REGULARITY OF WEAK SOLUTIONS FOR A CLASS OF INFINTELY
DEGENERATE ELLIPTIC SEMILINEAR EQUATIONS

Y. MORIMOTO & C.-J. XU

1. NOTATIONS AND RESULTS

In this work, we study the C* regularity of weak solution of Dirichlet problems for a class
of second order semi-linear infinitely degenerate elliptic equation. Consider a system of vector
fields X = (X1, -+, X,) defined on an open domain 2 C R™. In the infinite degenerate case,
the following is called logarithmic regularity estimate,

m
(L.1) l0og A)ule < C{ Y IXjulll + lul?: }, Ve CE(),

j=1
where A = (€2 + |D|?)'/2 =< D >. If the system X satisfies the finite type of Hormander’s
condition then (1.1) holds for any real s > 0 . On the other hand (1.1) admits the infinite
degeneracy of the system X, and the estimate (1.1) with s > 1 always implies the interior
hypoellipticity of the second order operator Ax = Z;’;l X7 Xj, where X7 is the formal
adjoint of X; (see [7]). Some sufficient conditions for this estimate can be seen in the Appendix
of [10]. The typical example for (1.1) is the system in R? such as X; = 0,,, Xo = Ou,,
X3 = exp(—|z1|~Y*)d,, with s > 0 (see [5, 6, 7]). The operator Ay for this example
degenerates infinitely on I'y = {z; = 0}.

Associated with the system of vector fields X = (X1, -+, X,,), we define function spaces :

HL(Q) = {u € LX(Q); Xju e LX), j =1, - m} .

We say that u € H)l( lOC(SN)), if au € H}((ﬁ) for any o € C’SO(SNI) Take  CC Q and suppose
that 90 is C*° and non characteristic for the system of vector fields X. Here, for a smooth
surface I" of 2, we say that I" is non characteristic for the system of vector fields X, if for
any point xg € I there exists at least one vector field of Xy, ---, X,, which is transversal to
I' at xp. We define H}(,O(Q) = {u € H}(Q);ulsn = 0}, as in [10], this is also a Hilbert space,
and C§°(2) is dense in H)l(,o(Q)'

We consider the following Dirichlet problem;
(1.2) Axu+ Xou = F(z,u), in Q
(1.3) ulag = g,

where FF € C®°(Q x R) and Xj a vector fields on Q. As for the linear hypoellipticity, it is
known that the estimate (1.1) with s = 1 is not sufficient for hypoellipticity, but the following
weak form of estimates is sufficient : For any small € > 0, there exists C. > 0 such that

(L4) log Avl2s < &3 X2 + Cellol32, Vo € C(9).
j=1
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The estimate (1.1) with s > 1 implies immediately the estimate (1.4) by interpolation. We
have a very simple example which satisfies the estimate (1.4), but not (1.1) for any s > 1.
It is the system in R?® such as X7 = 0,,, Xo = Opy, X3 = exp(—(|x1]|log |x1]|]) 1) s, (see
[6, 10]).

We have now the following nonlinear hypoelliptic results :

Theorem 1.1. Suppose that the system of vector fields X satisfy the logarithmic reqularity
estimate (1.4), and u € H)l(, 10e(8) N L2 (Q) is a weak solution of equation (1.2). Then
ue C®(Q).

Moreover if 02 is C°° and non characteristic for the system of vector fields X, and if
u € HY(Q) N LX) is a weak solution of Dirichlet problem (1.2)—(1.3) with g € C*(9),
then u € C*°(£2).

Remark :We get also regularity up to the boundary for linear Dirichlet problem if the
function F is linear in (1.2).

We give here an example of equation (1.2) coming from a variational problem. From (1.1),
we have the following logarithmic Sobolev inequality(see [10]),

’ |2 25—1 m
(15) ok o e+ 1 )| = O Il i
j=1

for all v € H)I(,o(Q)- Suppose that 1 < k < 2(s—1), take A = (ag,--- ,a;) € R¥, and consider
the following variational problems :

(1.6) Iy = {ZHX o2, — Za]/ [of? (log(e + ) }.

vl L2=1 UGH}( 0

We say that the system of vector fields X = (X1,---,X,,) satisfies the “non trapping
condition”, if the system of vector fields X satisfies the finite type of Hormander’s condition
on O except for I' = Uje s I, a union of smooth surfaces I'; in Q provided that I" is non
characteristic for X. Here we say that the union I' = Ujes I; of smooth surfaces in Q is
non characteristic for X, if for any point zg € I there exists at least one vector field of
X1, , Xy, which transverses I'; at zg for all j € Jy = {k € J;zg € I';}. The example
with infinite degeneracy on the union I" = U, I'; is the system in R? such as X1 = 0y, Xo =
exp(— (22 sinQ(;—l))_l/%)@xz, and we see that if I; = {z; = %},j € Z\ {0}, Iy = {z1 = 0},
then X is transversal to all I}, j € Z and X5 vanishes infinitely on I' = U;jcz 1.

The non trapping condition and Bony’s maximal principle implies immediately the follow-
ing first Poincaré inequality :

m
(L.7) [vl720) < Co D 1 Xjvlliag) Vo € C(9Q).
j=1
We have
Theorem 1.2. Suppose that 02 is C°° and non characteristic for the system of vector fields
X. Assume that the system of vector fields X wverifies the estimate (1.1) for s > 3/2 and
satisfies the non trapping condition. Then I, is an attained minimum in H}(,O(Q), and the

minimizer belongs to C*°(Q).
In fact, by exactly the same calculus as in [10], the inequality (1.5) and (1.7) give the

existence of minimizer u € H)l(,o(Q) for the variational problems (1.6), and the minimizer is
a bounded non trivial positive weak solution of the following Euler-Lagrange equation;

(1.8) Axu=F(u), wulspo=0,



with nonlinear term
k . 3

F(t) = a;(t(10g(e +12)” + r i 5 (log(e + ))") + bt € CX(R),

j=1

where by is a constant depending on the minimizer u. See [11] for the detail.

2. LITTLEWOOD-PALEY THEORY FOR LOGARITHMIC SOBOLEV SPACES
Let ¢ > 0, and define the following logarithmic Sobolev’s space :
10} n n N n
HP*(R") = {u € L*(R"); (log(6)) A(¢) € L*(R")},

where (£) = (e2+|¢]>)1/2. We study now the Littlewood-Paley decomposition for this function
space as in [1, 13].

Let Cp = {¢€ € R%e < (€) < €3},Cr = €FCo, k € N,C_1 = {¢ € R (€) < €2}, there exist
¥ € C§°(]0,€%]), ¢ € C5°(Je, €3[) such that

PUE) +D (e (E)) =1, VEER™
7=0

For f € L?(R"), we set
Aaf=vW)f, Ajf =p(eN)f, jEN.

Then f = > A, f in L*(R"), and we have the following characterization for function space

log (on
H,/5(R™).
Lemma 2.1. For ¢ > 0, we have that

1) ifue Héog(]R"), then

18jull z2ey < €557 I{esHler < Il gros gny.
2) ifu € L*R"), and
1Ajull L2rny < €55 {ej} € £,
then u € Héog(R"), and for any S > 1
5%/ (log M) ul|Zagay < CLl*ulfo gy + C5 5 [{es} I,

with C1, Cs independent of S, ¢ and u.

Proof: 1) Forue Hl}Og(R"), we have

1A ulz2 = /@(6‘j<£>)2|ﬁ(£)|2d£ Sj‘%/_(10g<£>)%90(6_j<€>)2|ﬂ(§)|2d€-

J

We set
&2 = / (log (€)X o7 (€))? () 2de.
Cj
Then the fact (&) + Y72, w(e77(£))* < 1 implies that

o0

S 2< / (0g(€) > p(e7 () [a()PdE < J[ullos -

j=— j=—



2) For S > 0, we have

$|(og M ulZ, < 3 % (SG+3)* / (eI ())2 a(e) P

S(j+3)<e
+ 3 (SG+3)*Aull3s
S(j+3)>¢
< 3ulfa +35% Y (G+3)%
S(j+3)>¢
< 3 ulfe +35% ) (1 +3/5)*0 S
J
< 30w + 3(529)5 5% {es} ][22

As in the classical case, for the second part in the preceding lemma, we have more general
results

Lemma 2.2. Suppose that {uy, }ren is a sequence of L*(R™), with Suppu C B(0, Kek) and
for£>1/2,
|ukll2rey < cek ™", {en} € 2.

Then u =7, u, € H® (R") and for any S > 1,

£-1/2
S (log Y2l gy < C1 € — 1/2)2 7 ] 22 gy + CS21 (20 = 1) {er} 2,
with C1,Cy independent of S, ¢ and u.

Remark : We have a loss of 1/2 for the index because of the logarithmic sum.
Proof :  Since ¢ > 1/2, we have that u = Y, ug converges in L*(R"), in fact,

HUHL2 < Z HukHL2 < chkfe < H{Ck}Hp(Zk—M)l/?.
k k B

We suppose now S = 1, since the general case of S is similar as lemma 2.1. We set

U—ZAU—Z’U] ZZAuk

j=-1 j=-1 Jj=-1 k
Then
Huniléo_gyz(Rn) S 2” Z A uHHIOg (Rn +2|| Z A UHHIOg (Rn)
j+3<6—1/2 Jj+3>0-1/2
< 200-1/2 Mul 2 Y G +3* T Au7.
J+3>0-1/2

On the other hand, there exists N1 > 0 (depending only on K') such that for any j > k+ Ny,
C;N B(0, Ke¥) —@ then Ajuy =0. We have v; =37~y Ajuy, and

IS AID SRR B Sl N D Sl NS ST

k>j—N1 k>j—N1 k>j—N1

(20— 1) — NO) 72 YT B A ]|
k>j—N1
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Set now E? = k>N k2f||Ajuk||%2, we have
2.5 < D K unllge < 3 e
J k k
Finally, for j +3 > ¢—1/2,
, 20-1 , 2(j+3)
J+3> <J+3> 2(N1+3) 2(N1+3)
. <|= < eV (N +4)7 T < .
(] - M J—M (M +4) ?

We have proved the lemma.

Lemma 2.3. Suppose that {uy} is a sequence in C°(R™) and for ¢ > 1/2 there exists a
function v € Hl}og(R") satisfying the following : For any o € N", there exist By > 0 such
that

ID%uk]| L2(rmy < Biaje™ ™ [ Aol L2 (gry.

Then u =7, u, € Hé‘igl/Q(R”) and for any S > 1,

52271 2
qu”fdﬁi/2(Rn)

with C's depending only on By, Bjg)4o and C1,Cy the constants in lemmas 2.1 and 2.2.

< Cyg <(£ — 1/2)* Mol 2 mny + 5% (26 - 1)HvHiIéog(Rn)> :

Proof : Asin the lemma 2.2, we have u =), u, € L?. We decompose,
wp = up +u2 = Ple P A uy 4+ (1 — (e FTIA) )y
Then u! =Y u/,l€ satisfies the hypothesis of lemma 2.2, we have for S > 1,

SN s ey < O = 12T B0l OB L Dl s

We study now u? = Zu%, with the conditions
Suppui C {€ € R (€) = ¢}, | Duil|2 < BacHl||Ago] 2.
For k> p+3,C, N{€ € R™; (€) > €k} = 0, we have Ayu? = > k<pr2 Apui. Then

I8z < | Do e | D0 e Al

k<p+2 k<p+2
< 22PN e ApuRlfTe < 20T Y T e TPH(D) (log M)A ui -
k<p+2 k<p+2
Set now ¢ = > pcpio e~ 2k||(D)(log M)~ Y2A u?||2,. We have
[e.9]
Y G <> e MHD) (log A) AR 7.
p=—1 k

By lemma 2.1, we have
S* | (log A) T2 (W) 72 < Cr€ = 1/2)* 7 ull72 + C5 MG} -

We study now |[{¢p}||2. For simplicity of the notation, we replace ¢ — 1/2 by ¢ in what
follows,

(D) (log A) uz|l7. = / () 2B ()25 (1og (€))24(1 — (e F 1)) [ (£)|PdE,
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and if ([S]+ 1)(k +2) > ¢,
(©) 72T (log (€))% (1 — (e F7H(g)))? < e 2EFDEH) (o 4 2)26(1 — p(e7F 1))
if ([S]+ 1)(k+2) < ¢,

@rﬂm“kmmaﬁﬂl—ww*fwa»Z<é”““““”(hf:1>%a—¢@f“%®»?

Consequently

e}

Z Eﬁ < Z o2k o= 2([S]+1) (k+2) <[S] +1> ||uk||§{[s]+2

p=-1 (1S1+1) (k+2)<¢

B B 9 20
+ § : e 4([5]+1)e 2k([S]+2) <1+ k) k%HukHiI[sta
([S]+1) (k+2)>¢

where H51%2 is classical Sobolev space on R”. From the hypothesis of lemma,

||uk||H[SJ+2 < B[S]+2€k([s]+2)HAkUHLQ,

we have

S0 2 < Bl (S ol + ol

p=—1
We have proved the lemma with the constant C's depending on By, B[SHQ and Cy, Cs.

We study now the non-linear composition for the function of space H, / gl /2( ™). We have

the following results.

Theorem 2.1. Suppose that F € C*(R),F(0) = 0, and u € Hl}og(R")ﬂL"o(R”) a real

function for £ > 1/2. Then F(u) € Héogl/z( Y L>°(R™) and for any S > 1

(— 20—1 /—
S sy < Cb(@—2) lull2ageny + S22 (26 NWPMRW)

with Cg depending only on Supj<|u| |FU)(t)] and Hu||ioo forj=0,1,---[S]+2.

Remark : This theorem is still true for the vector value function v = (uq,- - ,uy,) and
F(t1, - ,tm) € C®(R™).
Proof : We have firstly

|F ()l = |F(w) = FO)llz2 < (suppyeuge ) 1E Ol 2

We denote, for k > 1, Spu = Z?;zl Aju, then for u € H#(R™) () L®(R™), we have F(u) =
limy,_, oo F'(Sgu) in L2(R™), so that

F(u) = F(Siu) + Y _(F(Sku) — F(Sk—1u)) ka
k=2
with f; = F(S1u) and for k > 1

1
fe = / F'(Sk_qu + tAgu)dtAgu.
0

Since for any a € N™,

|D*(Sk—1u + tAgw) || e < Cloje® fJul| oo, |D*Agullge < e® N Ap| 2,



the Faa-di-Bruno formula implies that
1D fill 2 < Bioe™|| Al 2

with B, depending only on Supj< |y, |FO(#)] and ||ull}« for j = 0,1, |a| + 2.

Then ), fi satisfies the hypothesis of lemma 2.3, and so we have proved the theorem.

To study the regularity up to the boundary for nonlinear problems, we introduce the
following tangential logarithmic Sobolev spaces (see [15]) : For £ > 0, we set

Hy (R") = {u € L(R"); (log{(€,0))T(E) € L*(R™)},
and
1
Hyf(RY) = {u € L*(RY); (log((€',0))) Furu(€, n) € LA(RY)},
where £ = (¢,&,) € R" xR, R} = {(2/,z,); 2’ € R" !, z,, > 0}. We have
1 1
Ho?fg(RnﬂRi = Ho?ég(Ri)'
We use now the tangential Littlewood-Paley decomposition :
AL f =M f, Ajf = (e ?A)f, jeN,

where F(o(A)f) = o({(¢',0)))f, and the function spaces H(l)oeg(Rﬁ) is characterized by

20
Z]Z HA;'uH%Q(Ri) < +oo.

We have the similar results as lemmas 2.1-2.3 and theorem 2.1 for the tangential function
spaces.

3. NONLINEAR HYPOELLIPTICITY

Take o, f € C3°(2) with a CC . By using the theorem 2.1 and its remark, we have the

following estimate : Suppose that fu € H, éog(]R”) N L*°(R™) for some ¢ > 1/2, then for any
S > 1, we have

31)  [[(log A%) VP (aF (z,w))|[22 < AR (Y| Bull2. + (2¢ — 1) (log AS) (Bu)||22),

where Ag depends on S, [lu|[e and [[a(z)F(z,t)[| cis1+2(@x [ fjuf oo, ul poo]) » PUE DOE OD L.
By interpolation, the estimate (1.4) implies that : For any small € > 0, any N > 0, there
exists C¢ y > 0 such that

(3.2) llog Av[fz < e IXjullfe + Cenllollf-n, Vo€ C(Q),
j=1

where H—" is classical Sobolev space. For small § > 0, we set As = (1 —§A)~!, then this is
a uniformly bounded family of operators on H™(R") for any m € R, and As(au) € H?(R")
if u € L2 (£2). We prove now the following proposition.

loc

Proposition 3.1. Suppose that the system of vector fields X satisfies the logarithmic requ-
larity estimate (1.4), and u € H)l( 10 () ML () is a weak solution of equation (1.2). Then

loc

for any a € C§°(Q) and any ¢ € N, S > 1, we have
(3.3) 1(log AS) As(au)| p2mmy < (Mof)“6™s Rs,

where My depends only on Supp «, mg depends only on S, Rg depends on Ag of (3.1) and
|ul|2(qy-  Furthermore the constant Mo, ms and Rgs are independent of small § > 0 and
{eN.



Proof of first part of theorem 1.1 : By using the estimate (3.3) with S = 4eMj, we

have
[P Asau)llz < 3 [1(log A2) Ag(aw) | 2(e)
=0
. 5\ ¢ 2\" 1
< 3 (o) detel (5) @
< Rsi <1>€€m5 + |lou||r2 < 400,
- /=1 2

where we have used the estimate ¢/ < e/!. Since Rg, mg independent of §, we have proved
au € H*(R"). Now As(au) € H*, the similar calculus as above give that au € H*(R") if
we take S = 2 x 4eMj in (3.3). By recurrence we get that au € H™(R") for any m € N.
It follows from the Sobolev embedding theorem that au € C*°(R™). Since o € C§°(R) is
arbitrary, we have proved u € C*(Q).

Proof of proposition 3.1 For ¢ > 1 fixed, we choose the functions of C§°(Q2) as in [6, 7],
a=a; CCa_1 CC---CCa; CCay =0,
such that
(3.4) 1D )| e < CAAL WA € N7,

For the proof of proposition 3.1, we prove the following estimate : for any 1 < j < £, and any
j <k </{, we have

(3.5) | (1og A%) Ag(agu)|| 2 < (Mol)?€™s Rg

with the constant as in proposition 3.1.
We need also the following two classicals results about pseudo-differential calculus (see [4]).
First result is about the pseudo-differential operators as a regularlizer.

Proposition 3.2. For any m,m’ € N, we have

ek — 1) (log AZ) Ag(aur 1) [Fm < Clg e (jUF 2 TS 302 gy 2
with Cg . m independent of £,j and §, and

levk (log A%)? Ag (s 1) |55 < Cs (125372 Bul |7
with C'g independent of £,7 and 6.
For the commutators, we have

Proposition 3.3. Let X be vector fields, 1 < j </, j <k <, we have

11X, ke (Tog A%)? ApaalawulF2 < Co(E][[ul| 2y, 5 + (312052 Bul3,),
and

11X, [X, o (log A%) ApalJoul|Fe < Cs (][[ulllF s + ()22 Bul3,),

with Cg independent of 7, k,f and §, where

. 2
4! o
MllZs= 3 ((),) 1 (log ASY 7 Agarp_yal/Ze.

0<j'<min{jSs+2y 7



We prove now (3.5) by induction on j.
1) Forj=1, 1<k </{—1,take api1AsaiAs(agiu) € HE(S) as test function in (1.2),

Z /Q(Xpu)Xp(akHA(;aiAg(ak+1u))dx = /Qak_H (F(x, u) — Xgu) (Agai!\g(akﬂu))daz.
p=1

Then it follows from Cauchy-Schwarz inequality and (3.4) that

m

> I Xparhs(ariw)|72 < Crllargrulf2 + Col®[lagul?s,
p=1

where C and Cj are the constants in (3.1) and (3.4). On the other hand, (1.4) gives that
[log A(arAs(apiaw))|72 < el X (arAs(ariiw)|17z + Cellagaul| 72

We have for any S > 1,

| og(AS)As(arsnw)lZs < 2l X (axAs(ansu)) |22 + S2Celonsrullda
+ [ log(A%) (ak — 1) As(cvgr1u)I7:
< S%e(Cillagullfe + Col?(laull?.)
+ S2C:agsrul7z + || log(A%) (ak — 1)As(cvkr1w)]| 72
For the last term of right hand side, the proposition 3.2 gives

1 og(A%) (k= D As(apru)|72 < O™ Gul|7..
We have proved (3.5) for j = 1 if we choose € > 0 small such that £5? < 1 and
Mg > C1+Cy+ C3+1, Ry > (SCy5 + Cs)||Bull72, 2mg > 10(S +n+2).

2) Suppose now that there exists a j < ¢ — 1 such that (3.5) is true for any p < j. We
shall prove (3.5) for j + 1. Firstly, take 6 — 0, we have for any p < jand p < k < /¢

(3.6) |(log A®)? ()| 22 < (Mol)P€™s Rg,
and
i 2 o ,
(3.7) Z <(j ‘7],,)') | (log A%) ™ Asag—jrul|22 < Cs(Mol)* £™s RY,.

0<j'<min{j,S+2}
For j <k </{-—1, set
v = app1As(log A% a2 (log A%) As(ogpqu),

then v € H}(Q2), using v as test function in (1.2),

-

p=1 @
By using integration by part, Cauchy-Schwarz inequality, induction hypothesis, Proposition
3.2 and Proposition 3.3, we have that, if mg > 5(S +n + 2),

m

. 1 .
> IXpanlog A5V As(ansu)[F2 < 5l 1og(A% )k (1og ASY As(ans 1)
p=1

+Cg(Mol)+2¢>ms RZ.
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Using (3.2) with N = S and the proposition 3.2, we get
I log A cvg (log A%)? As(agy1w)l|72

< &3 X (log ASY Ag(apsru)|| + Cesllap(log A (g 1u)|%-s.
p=1

Choose € > 0 small enough such that 5% < 1, £S?Cs < 1/4, we get (3.5) if we take
R% > 2(25°Ce 541+ 3C5s) || Bul[ 2.

Regularity up to the boundary

As in the classical case, we transform firstly the non homogeneous Dirichlet problem (1.2)—
(1.3) into a homogeneous Dirichlet problem, i. e. we suppose that g = 0 in (1.3). Suppose
now that v € L*(Q) N H)l(,o(Q) is a weak solution of Dirichlet problem (1.2))—(1.3), we have

already the interior regularity u € C*°(€2), and so we want to prove here that u € C*(Q),
that is C°° regularity up to the boundary.

Since 9€) is C'°*° and non characteristic for the system of vector fields X, near a point of
012, we use the standard process of localization and a C*° change of variable to flatten out the
boundary (we keep the same notation for the solution u), then the weak solution u satisfies
the following equation (see [2, 3, 15]) :

92, (au) — S V7Y (o) = O, (a0Bu) + Yo(Bu) + F(x, Bu), in R
(3.8)
Bu(x’,0) =0, for o/ € R*~!

where «a, 3,a9 € C?(@), a CC 3 with Suppf3 a neighborhood of 0 in R", and Y; =
ZZ;% ajr (2, 24)0z,,J =0,1,--- ,m—1 are the tangential vector fields. We have that the sys-

tem of vector fields Y = (0, Y1, - , Yim—1) satisfies still the logarithmic regularity estimates
(1.1) or (1.4) on a neighborhood © C R" of 0. Remark that we have fu € L*> (Ri)ﬂH%,’o(Ri).

Let A/ = (e + |D'|>)Y/? with D' = (Dg,,--+ ,Dqs,_,). On account of (1.4), for any small
g > 0, there exists C. > 0 such that

m—1

(39) oAl < (3 15olae) + 10,030 ) + CellolFaqen)
j=1
for all v € Cg°(O NRY). By density, this is true for v € H}l,70((9 NRY).
Firstly for the nonlinear term we have the similar result as in (3.1) : Suppose that fu €
HX&(R™) N L®(R™) for some £ > 1/2, then for any S > 1, we have

—1/2 s _
H(logA’S) /(aF(x,ﬂu))Hig(Ri) < A%,(g% lHﬂuH%z(Ri)

3.10
(3.10) + (20= 1) (g A°) (Bu) |22 m)):

where Ag depends on S, [|ul[r and [[e(2)F(z, t)||cisi+2( ) » but not on £.

R X[l oo, lull Lo

If the equation (1.2) is linear, we use the following estimate : If f € C*°(R"}), then for any
feNyany S > 1, and a € Cgo(@),

I(log A™) (@) L2re) < LA (@f) | 2ry)-

For small § > 0, we set A, = (1 — §A,)~!, with Ay = E;‘;ll 8%_, this is a tangential
regularization operators. As for the proposition 3.1, we have that for any ¢ € N, and any
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S>1,
(3.11) | (log A"%) A (aw)| 2y < (Mol)*€™s R,

with the same constants as in (3.3). By using the estimates (3.9) and (3.10), the proof of
this estimations is exactly as that of proposition 3.1, for example in the step 2 of proof for
the proposition 3.1, we take here

v = a1 A (log Ay o (log A A (apau),
as test function in (3.8). In fact, we have v,d,,v, A'v € L*(R7) and v(2/,0) = 0, then v €
Hg(R"). Moreover, aj41A5(log A’S)jai(log A’S)jAgakH is a tangential pseudo-differential
operators, thus all pseudo-differential calculus in the proof is tangential, and the integration
by part for the variable x,, take only once.
Now the estimate (3.11) implies that A" (au) € L*(R%) for any m € N and any a €

C*(ONR7Y), and we have already 0,, (cu) € L*(R™), so that we have au € H*(R'.). For
m > 2, we have, by using the equation (3.8),

m—1
02 (au) = > Y;'Yj(au) + s, (aofu) + Yo(Bu) + F(z, fu) € L*(RY),
j=1

then, we have au € H?(R%). By induction we prove that au € H™(R") for any m € N. We
have proved finally au € C* (@) by Sobolev embedding theorem. Take o = 1 near 0 € R”,

we have proved u € C*(ON M) for O a neighborhood of 0 in R™. So that we get the C*°
regularity of solution up to the boundary.
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