequality and the LEMMA 5 to obtain

[ = Bde < Jlu = Hlgsa, (Mes )17
Ag

<Cy (/ |Xu|pdgc)1/p(MeS Ak)l—l/p+1/(nT)
Ak

< Clyll/pk(Mes Ak)1/p+5/p*1/(nr)+1*1/p+1/(m).
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Hence, we have proved, for k > k/,
(4.10) / (u — k) dx < Cok(Mes Ay,) /P
Ag

Therefore, the integrable function w satisfies the conditions of lemma 5.1
of chapter 2 of [13]. We have proved this LEMMA and hence THEOREM 9.

For studying the regularity of weak solution of variational problem I (u),
we give some conditions on F' such that the weak solution of variational
problem is also the weak solution of its Euler’s equations. Suppose
F(x,u,() satisfies

|F(z,u, )| < (1% + [ul? + o (),
(4.11) |Fu(a,u, ) < n(1C2% + [l + 9 (2)),
|Fe, (2w, )| < p(|€] + Jul*2 + 2o (2)),

where 1 € L'(Q), ¢1 € L2(Q), ¢ € LX(Q), with 2 = 2/(Z - 1) and
2 <2=2nr/(nr—2).

Now, let n € M}(Q2) and I(u) = d = inf I(v). Then, for all ¢t € R,
we have
p(t) = I(u+tn) = I(u).

Hence, we have formally

de(t -
ﬂ/(ZFEj(:r,qutn,XUthXn)Xjn
QN
’ + Fu(x,u+tn, Xu+ tXn)n) dz,
and from (4.11)
1 2, 1 2
|FEij77| < §|F§j| + §|Xj77|
< O ([t + [ul* + [n]* + | Xul® + | Xn[?),
15 1
FuT] S__FuQ +:772
| Funl 2,| | pl |
SOl + ul® + [0 + [ Xul* + [ Xnf?).

Since u — @, 1 € ME(Q) C L%(Q), the integrand is finite. Hence the
derivative dp(t)/dt exists and is continuous in ¢. On the other hand, ¢(t)
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takes its minimum on ¢ = 0, then

|d50_(t) = 0I(u,n)
:/(Zng(:B,u,Xu)Xjn—i—Fu(X,u,Xu)n) dx = 0.
QN

We have thus proved that u is a weak solution of the following Euler’s
equation

(4.13) > X5 Fe, (X, u, Xu) + Fu(X,u, Xu) = 0.

j=1

5. Local properties of weak solutions

In order to study the regularity of weak solutions for the Euler’s
equation (4.13), consider the following general quasilinear equation

Qu = ZX;Aj(x,u,Xu)JrB(x,u,Xu) =0

Jj=1

in  CC M. Suppose that €2 is bouded and connected, and that €2 can be
covered by balls defined by the metric p(z,y), i.e. @ = |J Br(z). We also
assume that the function A, (x,u,€), for j =1,...,m, and B(z,u,&) are
of class C®(Q x R x R™), and satisfy the following structure conditions.
For all (z,u,§) € @ x R xR™ :

Z;’nzlAj(w’uvg)gj > |€|2 —g(.’L’)2,
(5.1) |4j (2, u,€)| < A(€] + 9(x)),
| B(a,u,€)] < A(IEF + f(2)),

where f, g € C°(Q) and > 0, A is a constant.
We shall prove the following local estimate :

THEOREM 11. — Let the operator Q satisfy the structure conditions
(5.1). Let u € MY(Q) satisfy Qu > 0 in Br for some R >0 and u >0 in
Bpg. For some q € Inr,n(r + 1)[, we set

(5.2) K=|f+gllcd+lglled’, Fo=KR"™/1,
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with ¢ = ng/(2n —q+nr) > 1 and ¢ = ng/(nr+n —q) > 1. Then, for
allp>0 and%§9<1, we have

(5.3) supii < C((1 = 0)R) ™% |Br|™/|[ii]| 1o (5
Bor
U+F07 BR = B(.’,E(),R) C Q? C = C(TL,T,A,p,q,HUH%O)

where

and a = a(n,r) > 0.

Proof. — We first assume that p > 2 and choose the test function
o = C2u?P~leM € M} (Bgr), where ¢ € C§°(Bgr). Using the structure
inequality (5.1), we have

/ Z Aj(z,u, Xu)X; (<2ﬂ2p_leA“) dx
B

R j=1

< - B(z,u, Xu)2a*~teMda
Br

< A/ (IXal? + f)Ca*teldr
Br
and hence from (5.1), we have

2p—1) [ Ca* M| Xa)|?dx
Br

< (2p7 1)/ 42ﬂ2p726Au92d$+A/ (g2+f)CQ,a2p72eAuda7
Br B

R

+ 2A/ (1X 1| + g) 3| X ¢|a*~ et da.
Br
Since 4 > Fy and ||u||~ < 400, we have

(2p—1) / Ca?r=2eM X a2 da
Br

< (- 10 / a2l Pdz + ACy / a1 (g + f)de

Br Br

+@2p—1)e | CGa* Y Xal*dx
Br
C1C:

2p—1

/ |X§|2a2pdw+2A/ gC| X ¢la*P~ d,
BR BR
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where C; = maxq e?2*. Denote v = @ and let ¢ = % We have
1 2 2 2 2 c 2 9

- 7| Xv|*dx < Cp h(X)vode + — | X (| v de,

p P JBgr

BR BR

where h(z) = (9% + f)/Fo + g*/F§. The choice of ¢ and ¢’ implies
[|h]|fas2 < C(n). Using the Holder inequality, we have

/ hC2vRd < (|| sz [PV | arcoo
Br

and the interpolation inequality for LP norms
lullLe < elulle +&7*|[ullL,

wherep < g <l pu=1/p—1/q)/(1/q—1/¢). We have, with C' dependant
on n, ¢, r and |9,

16702 [| Lara—2 = lICVII 20/ a2

< ellgylfze + e jgv| 2.

Hence

/ h(PPde < Ce|| X (C)|[72 + Ce™ /@[ w][72.
Br
Let ¢ = 1/(2C)p~2. Then
/ X (¢v)|"de < (/@ 4 ||X (17 ) / vida.
Br B
Using LEMMA 5, we obtain
= 2/2
(/ |CV|2d;p) < C’(anT/(q*m”)vLQ + ||XC||2Loo) / 2de.
Br B

Now, take R = R(0 + (1 — 0)/(2k)) for k = 0,1,2,... with § € ]0,1].
Using the geometry of the metric p (see [11]), we can choose a cut-off
function ¢ € C§°(Bg, ) such that 0 < ¢, < 1 and (x(x) =1 in Bg,_, and
satisfying | X (x| < 28C/((1 — 0)R). Thus

/ a2npr/(nr—2)dw> (nr=2)/(nr)
B

Rp41 4k
< C( 2nr/(qg—nr)+2 ) / 2P 4.
v +7(1—9)2R2 BRku T
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Take py = 2p(nr/(nr — 2))¥, with k > p, and replace p by 3pj. Then
||1],||ka+1 (BRk+1)

< C’[(p(nr/(m" — 2))k)

2nr/(g—nr)+2
4k 1/pk
(1- G)QRQ}
—2 ~
< Cat/Pr((1-0)R) /pk||U||LPk(BR,C)»

+ \al|ze (Bry,)

where C = C(n,r,q,p,||u||r~) and a = 2(nT/(nr B 2))2nT/(‘1*nr)+2+8.
Hence

- =% 2/p; -
||u||ka+1(BRk Caz J/PJ ((1—9)R) Z]:o /pj||u||L2P(BR)a

where

J_¢ wizlw(_i)j:g,
Z np, )’ jgopj pjgol nr

= Opj p

and a = a(n,r) > 0. Since |Bg| < 1, (for R > 0 small enough), we have

|BRk+1 |—1/Pk+1 |BR|1/(2P) < |BRk+1 |—1/Pk+1 |BR|1/pk+1
(B i
|BRk+1|

when £k is large enough. Hence

-1/ -
|Br,..| p’““IIUIILW(BRW)

a/
< C((1=0)R) " |Br| Pl

e (o)

Let k — oo. We have proved, for all p > 2,

~ a/p 1/2p
u <C((1- B .
Sngu < (( 0OR ) |Br|™ ||u||L2p( )

Further, for 0 < p < 2, we have

supa < C((1—60)R) a/2|BR| 1/4||u|| +(Br)

Bor

» 1/4

< C((1—0)R)“"*[Br| A (supa)' 2/t (/ % dx )
Br Br

< S supii+ 2027 (1= 0)R)“*|Bg|” VN 5,
Br

N =
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Now, fix p and set ¢(s) = supp,, @. For § < s <t < 1, using the results
Of [7], |BtR| Z |Bl/2R| Z C|BR|, and by monotonicity, ||ﬂ||L2p(BtR) S
l|%]|L2r (BR)- We have

o(s) < sp(t) + CA(t —s)72/7,

N =

where A = R=%/?|Bp|~Y/CP)||di|| 12p (). Repeating this inequality yields,
for any sequence § < py < p1 < -+ < pr < 1, the inequality

1

@(pO) < ok

k
1 _
(o) + CADY o (pjvn —pj) "
5=0

By monotonicity, we have ¢(pr) < ¢(1) < ||@||lr=~ < +00. Let k — oo.
We can prove

1 _
g(PjJrl - Pj) 2/p,

M8

©(0) < p(po) < CA

J

Il
=]

If we choose pg = 0, pj+1 =pj + (1 —7)7" (1 —0), j = 0,1,2,..., with
1>7> (%)p/ 2, then the right hand side converges, which proves that

p(0) = Sup il < C((1=0)R) ™| Bl ||| 2o ).
6R

THEOREM 11 is thus proved.

6. Harnack inequality and Hélder continuity

We first introduce two lemmas.

LEMMA 12. — Under the assumptions of THEOREM 11, assume that
u € MY(Q) satisfies Qu = 0 in Q andu > 0 in Bg. Then, for all 0 < § < 1
and s > 0, we have

61) {!{xeBeR; logii > s+ fo}| < Cs™'|Borl,

|{:E € Bor; logu < 73+ﬂo}| < Cs™ ! Berl,

where (3 = |Bgr|™? fBGR logddx, and Bag C 2.

Proof. — Use the test function ¢ = ¢2a~'e™* where ¢ € C$°(Byr)
for some ¢ > 1, with 0 < ¢ < 1 and {(z) = 1 in Bg and with |X(| <
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C((c — 1)R)~L. Under the structures conditions (5.1), we have as in the
proof of THEOREM 11

/ C?|X log a|*dx
BUR

< C’/B (h(z) + |X(?) d

< Cllkll a2 | Bor] =29 + [|X¢|[7 | Borl
< C|Br|R™*""/1 + C|Bg|((c = 1)R) "
< CR™?|Bgl,
where C = C(n,r, A, ||h||Las2, (6 —1)71). Hence
/ |X log @|*dz < CR™?|Bg.
Br
Since loga € M*(Q), by LEMMA 5, we have
/ |log @ — f1]*dz < C|Bg]
Br
for all 0 < R < Ry with Bag, C 2. Denote
Q (s)= {x € Byr ; logu < ferﬁg}.
Then
C|Ber]| Z/ |1ogﬂfﬂg|dx2/ (Bo — log @) ZS|Q7(S)|.
Bor Qi(s)
Another inequality is proved in a similar way. The proof of LEMMA 12 is

completed.

LemMA 13.— Let {Q(t) : t € [1,1]} be a family of domains S0, satisfying
Q(t) C Q1) for 0 <t < 7. Let w > 0 be a continuous function defined in
a neighborhood of Q(1) and such that

sup w? < Co(T — t)_“|Q(1)|_1/ wPdz
Q) Q(r)
for all L<t<7<1 and p €10,1|. Further, assume that
2
[{z € Q(1); logw > s}| < ColQ(V)|s™
for all s > 0. Then there exists a constant C' = C(a,r,Co) such that

(6.2) sup w < C.
Q(1/2)
Since LEMMA 13 is just a modification of LEmMA 3 of [12], the proof is
omitted. We can now prove the Harnack inequality for the weak solution
of equation Qu = 0.
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THEOREM 14. — Under the assumptions of THEOREM 11, if u € M*(Q)
is a weak solution of the equation Qu = 0 and if u > 0 in Bpg, then, for
all 0 < 0 < 1, we have

(6.3) sup < C{inf u+ Fy },
Bor Bor

where Fy is defined by (5.2) and C = C(n,r, A, q, ||u]|L=).

Proof. — Without lose of generality, we can assume that u > k > C
in Bg. By LEmma 12, if Q(t) = By, with £ <t < 1 and w = e @ or
w = ePa~1, then THEOREM 11 and LEMMA 12 give that the function w
and the family of domains Q(¢) satisfy the conditions of LEmMa 13. Then,
(6.2) implies

sup @ < C? inf 4.
Br/a Br/2
THEOREM 14 is proved.

REMARK 15. — From (6.3), we have also the following inequality
1/2
(6.4) inf @ > c(|BR|’1/ |ﬂ|2d:17) .
Bor Br

From the Harnack inequality (6.3), we have now :

THEOREM 16. — Under the assumptions of THEOREM 11, if u is an
M (Q) solution of the equation Qu = 0 in Q, then u is locally continous
in Q and, for any ball Br, C 2 and 0 < R < Ry, we have

(6.4) oscu < CR*(Ry “sup |u| + K),
Br Br,

where K is defined by (5.2), C = C(n,r, A, q, Ry) and a = a(n,r,q, A, Rp).

Proof. — Set M(R) = supp,, u, m(R) = infp, v and w(R) = M(R) —
m(R), v = u—m(R). Then v > 0 is a weak solution in By of the following
equation

ZX;Ej(x,v,xv) + B(z,v,2v) = 0,
j=1

where A;(z,v, Xv) = Aj(z,u — m(R),Xu), B = B(z,u — m(R), Xu).

Then, it is obvious that A and B satisfy the structure conditions (5.1).
By THEOREM 14, we have, for all 0 < 0 < 1

supv < C{ inf v+ Fpt,
up v < {inf v+ Fo}
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that is
M(OR) —m(R) < C(m(6R) — m(R) + Fp).

In the same way, we have for o = M(R) — u,

v < CY{ inf v+ F
AR SRR
that is

M(R) —m(6R) < C(M(R) — M(6R) + FO).
Thus we have

C—1 2C'F,
w(R)+ C+1

Since 0 < 6, (C —1)/(C 4+ 1) < 1. Using lemma 8.23 of [6], we have
proved (6.4).

wOR) < 7o

From Hormander condition (H) for (X), for any Q' CC Q, there exists
a constant C' > 0 sucht that, for any 2° € Q', any Bgr,(2°) C Q and
0 < R < Ry, we have

(6.5) Bpr(z°) D A(2°,CR") = {2 € Q; |z —2°| < CR"}.
The proof can be found in [4, 13]. Hence, from (6.4), we have obtained

(6.6) A(mg,Sé:Rr)u < CR*(Ry s;}g) lul + K).

From this inequality, we have proved the following interior Holder esti-
mates for the weak solutions of quasilinear equation.

THEOREM 17.— Under the assumptions of THEOREM 11, if u € M*(Q)
satisfies Qu = 0 in Q, then, for any Q' CC Q, we have the following
estimate

(6.7) [[ullcs oy < C(Slép lul + K),

where C = C(n,r, A, q,d), d = (Q,00) and § =d(n,r,A,q,d") > 0.
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