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Résumé Dans ce travail, nous démontrons des théoremes de trace et de relevement pour
les espaces de Sobolev associés a un systéme de champs de vecteurs satisfaisant la condition
de Hormander a 'ordre 2. Le cas des points caractéristiques non dégénérés pour les champs
de vecteurs invariants a gauche sur le groupe d’Heisenberg est aussi traité.

Abstract We prove in this work the trace and trace lifting theorems for the Sobolev spaces
associated with a system of Hérmander’s vectors fields of order 2. The case of non degenerate
characteristic points for left invariant vector fields on the Heisenberg group is also studied.
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1. INTRODUCTION

The main purpose of this paper is to study the problem of restriction of functions that
belongs to Sobolev spaces associated to left invariant vector fields for the Heisenberg group H¢.
This group is the space R2*! of the (non commutative) law of product

(x7 Y, 3) : (xla y/> 5/) = ($ + xlv Y+ yla s+ 5, + (y’$/) - (y/‘l’»
The left invariant vector fields are
Xj =0y +y;0s and Y; =0y — x;0;.

In all that follows, we shall denote by Z this family and state Z; = X; and Z; 14 =Y].
We associate Sobolev spaces to this system of vector fields through the following definition.
1



2 TRACE AND TRACE LIFTING THEOREMS

Definition 1.1. Let k be a non negative integer, we denote by H*(H?) the Sobolev space
of order k which is the space of the functions u in L?(H?) (for the usual Lebesgue measure
on R2¥+1) such that

Zjy ... Zjju€ L* for any (jm)i<m<e € {1,---,2d}" with ¢ <k.

When s is any non negative real number, we can, as in the case of classical Sobolev spaces
on R", define the space H*(H?) by complex interpolation (see for instance [6]).

As in the usual case, other definitions of Sobolev spaces can be used (and the spaces are
the same): the definition using integral and kernel (see [23] and [24]), or the definition using
the Littlewood-Paley theory based on Fourier transform on the Heisenberg group (see [1]),
or the definition using the Weyl-Hormander calculus (see [11]).

The key point is that Z satisfies Hormander’s condition at order 2, which means that
the family (Zy, [Z¢, Zp]) spans the whole tangent space. Hormander’s sub-elliptic theorem
implies that the space H*(HY) is included in the usual Sobolev space Hz(R?¥*1) when s is
positive.

These spaces H* (Hd) have properties which look very much like the ones of usual Sobolev
spaces: Sobolev embeddings are true with exponents where the real dimension 2d+ 1 becomes
the homogeneous one 2d + 2 (see for instance [12] and [20]), Poincaré’s inequality (see [18]),
Hardy’s inequality, tame estimates (see [2]) and extension properties (see [21]).

In this work, we are interested in problems of trace and trace lifting on a smooth hyper-
surface of H? in the framework of Sobolev spaces. In the framework of Holder spaces, this
problem has been studied by D. Jerison in [19].

First of all, let us point out that the problem of existence of trace appears only when s
is less than or equal to 1. The space H®(H?) is included in Hz (R2¥t1). So if s is strictly
larger than 1, this implies that the trace on any smooth hypersurface exists and belongs to
the usual Sobolev space H 572 of the hypersurface.

So the existence of traces makes problem when s €]1/2,1]. Two very different cases then
appear: the one when the hypersurface is non characteristic, which means that any point My
of the hypersurface X is such that 25, & T, and the one when some point My of the
hypersurface ¥ is characteristic, which means that Zjyz, C T, 2.

It is well known that a compact hypersurface without boundary has always at least one
characteristic point (see for example [4]). Things being what they are, the problem of traces
is of course a local one. So it is relevant to assume an hypersurface to be non characteristic.
This case is quite well understood. Since the work of M. Derridj (see [14]), it is known that
in this non characteristic case, traces of functions in H'(H¢) exist in L?. Always in this non
characteristic case, I. Pesenson (see [22]) has proved trace and trace lifting theorems for the
spaces H*(H?) when d greater than or equal to 2. Moreover, these results are also valid for
Sobolev spaces defined with LP for p greater than 1 (see also [13] and [15]). The reason why
this hypothesis d > 2 is required is that the proof uses in a crucial way the fact that ZNTY
is of rank 2d — 1 and satisfies Hormander’s condition at order 2. This is of course not the
case when d = 1, because, in this case, Z N TY is of rank 1. In the characteristic case, even
the existence of traces is a problem.

The aim of this work is first to prove a theorem of trace and trace lifting in the non
characteristic case (so valid also for d = 1), and then to prove a theorem of trace and trace
lifting in the characteristic case up to d = 1. The set of characteristic points of a compact
hypersurface may have a complicated structure. For instance, this set may contain curves
that may be or may be not integral curves of one of the vector fields Z. The result we shall
prove here demands an hypothesis about the nature of the set of characteristic points. Let
us state it.
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Definition 1.2. Let My be a point of a smooth hypersurface ¥ of H¢. This point My is said
to be a non degenerate characteristic point if and only if

e the point My is characteristic, which means that Zy;, C T2,

e for any 1-form @ of T*R?¥*+! that vanishes on TY. and such that 0(My) # 0, the
system (‘CZEHlT]MOE)1§€§2d spans the cotangent bundle Ty, 3, where Lz denotes the
Lie derivative with respect to Z.

Let us notice that a non degenerate characteristic point is necessary isolated. The non
degeneracy condition can be interpreted by the fact that the matrix (Z¢Z;,9(Mo))1<e,m<2d
is invertible if g is a local defining function of the hypersurface 3 (this is the aim of Propo-
sition 4.1). Moreover, as Z|y, is of rank 2d, it spans the tangent space Ty, 2.

Two simple examples of non degenerate characteristic points are the origin for the hyper-

plane X def (s = 0) and the two poles (0,0, 41) of the Heisenberg sphere.

Now, let us define the module of tangent vector fields on ¥ which are going to be the
differentiations on which the Sobolev regularity of traces will be based.

Definition 1.3. Let ¥ be a smooth hypersurface of H? with a finite number of non degenerate

characteristic points M def (Mj)1<j<n. Let us denote by C%; the set of smooth functions a
on ¥\ M such that for any integer k and for any point M; of M, a constant Cj, exists such
that in a neighborhood of M;, we have

|D*a(M)| < Cx|M — M;|7*.

Let us notice that functions of C'{; have singularities of type "homogeneous of degree 07
at the points of M.

Definition 1.4. Let ¥ be a smooth hypersurface of H* with a finite number of non degenerate

characteristic points M def (Mj)i1<j<n. Let us denote by Zs r the Cg-module of vector

fields spanned by the set of all vector fields of Z NT% that vanish on M.

This module Zx, p4 is spanned by a finite number of smooth vector fields Rx. If g is a local
defining function of ¥, a possible choice for Ry is the family

Riw ¥ 2i(0) 2k — Z1(9)Z; for 1<j<k<2d. (1.1)
This will be proved in lemma 4.1. Let us mention now that the non degeneracy condition is

crucial for the proof of this property.

For sake of simplicity of the notations, we reorder the family Ryx, def (Rj)1<j<n- In all that

follows we shall denote by Ay the differential operator on ¥ defined by
def al
Ay € =Y RIR;. (1.2)
j=1

Let us point that in the case when d = 1, there is only one vector field in the family Ry
which we shall denote by R.

When £ is a non negative integer, let us define the Sobolev spaces associated to this module
of vector fields.

Definition 1.5. If d > 2, we denote by TH*(Ry) the space of functions u of L*(X) such
that

R; ...Rjuc L® forany (jm)i<m<t€{l,---,d(2d—1)}* with £<k.
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Ifd =1 and if k = 2j, we denote by TH*(Rsx) the space of functions u of L?(X) such that
Rue L? forany (<k.
and
Ty, ... Tju € L* for any (jm)i<m<e € {1,---,4}" with £<k

where (1y)1<¢<4 Is a family of generators of the module (on the ring of smooth functions
on X)) of the vector fields tangent to . that vanish at the points of M.

Now, we can define the spaces T'H®(Ryx,) for positive real numbers by complex interpolation.
We shall prove the following theorem.

Theorem 1.1. Let 3. be an hypersurface with a finite number of non degenerate characteristic
points. The restriction to ¥ map, denoted by s, (defined on D(H?)), can be extended in an

onto continuous map from H'(H?) to TH? (Rs).

Remarks Let us consider the case when d > 2. As proved in Proposition 4.4, the opera-
tor Ay, defined by (1.2) is selfadjoint with domain TH?(Ryx). So the space TH? (Rx) can be
understood as the domain of the operator (—Ag)i.

As previously said, the fact that we deal with the case when d = 1 impose us to recon-

sider the non characteristic case. To do this, let us state the following definition which is a
modification of the classical one.

Definition 1.6. Let Py, = (Pyx;)i<j<n be a family of smooth vector fields tangent to a
submanifold ¥ of R and k a positive integer. We denote by H*(Ps) the set of functions u

in Hg(E) such that
Psj ...Pojuc LA(%) forany (jm)i<m<e € {1,---,N} with ¢<k.
When s is a positive real number, the space H*(Pyx) is defined by complex interpolation.

Here the submanifold ¥ will be either R™ itself or a smooth hypersurface.

Remark When the system of vector fields Py, satisfies the Hormander condition at order 2,
k
the above definition is the same if we substitute L? to H2.

Let 3 be a smooth non characteristic hypersurface for a system P def (Pj)i<j<n (this
means that P is not tangent to ). The C°°-module spanned by P NTX is of finite type.

Let us denote by Px def (Ps j)1<j<n a finite system of generators of the system PNTE. The
trace theorem is the following.

Theorem 1.2. Let X be a non characteristic hypersurface for the system P; the restric-
tion to ¥ map, denoted by vx, can be extended in an onto continuous map from H?*(P)

to HS*%(PZ) when s is greater than 1/2.

Let us point out that it implies in particular that vy is continuous from the space H*(P)

into the space H 51 (3). A similar theorem has been proved by S. Berhanu and I. Pesenson
in [7] in the case when the system Py still satisfies the Hérmander condition at order 2 on
the hypersurface ¥ and for s = 1.
Now let us explain the structure of the paper together with the main ideas of the proofs.
The first case we study is the non characteristic one. Let us give a flavor of the proof
by looking at a very simple case. Let us consider when in R? the system P is (Oy,,7104,)
and the hypersurface ¥ is {z € R? /1 = 0}. The system Py then reduces to 0. The above

Theorem 1.2 tells us that the map 7y is continuous and onto from H¥(P) to Hg_i(E) Let
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us point out that this case is as different as possible from the case of the Heisenberg group
when d > 2.

Let us denote by 2 the Fourier transform of u with respect to the second variable. So, we
can write that, for any u in D(R?),

O / < & 5 [A2(0,6) 2

k_1
H3 1(R)

= 2/ < & >k /0 (gzl (z1, &) a1, §2)>d951d€2-

—00

Using Cauchy-Schwarz inequality, we get that
< gu? 1/2
2 < 2 / = / day)
[vs (W] -ty = <§ >t |8x1 (z1, &) da

jig -
S 1/2
X (/ ’U2(9€1,§2)|2d371) d&o
< 2”8331/11’” || ||L2(RH§ R)’

But, using Hérmander’s subelliptic theorem, we infer that H*~1(P) C H (R2). So 0z, u
belongs to Hgfé(RQ). As k > 1, we have Hgfé(RQ) C LQ(R,Hgfﬁ( R)). So the map vy is
continuous. o

Let us now consider a function v in H2~1(R) and let us state

u(wr,x) = Fe (x(m1 < & >'?)0(&))

where x is a function of D(R) with value 1 in a neighbourhood of 0. This is obvious
that vs(u) = v. Moreover, when k; + 2ky + k3 < k, we have

[

def

Niy o ks () = [[(2105,) 1 052053 2 gy
= /|(961<9x2)k1(31:2)'“2(3;51)'“%(3:1,wz)!2dx1da?2
= 0 [ lehd <> @ < 6 >V0E) Pdnde
< (2m)! / E ) () < & > TRE (&) < & >72 dyides
< en! [ )P < & > e Pdnds,
< ALy 1

So the map 7x is onto. When s is an integer, the proof of Theorem 1.2 consists in substituting
a weight for an Hormander’s metric to (£2) in the above model case.

The second section of this paper consists first in recalling basic facts about Hérmander’s
pseudodifferential calculus and about Sobolev spaces in this framework. Afterwards we ex-
plain the relation between the Sobolev spaces defined in this introduction and the Weyl-
Hormander calculus.

The third section is devoted to the proof of Theorem 1.2 in the case when s is an integer.
We follow the same lines as in the above proof.

The fourth section is devoted to the study of the characteristic case for the Heisenberg
group. The method used, as possibly inferred by the introduction of the ring C'%; is a ”blow
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up” type method. Let us explain it in the simple case when X is the hyperplane ¥ def (s=0)
and the characteristic point is the origin.
Let us consider a function ¢ of D(R\{0}) such that

o
Vi, 0< |t <1, ) p(20t) = 1.
p=0
Let us introduce the Heisenberg distance to the origin p which is
1
p(z,y,s) = ((z° + %)% + 7)1,
If u € D(R?*1) supported in {p(x,y,s) < 1}, we have

o
w=>
p=0

where ¢, (x,y,s) = p(2Pp(z,y,s)). Now let us compute Z(ppu) for Z € Z. The Leibnitz
formula implies that

Z(ppu) = ppZu+ uZpp.
But Zy, = 2P¢'(2Pp)Zp. Moreover, when p < 1, we have |Zp| < c. So it turns out that
1Z(ppu)l72 < C2P|gpullfz + 2] opZullie.

By definition of ¢, we have 227 ~ p~2 on the support of ¢pu. From this, we deduce that

/2
22p”9027u||%2 < C/ ’¢p2’ dxdyds.
p

As the functions goé,u and gag,u have disjoint supports as soon as |p — p/| is large enough, we
have

0 2

ZQQPH‘P;UH%? < C/|u’2dmdyd8.

p=0 P

Let us recall the well known Hardy’s inequality on the Heisenberg group.

Lemma 1.1. Let k be an integer in the interval |0,d+ 1[. A constant C' exists such that, for
any function u in H*(H?) supported in the Heisenberg ball B(0, 1), we have

Jul?
/2d+1 pwdxdyds =C Z HZjl "'ij“”%2-
R (jm)e{1,-2d}*

So it turns out that

S 1263 < Cllulfp ey (1.3)

p=0 ZeZ
Now, let us use the dilation of parameter 2P on the Heisenberg group and let us state

up(xv Y, S) = (@pu)(zipa% 2*py7 272})8)‘
A simple computation shows that
1Zupll 2 = 2P Z(ppu) | 2

Moreover the support of the function w, is included in a ring C = {p(x,y,s) ~ 1} of the
Heisenberg distance p. This ring C is a compact subset of H? which is independent of p and
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that does not cross the origin. So the hypersurface > is non characteristic on the support
of u, and results of Theorem 1.2 can be applied to u,. So, we deduce in particular that

s () < C(Z 1 Zuyl2a + Hup@)

YAV
d
C2% ||90p“||§{1(|-|d)-

IN

Then, a dilatation on X tells us that

750 (Ppw) 22 < CH<PpUHH1(Hd)-
inequality (1.3) implies that

0
> rso(ep) 22 < Clulls oy
p=0

The fact that the family s, (ppu) is almost orthogonal in L? allows us to conclude that
the map 7x, can be continuously extended from H'(HY) to L?(Xg). The complete proof of
Theorem 1.1 will be the purpose of the forth section.

The fifth section is devoted to the case when s is not integer. We prove Theorem 1.2 using
Weyl-Hérmander calculus.

Acknowledgments The authors want to thank A. Bahri for introducing them to this
problem and for many stimulating discussions. During a staying in the University of San
Diego, two of the authors had decisive discussions with S. Baouendi, P. Ebenfelt, and L.
Rotschild. They want to thank specially S. Baouendi and L. Rotschild for their very nice
welcome during their staying. The authors thank also E.M. Stein for fruitful discussions.

2. WEYL-HORMANDER CALCULUS AND SOBOLEV SPACES

In this section, we want first to present some basic properties of the Weyl-Hérmander
calculus and of abstract Sobolev spaces defined with this theory. Then, we shall show the link
between the Sobolev spaces defined in the introduction in Definition 1.6 and these abstract
Sobolev spaces.

2.1. Basic Weyl-H6rmander calculus. We follow [8], [9] and [17]. Weyl quantization
procedure is a way to associate an operator a*, acting on L?(R") to a function a (the symbol
of a¥) defined on the phase space T*R™ = R?". This operator a“ is defined by
a“u(zx) = (277)”/ ei<x*z’§>a(m,§)u(z)dzd§.
T*Rn 2
Let us denote by [X,Y] the standard symplectic form on T*R™. We have the following
composition formula a¥ o b = (a#b)" with

(a#b)(X) =7~ 2" / e XYL N2l (V) b(Ya) d Y d Y.
T*R"xT*Rn™

Let us define the concept of Hérmander’s metric.
Definition 2.1. Let g be a measurable map from T*R" into the set of positive quadratic
forms on T*R™. This map g is an Hormander’s metric if and only if the following three

conditions are satisfied:
Slowness A positive constant cq exists such that

1 _
gx(X =Y) < . = cylgx < gy <cogx.
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Uncertainty principle

. [T, w]?
gx < g% with ¢%(T) = sup :
X (D) w0 9x (W)

Temperance A positive constant ¢y and an integer Ny exist such that for any (X,Y)
in T*R™ x T*R™
& (14 g9 (X —Y)) Mgy <gy <o (1+g3(X —Y))Vogx.
Moreover, we shall denote by A\, the function defined by

20y def 9%(T)
Ag(X) = Tel%’l*fR" gx (1)

Let us consider an Hormander’s metric g and let us choose a positive real number r strictly
less than ¢y !, In all that follows, we shall denote by Ux the ball of center X and radius r'/2
for the metric gx. Let us define A(X,Y") by

def . .
A(X,Y) = 1+ max{¢%(Ux — Uy), g3 (Ux — Uy)}

where

T (Ux — Uy) = inf (X — Y.
9% (Ux — Uy) (X,yy,)lgUXnygx( )

The function A(X,Y) measures how far away (for the metric ¢7) are the two balls Uy and Uy
We shall omit to note that this function A depends on r. As proved in [9], we can substitute
slowness and temperance by

1
C—OA(X,Y)_NOQX < gy <o AX,Y)Yogy.

One of the key properties of the function A, obviously symmetric, is described in the following
lemma, proved in [9].

Lemma 2.1. An integer N exists such that
sup AX,Y) Mgy |V2dY < oo,
XeT*R" JT*Rn
where |gy]1/ 2 denotes the determinant of the quadratic form gy in any symplectic basis
of T*R™.

An Hoérmander’s metric can be understood as an admissible procedure of localization in
the phase space.
Let us define the concept of g-weights, of g-symbols.

Definition 2.2. Let g be an Hormander’s metric. A measurable function m defined on T*R"
with value in RY is a g-weight if and only if a constant C' and an integer N exist such that

m(X)\ ' _ ®
— < CA(X,Y)".
() <oaexy
Let m be a g-weight. Let us denote by S(m,g) the set of smooth functions a on T*R"
such that for any integer k,
|8T1...8T].a(X)\

sup
j<k,XE€T*R" m(X)
gx (T;)<1

Now, let us remark that if a and b are two smooth compactly supported functions on T*R",
there is no reason why a#b could be so. The relevant notion is the following one.

||aHk,S(m,g) = < 00.
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Definition 2.3. Let v be a positive quadratic form on T*R™ such that v > v and Y a
point of T*R™. We equip S(T*R"™) with the following semi-norms (denoted by semi-norms of
confinement)

o i /2
= sup (L7 = By (Vo) 20y a(X)).
i<k (T;)<1

”aHk, conf (v,Y)

Let g be an Hérmander’s metric and (ay)ycp+rn a family of functions of S(T*R™). This
family is uniformly confined if and only if, for any integer k,

I(ay )]

k,conf(g) = YES;}PR” ”aYHk,conf(gy,Y) < 0.

The main interest of this concept is the following two lemmas, proved in [9].

Lemma 2.2. Let g be an Hérmander’s metric and a and b two functions of S(T*R"™). For any
couple of integer (k, N), an integer ¢ and a constant C' exist such that, for any couple (Y, Z)
of T*R™ x T*R"™, we have

a#b|s. conf(gy vy + 6#b|lkconfigr.2) < CAY, Z) N |a
Lemma 2.3. For any integer N, a constant C' and an integer M exist such that, if the
family (ay)yer+rn Is a uniformly confined family of symbols, if b belongs to S(m, g), then
1(m™ (Y )ay #0) | §conf(g) + | (m™ (Y )ayb) || N conf(g)
+[[Ag(V)m™ (V) (ay #b — ayb) || N conf(g) < Cll(ay)]
It will be convienent here to assume that the metric g is strongly tempered (see [8] for a

precise definition) . All the metrics used here are so. This property implies in particular the
following lemma, proved in [8].

L,conf(gy,Y) HbHZ,COnf(gZ,Z)

N,conf(g) ||ka:,S(m,g)'

Lemma 2.4. Two uniformly confined families (vy) and (yy) exist such that for any X
in T*R™, we have

/ wy(X)\gy\l/QdY:/ (Vy #oy ) (X)|gy |V2dY = 1.
T*R" T*Rn

We can also assume that (@y) is such that the support of py is included in the ball of center Y
and radius r (for some fixed positive number r) for the metric gy .

Let us define the concept of Sobolev spaces associated to a g-weight.

Definition 2.4. Let m be a g-weight. The space H(m,g) is the set of tempered distribu-
tions u such that

1/2
iy = ([ w0 lefalielonl Pay) <o

The space H(m, g) is also the set of tempered distributions v on R™ such that, for any a €
S(m,g), we have a¥u € L?. Moreover H(1,g) = L?. As proved in [8], the space H(m,g) is
“almost independent” of the metric g. So in all that follows, we shall drop the metric g and
shall denote the Sobolev space H(m). The study of these Sobolev spaces has been developed
in [5], [8], [9], [11] and [12].

The Weyl quantization associates to a symbol a in S(mq, g) an operator on &’'(R™). Those
operators act on the Sobolev spaces in the following way.
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Proposition 2.1. Let a be in S(my, g) for some g-weight my. Then for any g-weight m, a
constant C' and an integer k exist (depending only on the constants that appear in Defini-
tions 2.1 and 2.2 for g, m and m;) such that for any w in H(m),

la*ull =1y < Cllalli,sma.g) [l )
In the next section, we shall need the following technical lemma.

Lemma 2.5. Let a be a complex valued measurable function on T*R", (fy) a uniformly
confined family and v a measurable function from T*R" to L?(R™). A constant C' and an
integer k exist (depending only on the constants related to g and m) such that, if

W[ ay)enlaviay,
T*R»
then we have
2 2 VV2m2(Y 2 3dY.
[l zrmy < ClHOY) Ik config) o [a(Y)["m”(Y) |y [[72]9v [2dY.
To prove this lemma, let us first observe that by definition of the H(m) norm, we have
—_— 1 1 1
[l Fr(my = /(T - m?(2)a(Y)a(Y') (505 vy [050% vyr) 12|y |2 gy |2 |gz| 2dY dY'dZ.
Using Lemma 2.2 we get that, for any integer IV, a constant C' and an integer k exist such
that
(@505 vy @505 vy ) 2] < CHOV)IR conp) DY, 2) N AY", Z) N oy || 2 [y | 2.
As m is a g-weight, we have
m?(Z) < Cm(Y)m(Y')A(Y, 2)] A, 2)F.
So for any integer N a constant C' exists such that
m*(2)|(e50% vy |50 vy 1) 2] < ClEOIE consi)
x m(Y)m(Y')A(Y, 2)" VA, Z)"N oy || g2 [loy || 2
Using the Cauchy-Schwarz inequality with respect to the measure

A(Y, 2y NAY, 2) 7N gy |2|gyr 2 |gz|2dY dY'dZ

we get that
ol < IO ot [ 1P e
x A(Y,2) ™ NAZ,Y') N |gy |2 gy |2 |gz|2dY dYdZ.
Using Lemma 2.1 and integrating first in Y’, and in Z, we find that

1
a2y < CIO 2 Conpio) /T ()P oy el .

So the lemma is proved.

Proposition 2.2. Let m; and ma be two weights for an Hérmander’s metric g. If [A, Blg
denotes the complex interpolation space between A and B associated to 0 < 6 < 1, then

[H(m1), H(mz)ly = H(m;~"m)

and the norms are equivalent with constants that only depend on the constants that appear
in Definitions 2.1 and 2.2 for the metric g and the two weights my and ms.

The proof is done in [8] page 89.
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2.2. The link with classical Sobolev spaces. Here we mainly follow [11] (see also [25]).
Let us consider a family of smooth vector fields P = (P;)i1<j<ny on R™ which are supposed
to be bounded as well as all their derivatives. Let us recall Lemma 1.2.1 and corollary 1.2.2
of [11].

Lemma 2.6. Let a be defined by

N
def
a(X) = a(z,§) = ) (Pi(2)[¢)”.
j=1
The function m and the metric g defined by
1
m(X) = (<&>+a(X))? and

gx(de,dg) = m 3 (X)(< & >2 da? + de?)

have the following properties. The metric g is an Hormander metric on T*R"™. The func-
tion m is g-weight on T*R™. The function a belongs to S(m,g) and for any k, the semi-
norms ||allg g(m2,4) depends only of the supremum of a finite number of derivative of the
coefficients of the vector fields P;.

Corollary 2.1. The function m is a weight for the metric g1 1 defined by

53
1
(da?,de?) =< € > da® + ——de€>.

g <E&E>

11
22 (x,6)
The main theorem in this section is the following.

Theorem 2.1. Let P be a family of vector fields. Then for any positive s, we have that the
spaces H*(P) and H(m?) are equal. Moreover, a constant C' exists such that

C M lullmrney < llullspy < C llullrme)-

The above constant C' depends only of the supremum of a finite number of derivative of the
coefficients of the vector fields P;.

Let us prove this theorem. By Definition 1.6 and Lemma 2.2, it is enough to prove this
theorem for integer index. The fact that H(m*) is embedded in H*(P) follows immediately
from Corollary 4.4 of [8] and from the fact that P, --- P;, with ¢ < k is an operator whose
symbols belongs to S(mF*, g).

Let us point out that in all results of [8], the constants of continuity and the constants
of equivalence between norms depend only on the constants that appear in Definitions 2.1
and 2.2.

The proof of the opposite inequality is a little bit more delicate. The proof is similar to
the proof of Theorem 2.1 of [11]. The idea is to decompose the phase space T*R" in regions
where the vector fields are the "main terms”. More precisely, for any positive real number A
let us define

def l def 1

EEY ) Y (Blym? = A%y and & en{y/ (Byn? = 5 Y (B3
i=1 '

Jj=1

The region &; can be understood as the region where the vector field P; is elliptic. Moreover,
in the union of the &;, which of course contains £, the function ), is greater than (2IV )~LA.
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Now, for any compactly supported smooth function on R™ we have, for any family (¢y)
which satisfies Lemma 2.4 with the metric g defined in Lemma 2.6,

1
sy = [ O ulalalEay
N
< leyk(u) with
§=0
def 2%k w, |12 1
Tor() % m2(Y)|giulZlgy [BdY  and
T*RA\E

def 1
L) [ P )llepulaley | Hay.
j
As in T*R"™ \ &€, we have
m(Y) < (A+1)(n)3,
we can write that
1
b)) <A+ 1% [ o)Flopulialoy |y,
YeT*R®

Theorem 6.9 of [8] implies that

Tor(u) < CLA+ D uly

So we have
N
2 2k 12
el < CCA+DH Tl 3 i) (21)
]:

Let us admit for a while the following lemma, very close to Lemma 2.2 of [11].

Lemma 2.7. For any j in {1,--- , N}, two uniformly confined families (6;y) and (R;y ) exist
such that for any Y € &;,

Yy = m—k(Y)(S;fypf + )\g_l(Y) oy

Using the fact that on the set £; the function ), is greater than (2N )~1A, we get from
this lemma that

1 _ 1
L) < /T Iy PRulalay Y + /g M2 (V) (V) 2| ROy ul 2 gy | FdY
J

1 2N\ 2 1
=< /T*Rn H5}"ffoUHizlgy|2dY+<A> /ngk(Y)\|R;'qu||%29y|2dy,

i
As the families (0%y) and (R}y) are uniformly confined, we have, applying Lemma 2.3.
of [11],
L) < CIPFulZ + CA [l
So if we choose A large enough, Theorem 2.1 is proved.

Now let us prove Lemma 2.7. For any Y € &;, let us write

oy (X) = m@(xns)k.
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The support of py is included in a gy-ball of center Y and radius r. So, using Taylor
inequality we get for any X = (z,€) in the support of ¢y that

1
|(P;(2)[€) — (Pj(y)ln)| < Crn)=.
As Y is supposed to be in &;, we deduce that

(P(x)le) ‘ cr
(P;(y)In) A
So, if A is large enough, we have that, for any X belonging to the support of ¢y,
(Py(@)[&) [
e T (2.2)
(P (y)In)
Let us define
m*(Y)py (X)
def ) ——————= if YeE
Gy = (Pi(x)[e)F ’
0 if Y &§&;.

As Y € &; we have thanks to Inequality (2.2) and Lemma 2.3 that the family (4;y) is
uniformly confined. So we get that

oy = mTRY)8Yy o PP+ M\ (Y)RYy, with
def _ w w
By A ) m ) (8 (P (@)[€)F) " = 6y o PF).

Lemma 2.3 ensures that the family (R;"Y) is uniformly confined. So Lemma 2.7 is proved.

3. THE NON CHARACTERISTIC CASE WHEN s IS AN INTEGER

3.1. Some geometrical properties. In the non characteristic case, we consider any sys-
tem P. The intersection P NT'% can be described in a very simple way.

Proposition 3.1. Let X be a non characteristic hypersurface for a C*°-module P of vector
fields of finite rank (as a C*°-module). Let us consider a vector field P in P transverse to X.
Then for any point M of 3, the space T3 N Py is the projection of Py on TyX in the
direction of P.

If a vector field @) belongs to P, then

N
Q = ZO(]‘PJ' + agP

j=1

where the a; are smooth functions and the P; are vector fields of P. Let us assume that @
is also in T'. We are proving an obviously local property. So let us consider a local defining
function g of ¥. Then, we have

N

Zoszj'g—i-aoP-g:O.
j=1

As P is transverse to X, P - g does not vanish. So, we have that

1 N
ao:_p.g;aﬂ’j-g-
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)

In the particular case of the system related to Heisenberg group, we have the following
property, used in the works of I. Pesenson (see [22]) and S. Berhanu and I. Pesenson (see [7]).

So it turns out that

N
Q= 0s(P,
j=1
So the proposition is proved.

Lemma 3.1. If Z is the module of the vector fields associated to the Heisenberg group H¢
with d > 2, then the system Z NTY satisfies also the Hormander condition at order 2.

To prove this, let us first observe that the family (Zy)1<¢<2q is so that, for any j < d
rank {(Zg)lggggd, [Zj, Zj+d]} =2d+1 and W 7§ j + Cl, [Zj, Zg] = 0.

This property is invariant by diffeomorphism. Let us assume that X is the hyperplane g
whose equation is z; = 0 and that Z; = 0,,. Without any lose of generality, we can now
assume that j = 2. Let us denote by II the projection over Ty with respect to 0;,. Then
the rank of

{(I(Z¢))2<e<24, W([Z2, Z2+a))}

is 2d. The only thing we have to prove now is that
I([Z2, Z2+a]) = [I(Z2), 11(Z2+.a)]-

We have
2d+1

Z;= Z zf(xl,x’)aw + z}(:cl,x')azl
(=2
The fact that [Z1, Z2] = [Z1, Z244) = 0 implies that for any ¢ > 2, we have

o o) = ) and oy (e, 2) = 2l

So, a straightforward computation shows that
(Z2, Zavd) = [1(Z2),1(Z24.4)] + B(1,2) 0z,

for some function §. So the lemma is proved.

3.2. Weight associated to a system of vector fields. The problem of restriction and
trace lifting is obviously a local problem. So, near a non characteristic point of an hyper-
surface, we may suppose that the hypersurface is 1 = 0 and that the family P contains the
vector field 0,,. For technical reasons that will appear clearly in the next section, we shall
have to consider a family of systems of vector fields.

In all this paragraph, we shall denote by Py def (Pjo)i<j<npoco a family of vector fields
whose coefficients depend on a parameter # € © and such that

Pg=0,, and Pjy= Z ‘o(x1,2)0p, for je{2,--- N} (3.1)

Moreover we assume that the coefﬁcients and all their derivatives are bounded uniformly with
respect to the parameter 6. In all this paragraph, we shall denote by C' a generic constant
which depends only on a finite number of the Cy defined by

Crp= sup sup [[0°PjyllL~.

lo|<k 1<j<N
0ce 1<U<n

and ¥y = {(z1,2') € R™ ; x1 =t}. So, it is obvious that Py, g = (Pag(t,-), -+, Pno(t,-)).
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Lemma 3.2. Let (ag)pco be the family of functions defined by

N
ag(t, X') = ag(t, 2, &) (P g(t,2)|€)2.

Jj=2

The functions mg and the metrics gg; defined by

1
mo(t,X') = (ap(t, X")+ <& >)2 and
goux:(da' de") = my?(t, X') (< € >? da’* + d¢’).
have the following properties.

e The metrics gg; are Hormander metrics on T*R"! uniformly with respect to the
parameter (0,t) in © x R.

e The functions my(t,-) are gg -weights on T*R"~! uniformly with respect to the pa-
rameter (0,t) in © x R.

e The functions ag(t,-) belongs to S(m(t,-), go+) with, for any k,

Sup llao(t, Mk, smz(t,).90.0) < O©-
teR
e The functions (Pjq(t,2")|¢") belongs to S(mg(t,-), gp) with, for any k,

21618 H (-Pjﬁ(tv x )|§ )Hk,S(me(t
teR

7')799,t) <
Here, uniformly with respect to the parameter (0,t) in © x R means that the constants that
appear in Definitions 2.1 and 2.2 do not depend on (6,t).

This is simply Lemma 1.2.1 of [11]. As in [11], we have the following corollary.

Corollary 3.1. The functions my(t, ) are g weights uniformly with respect to (0,t) in © x R
where ¢ is the metric on T*R™! defined by

1
G en(da’® d€”) =< € > da”

_l_
<& >

de’.

Again as in [11], we have the following proposition.

Proposition 3.2. For any positive s, the space H*(Psy, ) is equal to the space H(mj(t,))
uniformly in the following sense; a constant C' exists such that for any (0,t) in © x R,

C M ulltrms ey < Nullzspy, o) < Cllull s e, -
Now we can prove the following lemma.

Lemma 3.3. For any integer k, a constant C exists such that for any u in H*(Py) and for
any 6 in © we have

el pg)_z / 0785y <l

Using Proposition 3.2, we immediately get that

Z / 107 u(t, 0y 8 = el
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In an other way, Ps, ¢ ; are tangential vector fields. So, for j, € {2,--- ,N},£ =1,---k, we
have

||[8t7 [Pztﬂ,jl? T [PEtQ,jk_NPEtG,jk] o ']u(tv ')||L2(R“—1) < CHu(t’ ')”Hl(R"—l)‘
As mi(t,2’,&') > (¢'), we have
1[0, [Pzt,97j17 T [Pzte,jk_ppzt@,jk] - Jult, ')”LQ(R”_I) < Cllu(t, )HH(mg(t,))

So we have
k

k k i
1P 08+ P, g, " 0 ult, ) ooty < C D105 M pgii=s oy
=1

where k = ki + -+ k¢, j = |J1| + -+ - + |J¢|. Then the lemma is proved.

3.3. An ”elementary” proof of Theorem 1.2 for integer index. Basically, we are going
to follow the lines of the proof given in the introduction just after Theorem 1.2. As in the
next section we need a uniform version of the restriction theorem, we are going to do the
proof with a parameter 6.

The continuity of the restriction operator is an immediate consequence of the following
proposition.
Proposition 3.3. A constant C exists such that for any 6 in © and any u in H*(Py), we
have

sup u(t. ), oy < Clullir,

teR my 2 (t))

Let us consider a g-partition of unity (6y)yer+rn-1 and let us assume that u is in D(R").

Let us state
def _
Iy (u) () 2t (4, Y) 6 (t, |z oy

As in the introduction, we write that this function is the integral of its derivative. So, it
turns out that

t
Iy (u)(t) = (2k — 1) / Do (t', Y )ma (¢, Y V52|03t )3 syt

t
42 / ma(, Y )1 (B0u(t YO u(t, ) s gen ).

—00
We have that
Orag(t, X")
0 t,X)=—"F"1"".
ot X) = (e, X)
As the function ag is non negative, we have

(Deag(t, X)) < 2ag(t, X') sup [02ag(t, X")).
teR

As a constant C' (which does not depend on (6,t)) exists such that
sup [0 aq(t, X')| < C(€)?,
teR

we deduce from the fact that ag(t, X') 4+ (¢') = m(¢, X’) that
|0ag(t,Y)| < Cmpg(t,Y)(€) < Cmi(t,Y). (3.2)



TRACE AND TRACE LIFTING THEOREMS 17

So we infer that |0ymg(t, X')| < Cm2(t, X") So, we have that
t

B )®) £ C [ malt V)17 ) oyt

—00

t
b2 [ oY) G0l B )

— 00

Cauchy-Schwarz Inequality implies that
t
()0 C [ malt Y P8R, ) oyt
— 0o

0 [ ma P o

So it turns out that

sup m(t, Y ) H|0Pu(t, ) |72 mn-1y € L' (dY).
€

1
Moreover for any Y € T*R"~!  the function t — mlg_g(t,Y)Hg’iu(t, -) is continuous. The
application of Lebesgue’s convergence theorem concludes the proof.
But applying this method to &/ for j < k — 1, we have in fact proved the first part of the
following theorem.

Theorem 3.1. The map I' defined by

k—1
. Hk(Pg) - @H(mlg_j_l/g(Q ))
=0

. def i
u o (y(u))ogj<k—1  with j(u) = (0, u).
is continuous and onto.

As the trace problem is a local one, using Proposition 3.2 this theorem implies Theorem 1.2
in the case of integer index.

3.4. Trace lifting theorem. Let us prove in this paragraph the following theorem which
obviously implies the second part of Theorem 3.1.

Theorem 3.2. A map R exists such that
R: GBH 5 R0,9) = HE(Py)

is continuous and such that I o R =1Id.

Let us consider the families (¢/{Y) and (¢}) given by Lemma 2.4 and a function x € D(R)

with value 1 in the neighborhood of 0. If (vg,--- ,vk_1) belongs to EB;:& H(mlg,’,fjfl/Q(O7 ),
let us state

k—1 mj
UZZR]@.) with R (v)(x1,2") & /T s 1 X@mO (1 V)W) () ()Y

It is obvious that vj(u) = v;. The only thing we have to prove is that R; is continuous

from H(mlg =3 (0,-)) into H*(Py). First of all let us write that

Ri(oana) = [ malan, V) T o) oo (o)(a Y
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with ‘
f (x1mg(x1,Y))’
Xvj(z1) = (o e(jll)) x(z1mg(x1,Y)).
By definition of the H(mf(z1,-)) norm, we have
def
pi | AR g

= [ [ IR @Y
T*Rn— 1
The Taylor inequality implies that
00 ) = ma(0,)] < It suplmo r, )]
By definition of my and using Inequality (3.2), we have that
mo(t,Y) = mg(0,Y)| < CIt] ().
Because the function ¢ — my(t,Y) is greater than <n>%, this implies that

mg(t,Y) + 1
(mfeh) =ca+ mek (33)

and by definition of R; and by Lemma 2.5, we can write

2k 2 w
pr < [t [ NG OI Wy

Cfa [ mBOYIa+H PG OIE) Y.

The support of the function xy,; is included in the set of ¢ such that [t| < Cmg(t,Y) L. But

as my(t,Y) is greater than <77)%, the support of xy,; is included in [—C’(n)_%, C’(n)_%]. So
the function (1 + (n)t2)2No Xy, ;(t) is bounded. Using again the inequality (3.3), it turns out
that, on the support of xy,;, we have

+
m9(07 Y)
So the support of xy,; is included in the ball of center 0 and radius Cme_l(O,Y). As the
function xy,; is bounded, we have that

/R (1+ N2, (1)dt < Cmy (0, ).

IN

So, by definition of the H (m, k3= 1/2(07 -)) norm, we get

Qk 2 —
pir < C AL 7(0,Y)mg 1 (0,Y)[[ 6% (0) |72 (rn—1)dY’

2
1ol =172 0,9

Following exactly the same lines, we have, for 1 < i < j,

ORIt < I sy

So the operator R is continuous thanks to Lemma 3.3, the theorem is proved.
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4. THE CHARACTERISTIC CASE IN THE CURVED SITUATION

In this section, we go back to the case when the vector fields are those associated to the
Heisenberg group.

4.1. Some geometric properties of non degenerate characteristic points. The aim
of this paragraph is the proof of some propositions that will ensure the geometric nature and
so the invariance through the action of diffeomorphism of the objects we are going to work
with.

Proposition 4.1. Let ¥ be an hypersurface of H* and g one of its local defining function.
A characteristic point of 3 is non degenerate if and only if the matrix

(Zi - Z; 'g(MO))lgi,j§2d

is invertible.

Let g be a local defining function of X. Of course, dg vanishes on T'Y. As Z;(Mj) belongs
to T, %, we have Lz (dg)(Mo) = d(Zig)(Mp). But, the system Z5; spans Typ,%. So
the fact that the system (Lz,(dg)(Mo))1<i<24 spans Ty, 3 is equivalent to the fact that the
matrix (d(Z;-g), Z;) = Z;- Z;- g is invertible at point My. Conversevely, let 6 be a 1-form that
vanishes on T'Y and such that 6(Mp) # 0. A function a that does not vanish at My exists such
that 0 = adg. Thanks to Leibnitz formula that £z, (‘9)(M0)ITMOE = a(Mo)d(ng)(Mo)‘TMOE.
The fact that the function a does not vanish at point My implies the proposition.

Remark Thanks to implicit function theorem, we can choose as defining function for the
hypersurface ¥ a function of the type s — h(z,y) = 0. The non degeneracy condition turns
out to be

det(J 4+ D*h(z0,0)) # 0

where .J denote the matrix of the standard symplectic form on R?<,

The following fact is simple but very important.

Proposition 4.2. Let us consider the function G defined by
Y — R¥
G 4.1
{ M = (Z;- (M))1§j§2d' (4.1)
The function G is a diffeomorphism near My.
The fact that the point My is characteristic means that G(Mp) = 0. As the system 2y,

spans the tangent space at point M the invertibility of the matrix (Z;Z;9(Mo))1<; j<24 means
that DG(Mp) is invertible. So the local inverse theorem implies the result.

From this proposition, we can immediately deduce the following corollary:

Corollary 4.1. Let ¥ be an hypersurface of H.

e A non degenerate characteristic point My of ¥ is isolated.
e Let g be an defining function of ¥ near the point My. A constant c exists such that
for any M € ¥,

2d
> 1Zj - g(M)]? > e| M — M.
j=1

The following lemma describes the structure of the family Zx, r¢ introduced in Definition 1.4
in the introduction.
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Lemma 4.1. Let ¥ be a smooth hypersurface of H¢ with a finite number of non degenerate

characteristic points M def (Mj)1<j<n. A family Ry, = (R¢)1<¢<n of vectors fields of ZNTX
that vanish on M exists such that Ry spans Zs am as a Cyy-module, which means that, for
any vector fields Z of Zs, pq, a family of functions (a;)1<j<n of C%y exists such that

N
Z(M) =" ay(M)Ry(M).
=1

To prove this, it is enough by Definition 1.4 of Zx; r¢ to prove the property near a point M.

Let us consider, for some small ¢, the two families (Xj)lgjggd and (Xj)lgjggd of smooth

functions on R2?\ {0} homogeneous of degree 0 with value in [0, 1] such that
Supp x; € {¢ € R*', |5 = el¢[}, Supp X; C {¢ € R*, ;] = €/2(C]}

and
2d
X; = 1 near Supp X; and lej(g“) =1. (4.2)
J:

Now let us consider a local defining function g for the hypersurface ¥ and let us consider the
function G defined in (4.1). Let us state

X (M) = X (G(M)). (43)

Using the fact that G is a local diffeomorphism from ¥ to R??, we have, for any point M in
the support of x;,

1Z; - g(M)|* = ¢|M — Mo|*. (4.4)
Let us consider X in Zy, p,. By definition, X vanishes at M. This implies that
2d
X =) apZy with ax(My)=0.
=1

The fact that X is tangent to X implies that

2d
Zoszk -g=0.
k=1

On the support of x;, we have

Zy-g

oy
From this, we deduce that
Zy g
XX = ZXjak(Zk ~ > Zj)
K 9
Xj %k
= > ZJ~ —((Z;-9)2). — (Zi, - 9)Z;).
by 9179
Inequality (4.4) and the fact that ax(My) = 0 ensure that
def Xj%
T Zj- € Cyy,

So we have

1<j<k<2d
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and the lemma is proved.

4.2. Blow up procedure in the curved situation. First, let us take s — h(z,y) =0 as a
defining function of the hypersurface 3 near a non degenerate characteristic point My of X.
Let us start by straightening the hypersurface. Then

e the hypersurface ¥ is £g = {(z,y,s)/ s = 0} and the point My is the origin;

e the vector fields X; and Y are

~ 0 0 ) Oh

Xj = 70% +aj($7y)£ with  a;(z,y) :yj+y§-] — a7j($6+$0,y+yg) and
~ 0 0 oh

¥ = el with A LA |
J dy; + aj+a(z,y) Is Wi ajt+d(T,Y) Tj — Ty dy; (z + 20,9 + v0)

For sake of simplicity of the notations we still state Zj =X ; and Zj-i-d = 57] The family Ry
can be choose as
ﬁjyk def ak(x,y)gj - aj(:):,y)Zk for 1<j<k<2d.

The inequality of Corollary 4.1 can be rewritten as
2d

> a3 y) > cllal + y?). (4.5)
j=1

Now, let us follow as closely as possible the lines of the proof presented in the introduction.
As in the introduction, using dilatations adapted to the Heisenberg group, let us state

w=> pu and up(z,y,s) = pole,y,s)u(2 "z, 277y, 27s)

P
We have that

)Zj((?ppu) (l‘, Y, 5) = QP(Xj’pup)(pr’ 2py7 22p8) and

Yi(ppu)(z,y,8) = 2P(Y)pup)(2Pz, 2Py, 2%Ps).

In the model case studied in the introduction, we had X, = )N(j = Xjand Y, =Y; =Y.
Here, we have

0 15)
],P(x7y) ax] +a],P($7y) 88 an
0 0 .
Yip(w,y) = 87/] +aj+d,p($,y)% with
p(.0 oh p p
aj,p(x,y) = yj+2 (Z/j _T@ x + o, 2 y+yo)> and
Lj
oh _
Ajtdp(T,y) = —fﬂj—Qp(wngafy,(? Pr + 10,2 py+yo))-
j

Again, let us state 7, = Xj,, Zj1ap = Y p and

Rjkp def akp(T,Y) Zjp — ajp(T,y) Zkp for 1<j <k <2d

These vector fields do depend on p. This is due to the fact that we have started with a
curved hypersurface. The fact that the point My is supposed to be characteristic implies
that the coefficients of the vector fields Z; ,, are locally bounded uniformly with respect to p.
Moreover, all the derivatives of the coefficients of these vector fields are obviously locally
bounded uniformly with respect to p.
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Now we can define the space T3 which describes the trace space in terms of Weyl-
Hormander calculus and state the restriction theorem.

Definition 4.1. The space T2 is the space of the functions in L?(%g) supported in the
set B(0,1) N Xy such that

< o0

2 def G 9—2pd 2
o], %S 27y, |
p=0

where v, = o5, (-)v(27P-) and m,, is the weight defined by

m2(,y, &) CUE) + By Y (Rigwlzy)lE )

1<j<k<2d

SIS
N

where ¢g(z, y) (\x!2 + |y|?) and @ is in D(R%) with value 1 near the support of .
Now let us state the trace and trace lifting theorem in this context.

Theorem 4.1. The restriction to g map can be extended in a continuous and onto map

from H}g(Z) onto T? where HL(Z 5(Z Z) denotes the space of functions in H'(Z) whose support
is included in B(0,1).

4.3. Proof of Theorem 4.1. To prove this theorem, we want to apply Theorem 3.1 and
Theorem 3.2 to each function u, with the family ( ]p)1<]<2d because this family is non
characteristic on C N %y. To do this, we need to be in the situation where the hypersurface
is X9 and one of the vector field of the family is ds. Unfortunetaly, this is not the case for
the family Z. def (Zjp)i<j<2d- So we have to straighten one of those vector fields. It is not
possible to do this globally on C N .

Let us consider the two families (Xj)1<ﬂ<2d and (Y j)1<j<2d defined during the proof of

Lemma 4.1 by (4.2) and let us state, as in (4.3),

def def ~
Xip = X;(Zkp - $h<k<aa) and Xjp = X ((Zep - $)1<h<aa)-
Thanks to the non degeneracy condition, a constant ¢ exists which does not depend on p
such that on the set Supp x;, NC we have |Z;, - s| > c. So on the set Supp x;, NC, we can
substitute to the family (Z;,)i1<j<2q the family

{%j’p&02j7p, @oRk’g,p with 1<k</?< 2d}.

In order to apply Theorem 3.1, we first extend the vector field X;,p0Z;, on all R24+1 . Let
us define

— def - - o L
Zip = XjpP0Zip+ (1= XjpP0)0s if FoZjp-s>0 and

7 d f N ~ -~ -~ . ~
Zj’p = vapSOOZJ':p - (1 - Xj,p()OO)as if QD()Z]‘J, -5 <0.
If Z;, is the family
{Z;p, GoRrep with 1<k <<2d}.

it is obvious that |[x;ptpllyz, ) < Clixjpupllri(z;,)- Now let us straighten the vector

Zjp) —
field Z; j,p near Xo. In quite a standard way, we state

\Ilj,p(& T, y) = (57 ¢j,p(sa €T, y))
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where 1);;, is defined by

d _
%wj,p(saxvy) = Zjp(¥jp(s,z,y))
wj,p(oaxvy) - (xay)

Classical theory of ordinary differential equations combined with the fact that, on all X,
the function Z;, - s is greater than a constant independent of p implies that a positive €

exists such that ¥, is a diffeomorphism from U def Yox] —€,e[ onto ¥;,(U). Moreover it is
obvious that W; s, is the identity and that % (Z5p) = 0s. The fact that Zj, - s is greater
than a positive constant independent of p implies also that the family \Il;p(?j,p) is a family
of vector fields whose coefficients are bounded independently of p. If we state
def 1
Ujp = (Xj,p“p) oW,
it is obvious that wu;, belongs to H 1(\113*713(?]-7]))). Moreover, the chain rule implies that a
constant C' (independent of p) exists such that for any p

Huj,p||H1(\p;yp(§j,p)) = C'||Up||Hl(zp)-

As \IljvplEo is the identity, Theorem 3.1 implies that a constant C exists such that for any p

lveo OGipuplll 3 = llvse (uj’p)”H(mé) < Cllwgpllpner ;) (4.6)

1
m )
So we get that

50 (up) < Cllupllp(z,)-

1
H(mg)

As || Zpupl| 12 = 29| Z(ppu)| 2, we have, using Inequality (1.3) that

> 2 Py ()
p

2 2
<C :
1 by S Clelinge,
So we have proved that the restriction map to ¥y can be extended to a continuous map
~ 1
from HL(Z) into T2. Now let us prove that this map is onto.

Let us consider a function v in 2. Let us state Vjp def X;j,pUp- As the function ¢ has value 1
near the support of ¢, we have that v;, = x;ppovp. But the function x;,¢o is a compactly
supported smooth function with (uniformly) bounded derivatives, this is a symbol in S(1, g)
and moreover the semi-norms ||x;,%0ls(1,4) are bounded independently of p. Thanks to
Proposition 2.1 we have

v < Clv

| ]’pHH(mé) < pHH(mé)

Using Theorem 3.2, a function u;, exists in H 1(\I/j*7p(§j,p)) (which we can assumed to be
supported in a compact subset of ¥;,,(U;,) after cut off) such that

1s0(uip) = vjp and ujpllmes (z;,)) < Cllvip HH(m%)
5 P

Then let us define
2d

u Z up  with  wy, def Z(UJ’P oW, ,)(2Px).
P j=1
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We have
H“pHHl(g) < ZH (ujp © )HH1(3
2d
2pd
< c2” ZHULPHHl(\P* *]p))
J=1
< 0277y, |\2 1

mg)
But as the support of u, and u, are dlsJomtS when |p — p/| is large enough, then the se-
quence (uy) is almost orthogonal in H'(Z Z). So

we HYZ) and [ull e < Clovl,
and Theorem 4.1 is proved.

4.4. Conclusion of the proof of Theorem 1.1. To prove Theorem 1.1, we have to prove
that the definition of the trace space given by complex interpolation in the introduction is
the same that the one defined with the Weyl-Hérmander calculus.

Proposition 4.3. We have the following equality between spaces
TH = L2, TH*(Rs, )]s
where [L2, TH?(Ryx,)]1 denotes the complex interpolation space between L? and TH?*(Ry,)
4
of index 1/4.

In order to prove this proposition, let us first recall the definition of the complex inter-
polation in our particular case. Let F be the space of holomorphic functions f from the
strip 0 < Rez < 1 into L? such that f(a + it) is continuous and vanishes at infinity in A,
(with Ag = L? and A; = TH?(Rs,)). Then, for 6 €]0,1], the space [Ag, A1]g is

(Ao, Aty © {v € L2/ 3f € F | £(6) = v}
equipped with the norm

def . . .
9]{49,4,), = inf max{sup || £(it)| 4o, | f(1 + it)]| 4, }-
fer teR

For further details about this theory, we refer to [6].
First let us prove that 72 C (L2, TH? (Rgo)] For any function v in T2, let us define

f(2) def exp(ez ——)pr with
we mé*”(Y)(vap)(zp-)dY.

By Lemma 2.4, we have that
1
B(5) e

Moreover, it is obvious that f, is an holomorphic function on 0 < fe z < 1 with value in L?
and that, thanks to the almost orthogonality in L?, the series ( fp) converges in L?. So, for
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any 6 between 0 and 1, we have

IF(O+it)Z2 < C YN0 +it)] 7.
p

Thanks to Lemma 2.5, we have, for any real number ¢
-+ i)l < €22 [l 0l aay.

As the weight m,, is greater than 1, we have, for any ¢ between 0 and 1,

10+ i) < 0220 /T )y Y.

So by the definition of the H(m) norms, we get that

1fp(0 +it)|[72 < C272 |2
H(mg)

So by almost orthogonality, we infer that
PO +i)Z2 < cllvll? - (4.7)

Now, we are going to estimate ||R;Ryf(1 + it)|| 2 for R; and R in Ryx,. Using again the
almost orthogonality, we have

1R Ref (1 +it)|[32 < Ce =S| R R fy (1 + i) |2
V4
We have

R;Ry fp(1+ it) = / YR R (%(Wso%p)@p‘))dY-

T*R2d

The Leibnitz formula implies that

RiRpfp(1+it) = —Y AP with
m=1
def " —3_24¢ W w
AJ}? L RJR]C(()DP) A‘*RM Mp ’ (Y)(wYSOY'UP)(2p'>dY7

def " —%—Qit w, w
83 Ry [ me OO R (e 2)dY
T*R2d

SRu@) [ et OOR () 2)dy and

R2d
def ~ —3-2it w w
Ay g, /T N (V)R R (03 p0,) (27) ) Y.

As the vector fields R; vanish in My, for any smooth function § whose support is included
in a ball, we have
sup {|Rx(0(2"2))| + [RpRe(6(2"2))|} < C (4.8)

TEX
k.l

where C' is independent of p. Using the estimate (4.8), the estimate about All, is strictly
similar to (4.7).
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Using the estimate (4.8) we can write that
—3—2it w w »
mp 2 (V) Re( (i) (27 )dY =
T*R2d

—1-2it w w »
[t ) (Ol ) @y

with
w def 1 w
= Ry, 0y .
LpY LYY
P mp(Y) P

By Lemma 3.2, the family (R&P(%y)’(f’n)))gegjv

respect to p. So by Lemma 2.3 the family (0, y )y cr+rea is uniformly confined with constants
that do not depend on p. So, using the fact that m,, is greater than 1, Lemma 2.5 implies
that

belongs to S(mp, g1 1) uniformly with
2’2

1AZ1Z

IN

2w / (V) gty | 22dY
T*RQd

27|
H(mj)

IN

Exactly along the sames lines, we write that

/ m;%_%t(Y)Rij((1/’%@%1}1))(2?-))(1}/ =
T*R2d

L9t " "
/T*R2d m}g (Y) <@j,k,p,Ys0Y/Up)) (2p)dY

with
~ def 1
oy = ——=R;,R v.
.j7k7p7Y m%(Y) 7P k:pwy

Again Lemmas 3.2, 2.3 and 2.5 imply that

1AY1172 < C27 2|y 2
H(m

ST T
N

So, we infer that

IRRASQ+in)lfe < GO S o2
P ik

€ 2
< Ce ||1)HT% (4.9)
In the case when d = 1, we have that
T3 (1L + it)lI7> < Cllvll? 4 (4.10)
The proof is along the sames lines as before and we omit it. The two estimates (4.7) and (4.9)
imply that T2 is included in [L2, TH2(Rx,)]..
4

Now, let us prove the opposite inclusion. To do this, let us consider a function v in the
space [L?, TH*(Ry,)]1 and any function f of F such that f(1/4) = v. It is enough to prove
4

that
lol2, < Cmax{sup 7(i0)3 sup || f(1+ )32, ) }-
teR teR 0
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To prove this inequality, let us consider a compact K of T*R?% and an integer N and let us
introduce the function F n defined by

149z
Fre(z) % exp(e? - 1) 3 27 / mz (V) (PPuplet f(2)) ppdY

p<N

with f, def epf.

Let us estimate this function. Its regularity properties are the same as the ones of f € F.
Let us also remark that

FKN( ) Y 2 / mp(V)]| ey ||2, Y
p<N

Now, let us estimate |Fx n(it)| and |Fg n(1 +it)|. Cauchy-Schwarz inequality implies that

Pl < P ()| S22 [ lepstiolaar.

p<N

We clearly have that
[ IeEsEIEaY < bR
T*R2d
As (¢p) is a dyadic partition of unity, we can deduce by dilatation that

o 2pd/ o [ ONE0Y < CIF ()3

p<N
So it turns out that

Fren(it)? < ]Fm(l) G0 2. (4.11)

Now, let us estimate |F n(1 + it)|. Using again Cauchy-Schwarz inequality we get that
FKN( ) S [ )l i) ady.

<N T*R2d
By definition of the H(m) norms, we get that

()

Let us estimate the sum which appears in the right hand side of the above inequality.
If d > 2, by Lemma 3.1, we know that Ry, satisfies the Hormander condition at order 2
uniformly with respect to p. Using Proposition 3.2, we have that

ufp<1+z't>||z(mg>sc<||fp<1+z't>u%2+ S IIRj,ka,pfp(Hit)\%z)-

1<j,k<2d

|FKN(1 —|—Zt)|2 < e

|Frn(14it)]* < e > 27 £ ( +it)H%—I(m§)‘

p<N

By dilatation, we have that
1R R f (1 + i) 72 = 27| R Ricyp fo(1 + it)| 72
By Leibnitz formula, we infer
R;jRi(ppv) — opRjRiv = (Rjpp) (Ryv) + (Ripp) (Rjv) + (R Rigpp)v.
So we have, using Inequality (4.8), the almost orthogonality in L? that
IR Ri(epv) — opRi Rz < Cop(|Rjvll e + | Brvlicz + (vl 2) (4.12)
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with as in all that follows Z c?, = 1. So, we have that
»

IR Ri(ppv)lle < Cep (|1 RjRyv| 12 + | Ryl L2 + [ Ryl 2 + (o]l 2)-
This obviously implies that

|Frn(1+it))* < e

i (7) ] 170+ 0o, (4.13)
If d = 1, Proposition 3.2 implies that

1£p (L + i) 7 mz) < C IR+ T2 + (L + i) 71 (5)-
As in the above proof, we have

D2 PIR (L4 it)l[7e < |REF(L+it)l|72 + | F(1+ it 7.
p

Let us estimate ||wp||%{1(20) for any w in H'(X). It is clearly enough to estimate ||Ow,||7..
By dilation and Leibnitz’s formula, we have

20wyl < [ @) ludedy+ [ 2o, ioudsdy
R? R?
As on the support of ¢, we have 277 < C(|z| + |y|), we have

/ 272, |?|0w|*dxdy < C’/ \(pp\Ql:):@dexdy—f—C/ lopl?|lyow 2 dxdy.
R2 R2 R2
Again by almost orthogonality, we have that

D2 fp(L+it) G sy < CIFCL+ )7 a2(rs, )
p

So Inequality (4.13) is also valid for d = 1. Using the Phragmen-Lindelh6f principle and
Inequality (4.11), we get that for any compact K of T*R??,

1\ |2
’ 4

So we have

1

e ()

As the above estimate is true for any function f in F such that f(1/4) = v, this conclude
the proof of Proposition 4.3 by passing to the limit.

1 ) .
P (5 ) [mas{sup LGOI . sup 10+ 001 s, -
teR teR 0

< Cemax{sup | (i0)[3, sup |71+ it) oyps ) }-
teR teR 0

As complex interpolation is often understood in the frame of domain of selfadjoint opera-
tors, we shall prove the following proposition.

Proposition 4.4. Ifd > 2, the operator Ay, is a selfadjoint operator with domain TH?(Ry).

It is enough to prove that, for any smooth compactly supported function v, we have

N N
YRl + Y IR Rev[72 < C([lo]72 + 1Asv]72). (4.14)
j=1 k=1

First of all, it is obvious that
N

N
Y _IRwlE: =D (RjRjvlv)7. = —(Azvlv)e.
j=1 j=1
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So we have that N

Y IIRjulZ: < AsvlFz + [[0]17.-

j=1
Of course, the problem appears only near the characteristic points where the vector fields R;
vanish. Away from the characteristic point, Lemma 3.1 tells us that the Héormander condition
is satisfied. The maximal estimate (see for instance [16]) implies Inequality (4.14).

As Inequality (4.14) is invariant under the action of diffeomorphism, we can, near the non

degenerate characteristic point My, straighten the hypersurface ¥ to ¥y. Let (¢,) a dyadic
partition of unity near My. By Inequality (4.12), we have that

lepRiRivll e < 1R Ri(pv)ll e + Cop (| Rjvll e + [ Rl 2 + vl 2).
Now let us write
RjRy,(ppv) = (RjpRep(pv(277))) (2F).
Thanks to Lemma 3.1 and to the non degeneracy condition, we have that the system of vector
fields (R;,) satisfies on the ring C the Hérmander condition uniformly with respect to p.

So using again the maximal estimate we claim that a constant C' (independent of p) exists
such that for any smooth function w whose support is included in C

N
|RipReptell 2 < C||S° By Rip| |, + Cllwllye.
j=1

By dilatation, we have using the inequality (4.12)
lepRjRivll 2 < CllAs(epv)llzz + Cep([1Rjvllrz + | Rivll g2 + [[v]l2).-

Similar computations as above tell us that

N
1852502 < lipphstllze + Cep( S I Rjollza + [lollz2 ).
j=1

So, we have that
N
o RiFavll22 < CllopAsvllZ +Ccd (3 IRzl + oll2:)
j=1
and Proposition 4.4 is proved.
Corollary 4.2. If d > 2, then

CM0llZa2(ry) < 1As0]1Z: + [I0]72 < CllvlFa2ry)-

5. THE PROOF OF THEOREM 1.2 IN THE GENERAL CASE

As trace and trace lifting problems are local ones, we can assume as in paragraph 3.2 that

the hypersurface ¥ is 3 def {z / 1 = 0} and the system P of vector fields is

n
P =0, and P;= ZPf(wl,x’)aze for je{2,---,N}.
=2
We shall denote by Ps. the family (P;(0,-))2<j<n. Let us introduce some notations.
e For X € T*R"™, we shall write

X = (11,6,X) with X =(2,6) e "R and 7(X) % X% x,
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e We state now

D=

1

N
M(X )def(gl (X))2 with  mg, (X def( +Z (z1, 2 )

e For X € T*R" ! we also state m(X) def mo(X) and

Ge(dz,df) <§>d%2+<€1~>d§2 and

def 2, 1
= (&)dz” + <§>d§.

By Lemma 2.6, we have that M (resp. m) is a g (resp. g)-weight. By Theorem 2.1, we have
that

9x (d, dS)

H*(P)=H(M?®) and H?®(Px)= H(m®).
The proof of Theorem 1.2 reduces to prove that the restriction operator on ¥y can be extented
1
in a continuous and onto operator from H(M?®) onto H(m® 2) for any s greater than 1/2.

5.1. Continuity of the trace operator. The proof of continuity of the trace operator
consists in the proof of the following inequality:

IVl -ty < Cllullzrars)- (5.1)

m

Let (dy, 0y )yersrn-1 (resp. (pg,¥e)gcrsgn) @ Partition of unity of T*R"~ 1 (resp. of T*R™)
given by Lemma 2.4 for the metric g (resp. g) . The above inequality (5.1) is equivalent to

om0 e ydY <€ [ MEDguland?. (52)
T*Rn—1 T*Rn

Let us estimate now |]9$E’y(u)H%Q(E). To do this, let us use the partition of unity of T*R"
and let us write that

o) = [ oo
The key lemma is the following.

Lemma 5.1. For any N, a constant C exists such that, for any function v of L?(R™), we
have

1 <N o~ 12y —
167> (g 0) | 2n—1y < CTYEAY,m (V)N (1 + @) 5113~V 0]l 2mry.
Let us compute, for a given function v of S(R™), the function
0y (pgv).

By Weyl quantization formula, we have
po(0,2) = (2m) " / dzdgem e / HE ) o <221~’” + Z,@,g) (21, 2)dZ.
R T

Using integrations by parts with respect to (77 )2651, which is a vector of ge-length 1, we find
that, for any positive integer N,

¢1?uv(0’$/) = (27[-)_71/ d21d£1(1—|—< >’Zl| ) e —i2161

ile! ol z .’L‘ + 2z
! LY ( e Ittt c) v(z1,2)dZ,
T*%
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with .
o (e1,2,60,0) E (1= ()08 ) N pe (5 2.61.C).

This equality can be written as
w N —1 —izf (N) 271 . . = .
pev(0,2") = (2m) / (1 + (@)|z1]?) Ne 18 ((,0? <2 , &1, )) v(21,-)dz1d&;.

So it turns out that the operator 63> 7901;; can be seen as a superposition of operators of the
type Oy #7+x1. More precisely, we have

Epge) = o [ 0@

. z w
><e_zzlﬁl(QY#T*zSO;N)(*l,‘a§17')) “o(z1,)dzdér. (5.3)

Now, let us deal with the following problem: let a be a function of S(T*R"); how is the
functlon a(z1,+,&1,+) confined on T*%? By Definition 2.3 of the semi-norms of confinement,
we have, because ﬁ; = Je

a(21/2,2,61,Q)] < Confyy g o (@)(1+Tp((21/2,2,61,0) = V)™,

By definition of the two metrics g and g, we have

~ z 2 — )2 -
Je((21/2,2,6,0) = Y) = <v7’><21 - 371) + W + gpey (2 — 7(Y)).

So we infer that
(1)

X (1 + 9,24 — 77(}7)) ’

The estimates are of course analogous for the derivatives of gw(?)—length less than 1. This

2 2\ T2
60 (21/2.2.60.0)| < Confypy e 4. (0) (1 + () (2 - g) T M)

means that for any integer k, a constant C' exists such that for any N we have

C’onj‘"km(fzv (go(?N)(m/Q, C1,+))

):gﬂ.(g>

2

N N A
SC 1+<77> — — Yy +f Confk+2N?§ (QD?) (54)
2 <7]> » e
Biconfinement Lemma 2.2 implies that for any N; and No

H( QY#T*EQO( )(Zlv 581 )) (2’1,')‘

LQ(Rn—l)

DA
<77> ) [v(z1, )l 22 Re-1).-

From Formula (5.3), we deduce that, for any couple (N1, N2) of integers, a constant C' exists
such that

163=5(£50) | L2rn—1) < CAY, m(Y)) ™™ /R2(1 + (7))~

—Ny
X (1 + <ﬁ/> <Z2 - y > + (51 <77,> ) ) ”U(Zl, ')HL?(Rnfl)ledgl-

< CAY, (V)™ (1 + (77 (; - y1> NG
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As we have N N
- . Ny ¥ Ny
A+ @)™ <2M(1+ (7)1 — 21/2)%) 2 (1+ (i7)21) 2,
we infer that, for any integer N, a constant C' exists such that

6780 21y < CAK (V)N (1 + ()5 )~
=2y L
« [ 2(1+<ﬁ’>1zl|2>1(1+(51<ﬁ,;“)> o(z1. )2 ey dzads.

An integration in & gives
-~ oy~ _ L
1672 (g 0) | L2 n—1y < CAY, (V)™M (1 + (@) 3a?) N (i)
< [0 @Dl ol dan

Cauchy-Schwarz inequality implies that

- _ 1
/R2(1 + <77’>|Zl\2) 1””(21a')HL2(R"*1)d21 < (1) 4HU”L2(Rn)-
This conclude the proof of Lemma 5.1.

1. By definition of the norm H(ms_%), we have to

Now, let us estimate ||7(u)||H( -1
m

estimate
[ B @Y.
Using the fact that
o) = [ o aegugnaY,
and applying Lemma 5.1 with v = wgu, we found that for any integer IV, a constant C' exists
such that

H2 L SC m2s—1(y)
H(m®™2) T*Rn—1

1 ~ N\ 2
* (/T*Rn<77’>4A(Ym(Y))‘N<1 + <ﬁ’>\§1!2)‘N\\¢$u\|L2(Rn)dy> dy.

The fact that M is a g-weight implies that, for any real s, a constant C' and an integer Ny
exist such that

[ (u)

M>(Y')

MS(Oa g/’ ﬁla 77/)
From this, we deduce that for any integer N, a constant C' exists such that

1< O+ (i)™

> ., < C m2~Y(Y)I2(Y)dY with
H(m® 2) T*Rn—1

[ (u)

1
ar [ @I DR e SN g
Tuty) [ I ()l e e AV (7)) a

Cauchy-Schwarz inequality for the measure A(Y,7(Y))"NdY implies that
7%(Y) < CINY)Kn(Y) with

def {2 (1 + (7)o |2) 2N SN
y) = SRALALS AY, 7 (Y dY and
Tn(Y) /T i e A(T)) an

def s TN w SN S
Kn(v) [ Mgl AV (7).
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Integrating in g and changing variable Z = 7(Y'), we find that

1 ~ N
%ﬂ”SAWH(AJWWWﬁm§W>AmZ)dZ

But by definition of the two weights M and m, we have
M (0, 2,m,0)* = 7j; +m*(2,0).
1
As s > > it turns out that

1 C dt
—Ndﬁl = with Cs = / —_
e M?5(0, 2,71, () m2s~1(Z) R (1+12)
So we have
1

— AW, 2) Ndz.
T*Rn—l mZSil(Z) ( ’ )

The fact that m is a g-weight and Lemma 2.1 imply that

IN(Y) < szs—Cl(Y') (5.5)

From this we deduce that

Iy (u)

2 <c/ A, 7(V)) "N M2 (V) [ 2|2 5 n  dY Y .
HH(ms,%)_ A (Y, 7(Y)) (V) llvgullzzgn

By integration on Y, we deduce from Lemma 2.1 that

2 2s (v w, |12 v
I, sy < C/T*Rn M=(Y)[[gull T2 @mydY -
So the continuity of « is proved.

5.2. The trace lifting operator. Let us define the trace lifting operator. Let us remember
1
the case of usual Sobolev spaces. If v belongs to H*~2(R"™1) with s greater than 1/2, then

we define
eyt et (L IE) T
u=(2m) C, ' F ( A+ €2 (&) |-

1. Using the fact that the value in 0 is the integral of

T2
the Fourier transform of the origin, we have that v(u) = v.

Again we have to substitute to |¢'| and |¢| the weights m and M. Let x be a function
of D(R) with value 1 near 0. Let us define the operator R, on S(X) by the following formula

It is obvious that ||u||gs < C’Hv||H

(Ryv)(z1,2") def /T*Rnl,u,y(xl)(¢y#T*20y)wzv($/)dY with (5.6)
py(e) € Co m(Y) (@ (n)?) /R FTE N 250, y, €1, )dé.

As M?(0,y,&,m) = & +m2(y,n), and as x(0) = 1, we have v o R, = Id. In order to prove
Theorem 1.2, it is now enough to prove that R, can be extended in a continuous operator

from H(ms_%) into H(M?*). The key lemma is the following.
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Lemma 5.2. For any integer N, a constant C exists such that, for any function f in the
space L?>(R"™1), we have
- mQSfl(Y)
w’w Y (L ¢U)2 2(R" §CA KT{'Y _Nifv
Vg (y (21) 0y )l L2(rm) (Y, m(Y)) MS(Y)

x(n)~ (1 +(ny 1) ljy(m)llf\le Rn-1)

where Jy is a positive function on R such that

/ *7 v (t 25<n1> (Y)

The continuity of R, follows easily from this lemma. Let us apply it with f = 63%v. It
gives us that

g Rl < OMT) [ )

T*Rn—1

m~

L+ (myt) " Fv (i)
X 032 0] Lo rn-1y AY, (V) Nm® L (Y)Y,
Cauchy-Schwarz inequality for the measure A(Y, 7(Y)) " Vm2~1(Y)dY implies that

18 Ry |2 gny < CM™2(Y) /T * \|9$EUH%Q(RH,1)A(Y,w(?))_NmQS_l(Y)dY

g /TR ()" 21+ )T TR AN, 7(V) Nm? (Y)Y
By definition of the norm on the space H(M?), we deduce from this that

Byl < C F\(Z)F(Z2)dZ  with
T*Rn—1

B [ 10 A2V (V)Y and

Rz [

But we have

(S

([ 0+ e g aw 2y n v arar )y
R2

N

/RQ(1 - ()2) VTR (r)dtdr < n;@(y)

Lemma 2.1 implies that the function Fb is bounded on 7*R"~!. Applying again Lemma 2.1,
we get

IRwl3am < C m2 T W) 2 ey A Y, 2) "V dY dZ
T*Rn—1xT*Rn—1
< C 2 ) 03702 )Y
T*Rn—1
< Ol .y
)

So we have proved that Lemma 5.2 implies that R, is continuous which concludes the proof
of Theorem 1.2.
Now let us prove Lemma 5.2. Let us state

Fe y S0 (uy (1) 637 ).
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By Weyl quantization formula and definition of the function py, we infer that

1
~ dﬁf -1 ) —’t(’r—’r’) X(t<77> 2 )
F / i 2 Wr1T—1
?7Y (:B17 v ) ( 7r) /R3 ¢ MQS (0’ y? T’? /rl)

X (w? (xlg_tv 5T ) #T*Z(bY) - f(x/)dthdT/.

1
By integration by part with respect to the vector (7')20,, whose gg-length is less than 1, it
turns out that, for any integer IV,

1
[l N — -1 iz T—it(T—7") X(t<77>2) 1 ~ _ \2\—N
Foy(ona)=m [ o ) (14 ) a1 — 0

X <¢;N) (x12—i— t’ T, ) #T*E¢Y> ” f(x')dthdT/.

where ") € (1d — (i7)02) V.

The fact that the metric g is symplectic (i.e. g¢° = g) allows us to do integration by parts
with respect to the vector

o ()

whose gg-length is less than 1. Moreover we have
T3 () (21 =) < (14 @)@ — 1))
. l .
T, O3] < XD oo,

From this we deduce that

N|=

and obviously

- - / 1
n o —it(r—
F?’Y(xl,w)—/Rs pieT—it(r T)M2s(

~ _ 1\2\—N
W(l‘*‘(??ﬂxl t)%)

« <1 + (M) (r— T’)2> R (ALY f)(ar, 2 dtdrar’

A NEra) = 3 AN @ T YD)

jHk<eN
X <¢g:3k/<x1 —|—t’ Ty ) #T*E¢Y> f(&)

2

where the functions AgN) are bounded and positive and where
Nk ~
ey =Tg (1d = (7)07) Vg

But we know that M is a g-weight. So a constant C' and an integer Ny exist such that

Ny _
M=5(0,y,7',m) < CM™*(Y) (1 + <177>|T’ - 51|2> L+ M)A, m(Y)Y. (5.7
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From estimates (5.4) and (5.7), from the fact that x is compactly supported, from Lemma 2.2
and from the L? estimate, we deduce that, for any couple of integers (N, N'), a constant C
exists such that

|1Fg (1, )| 21y < CAY, 7(¥) ™Y M) fll 2 mn-1)
1,N 2,N , s , )
8 /Rs I?,Y (t)I?,Y(T’ T)YM™*(0,y, 7', n)dtdrdr
with
d:ef

2N @)

2y 1+ @)z — 1)) NA + )N+ (g2) Ve

x <1+<ﬁ’>(“2+t—?71)>_N e
I;’];[/(T,T/) def <1+M(7_7’)2)_N <1+<7~]1,>(T—771)2)—N

« (1 + <717>(T' - ﬁg?)NS .

A constant C' and an integer Ny exist such that

< <<7’77,>>>i < CA(Y), V)N,

Thanks to the inequality of the triangle we have for any N,

ILN@) < CYAET)L YN+ )ad) V(1 + )N (1 + ()7 Y and

oQN [ N > 2N No RN el 1o e
I?7y(7',7') < CYA(r(Y),Y) <1+<77>(T 7')) (1+<77>(T n1)> .

Let us apply the above inequalities with N = Ny + 1. We deduce from this that for any
integer N, a constant C exists such that

1Fp y (@1, )| 2rn1) € CAY, w(Y) VM (V)| fllz2e—1y (1 + (m)a?) !

x (1+ <77>37%)_1/ Iy (t, 7,7 )M ~*(0,y, 7', n)dtdrdr’

R3
with
def 2y—1 1 "2 - 1 2 -
Iy(t,7,7") = (1 + (n)t*)~ <l+(T—T) ) <1—|—(T—ﬁ1) ) )
(n) (n)
Cauchy-Schwarz inequality for the measure Iy (¢, 7, 7")dtdTdr’ implies that
1
2
/ Iy (t,7, 7" )YM~%(0,y, 7", n)dtdrdr’" < < y(t, 7,7 dtd7d7’>
R3
%
( Iy t, 7,7 M_QS(O,y,T',n)dthdT'>

A straightforward computation gives

N|=

/ Iy (t, 7, 7 YM 250, y, 7', n)dtdrdr’ < J¢ (i) {n)~
RS
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with

N|=

Ty (i) & /RQ <1 + <717>(7' - r’)2> - <1 + <771>(r - 7“7’1)2> - M=25(0,y, 7', n)drdr’'

It turns out that
|Fey (a1, M2 n1y < CAY,m(T) NN M3(F) | 2 rn 1) (1 + () !

x (14 (mz3) " Iy ().
Once observed that
/ Ty (t)%dt = Cm~ DY) (n) ,
R

we get the lemma by integration in z;. This completes the proof of Theorem 1.2.
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