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Abstract : In this paper, we study the Cauchy problems for viscous shallow water equations.
We work in the Sobolev spaces of index s > 2, we obtain the local solutions for any initial
data, and global solution for small initial data.
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1 Introduction

We consider in this work the Cauchy problems for viscous shallow water equations as
follows:

h(u; + (u - V)u) — vV - (hVu) + hVh =0, (1.1
hy + div(hu) =0, (1.2)
uli=0 = uo, hli=o0 = ho; (1.3)

where h(xz,t) is the height of fluid surface, w(z,t) = (u'(z,t),u?(x,t))! is the horizontal
velocity field, = = (z1,22) € R?, and 0 < v < 1 is the viscous coe [ciehts.

The equations form a quasi-linear hyperbolic-parabolic system. For the initial data ho(z),
we suppose that it is a small perturbation of some positive constant hy. We study the Cauchy
problem (1.1)-(1.3) in the Sobolev function space.

The main theorems of this paper is :

Theorem 1.1 Let s > 0, ug, hg —7@0 € H*5(R?),||ho — ;L(]HH%LS << 7@0. Then there exists a
positive time 7', an unique solution (u, h) of Cauchy problem (1.1)-(1.3) such that

u,h — hg € L®([0, TT; H**), Vu € LX([0, T]; H*).
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Furthermore, there exists a constant ¢ such that if ||hg — EOHHHS + |Jug|| g2+s < ¢, then we
can choose 7' = +oc.

The local existence and uniqueness of classical solutions to the Cauchy-Dirichlet problem
for the shallow water equations using Lagrangian coordinates and Holder space estimates with
initial data in C**t* was studied in [2]. Kloeden [5] and Sundbye [10] proved global existence
and uniqueness of classical solutions to the Cauchy-Dirichlet problem using Sobolev space
estimates by following the energy method of Matsumura and Nisshida [7, 8, 9]. Sundbye
[11] proved also the existence and uniqueness of classical solutions to the Cauchy problem
using method of [7, 8, 9]. But all of those results consider only the problems for small initial
date. In general, the problems of existence of solutions for large initial date is di Ccult, since
there are stronger non-linearization than small initial date. We use the Littlewood-Paley
decomposition theory (see [1, 3]) for Sobolev space to obtain the losing energy estimates
in H52 for any s > 0, and we get the local existence of solution for all size initial data.
Moreover, we also improve the global existence of solution and regularity for small initial
date. Basing the result of global existence, we can give some decay estimate as in [6, 12] by
the method of Green function. For brevity, we left it to the future.

The structure of the paper is the following:

1. In the second section we recall Littlewood-Paley theory for Sobolev space.

2. In section 3, we prove the first part of main theorem : local existence of solution for all
size initial date.

3. In section 4, we prove the global existence of solution for small initial data.

4. Finally in section 5, we prove the losing energy estimates for nonolinear terms.

2 Littlewood-Paley theory

Let us recall the Sobolev space defined by Littlewood-Paley theory (see J.-M. Bony [1] and
J.-Y. Chemin [3]). There exist the functions ¢ and ¢ in C§°(R?) with respectively in a fixed
ring of R? far from the origin C = {¢;5/6 < [¢| < 12/5}, and in a fixed ball containing the
origin B = {|¢| < 2}, such that
Ve e R\ {0}, Y »w(27¢) =1 and V¢ e R, () + D p(27) =1
JEZ jEN

Let us note that if |j — j/| > 2, then suppy(2~7-) Nsuppe(2—7'-) = (). We define the following
operators of localization in Fourier space

Aju=F U p@ N =27 [ @yue — y)dy, for j € 2.
R
and .
A yu=FU (), By = A, for j €N,
where @ denote the Fourier transformation of «, and f = F~!(¢). So that for u € S’, we
have that Aju, A_ju € C* N L2 Then the Sobolev space con be defined as following, for
seR,
H*(R?) = {u € S'R?); ||ull}s = Y 22| Ajul7z < +oo}.
j=—1



In the low vertical frequencies estimates, we have to use the homogeneous Sobolev spaces,

HR?) = {u € SRY; [ul|%. =D 2%%||Ajul|22 < +o0}.
JEZ

For d = 2, we have that H?>T(R?) c L>(R?) for any s > —1, and

[ fllzoer2y < Csllf |l m2+sm2),

C, is the so-called Sobolev constant in R2. We have also that, for any ¢ > 0,
[ fllLee < ClIV (DG L2+

and
|8 fllz2 < C27 V(AN L2

We set Sy(u) =3 _1<p<y2Dpu, then S, 1 H® — H** and
D, (Sg(u)Agu) =0, if [p—q| > 4; and [|S,(Vu)||re < 27)|Squl| e
For the product of two functions, we have the decomposition :
uv = Z Sq—1(wW)Agv + Z Sq—1()Agu + Z Npulgv = Tyv + Tyu + R(u,v).
q a lp—ql<2

Here T, is a linear operator, and we have that :
if w e L™, then for all s € R,

1Tull 2 s, 15y < Cllullzoe;
ifue H",7 < d/2, then for all s € R,
| Tull geprs, prosm—arzy < Cllullar;
if ue H v € H®2 51 + sy —d/2 > 0, then
[B(u, 0)| gs1+52-ar2 < Cllullms [[0]| 2.

For the nonlinear composition, we have that, for ' € C*°(I) such that F(0) =0, u €
H7(R?),7 > 1 with u(z) € I for all z € R%. Then there exists a function of one variable By
depending only on 7, F', I such that

I1E ([ < Bo([lull o) [|ul a7 (2.1)

In our equation, we have the products of 3 functions, so that we need the following precise
estimates :
[(ab, 2| < Cllal| e[|l 2]|c]l 2,
[(ab, ) 2| < Cllall g2 [Ibll 2 llell /2, (2.2)

lallF . < llallz2llValle.

For the detail of those results, we send to the reference [3].

In the prove of main theorem, we need to estimate the nonlinear term in the equations,
this is so-called “Losing energy estimates”



Lemma 2.1 Let 7 > 1 and -1 < k < +o0, then there exists Cy > 0 such that for all
v,Vv,g,Vg € H™, we have

|, 81 - V)9 Brgda] < Codi2 2 o] e -

with {dy.} € £ and ||[{dx}|l < 1.

Lemma 2.2 (a) Let 7 > 2 and —1 < k < +o0, then there exists Cy > 0 such that for all
fiv,g,u,Vu € HT, with ||g||L~ < 1/4, we have
i
A
|/R2 k(1+g
where |[{di}| < 1.

() Let 1 < 7 < 2and -1 < k < +oo, then there exists Cy > 0 such that for all
fyg,u,Vu,v,Vo € H™, with ||g||z= < 1/4, we have

Vo)Agudz| < Codp2™ M| fllme |[ollr- (2 + llgll )l g+,

v e
’/R? Ak(l +ngU)Akud1’| < Codzz 2k HfHHT(l + HgHHT)UT(ua U)7

with ||{d}||,2 <1, and

Ur(u,v) =t [[Vol| oo Jull grer + [Vl (IVull g0+ [Jul| 7).
Lemma 2.3 (a) Let 7 > 2 and —1 < k < +o0, then there exists Cy > 0 such that for all
frv,u,Vu,g1,92 € HT, With ||g1]| 2, ||g2||ze= < 1/4, we have

| fRQZ Ak2(k%v FV0)Apudz]
< Codi27 || flla=lvllm-llgr — g2l me[Jull e+,

with ||[{dk}]2 < 1.
(b) Let 1 < 7 < 2 and -1 < k < +o0, then there exists Cy > 0 such that for all
fiv,91,92,u, Vu,v, Vo € H™, with ||g1]| e, ||g2]|L~ < 1/4, we have
< Codi2 M| fllarllgr — g2l - Ur(u, v),
with |[{dk}||,2 <1, and U,(u,v) is as in Lemma 2.2, (b).

In the proofs of existence of global solutions, we need the following high vertical frequencies
estimates.

Lemma 2.4 Let 7 > 0, then there exists M > 0,y > 0 such that for all h,u,v, Vh, Vu €
H7 M <k < +o0, with |||z~ < 1/4, we have

| Jr2 Ak(l_%thVu)Akvdaj
< Codf272 (L + |[hf| gr+2) | Aul - VR a7 o] £

with [|[{dg}l> < 1.

Lemma 2.5 Let 7 > 0, then there exists M > 0,Cy > 0 such that for all h € H™+! with
|h|lL~ < 1/4, and v € H™2, M < k < +00, we have

| fre AL(div(hu)) A (D) de]
< Cod22 VA - (VA3 + IVl i),

with [[{di} ]l < 1.

We will prove this five lemmas in the last section.
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3 The local existence of solution

In order to study the local existence of solution, we define the function set, (f,g) €
X([t1,t2], 0, B, B2) if (f,g) € L>®([t1, t2], H7(R?)), V f € L*([t1,t2], H°(R?)) and

11200 (1 001,00 (R2)) F PV FN 21ty 0], 1o (me2)) < BT

HQHLOO([tl,tg],HU(RZ’)) < Es.
The main result of this section is the following local existence theorem for any initial data :

Theorem 3.1 Let s > 0, (ug, ho — ﬁo) € H*2(R?) with ||hy — EOHHHS < 4@8, then there
exist a positive time 7" and a solution

(u,h — ho) € X([0,T), s + 2, Ey, Es)

for the Cauchy problem (1.1)-(1.3). Here E1 = 2||ug||ss+2, B2 = 2||ho — ho||gs+2, and Cs is
the Sobolev constant.

For convenience sake, we take }_10 = 1. Substitute » by 1+ h in (1.1)-(1.3), we have

ug + (u - V)u — Viv'((lliz)vu) + Vh =0,
hy + divu + div(hu) = 0,

u(z, 0) = ug(x), h(x,0) = ho(x).

We suppose now hg € H*2(R2), || ho|l g2+« < 5=, and By = 2||ugl|gs+2, Ba = 2||ho|| gra+2.
The proof of Theorem 3.1 involves the method of successive approximations. We define
the sequence {u,, h,} by following linear systems:

(u1, h1) = Sa(uo, ho),

8tun+1 - VAUn-H = G1(un, hn), (3.1)
8thn+1 + uthn-i-l = G2(un7 hn)7 (32)
(Un+1, hng1)li=0 = Sn42(uo, ho), (3.3)
where
G1(un, hy) = fh"thVun —u,Vu, + Vh,
Go(un, hy) = —( + hy)divu,.

Since S, are smooth operators, the initial data .S, 2(uo, ho) are smooth functions. If
(un, hy) € X([0,T],s + 2, F1, E») and smooth, we have

20, 1
thHLoo < CSthHHQJrS < CsEy = ZCSHhOHHQJrS < 4c < 57

then G1(uy, h,) and Ga(uy, hy,) are also smooths functions. Note that (3.1) is heat equations
for u,+1, (3.2) is transport equation for h,1, then the existence of the smooth solutions for
the Cauchy problems (3.1)-(3.3) is evident. We denote by P, the application from (u,, h;)
to (up+1, hnt1) the solution of problem (3.1)-(3.3).

Now the proof of theorem 3.1 is in two steps : “Estimation for big norms” and “conver-
gence for small norms”.



Estimation for big norms

Proposition 3.1 Suppose that (ug, ho) € H**?(R?) for s > 0 and [lhol|p=+2 < 74, then
there exists a positive time T3 such that for any n € N, P, is an application from X'([0, 71], s+
2, El, EQ) to X([O, Tl], s+ 27 El, EQ) for FE = 2||’LL0”H5+2,E2 = 2||h0”Hs+2 .

Proof : For convenience sake, we suppose that 1 < F; (the proof for E; < 1 is easy), and
remark that 0 < Fr < 1,0 < v < 1. We take now

vE?

] 12
T = mm{(gK) 2, W(%Ej‘}’

where K = || F~1(p)||;1. We prove the proposition by induction. Firstly, (uj,hi) =
Sa(ug, ho), then

il gs+2 < |luollgrsv2,  Pallgsve < [[holl gs+2,
VfoTl ||VU1H12qs+2d7' < VTl(%KyHUOH?qu < Hu0||12qs+2-

Thus (uq, hy) € X([0,T1], s + 2, B, E5).

Now, we assume that (u,, h,,) € X ([0, T1], s+2, E1, E») is valid, and prove that P, (u,, h,) =
(un+1, hnt1) € X([0,T1],s + 2, Eq, E5) is also valid.

Applying the operator A, to the equations (3.1), (3.2), multiplying the first by Aguy,y1,
and the second by Ah,, 1, integration over R? yields

Ol Druns1]2z + 20| VARun41]122 = 2 [g2 DkG1(un, hn)Dytin 11 dz,
atHAkhn_A,_l”%g — 2 fRz Ak(uthn+1)Akhn+1dSU = 2 fRQ AkGQ(’LLn, hn)AkhTH_]_d.’E

By using Lemma 2.1, Lemma 2.2 (a) and hypotheses on (u,, h,,), We obtain

at”Akun-i-IH%Z + 2V||Ak(Vun+1)H%2 < Cod%Z_zk(s+2)

X (|l o2 [Vt | gs+2 + Vi@ (lunsr | zsv2 + |Vt || gs+2)), (3.4)
O Dkhps1 |32 < Cod32~2k(s+2)
X(lunllgs+2llhng 132 + @+ [hnll o) [ Vun| sz ns || go+2), (3.5)
where
3
Vi) = IO ov2 @ o2+ [ (@]l gros2) + lun (@) 3o < FEF.

Multiplying both sides of (3.4) and (3.5) by 22k(s+2) and taking the sum over k gives respec-
tively

Onllttn 1 3yes + VIVt 1|3 < It 1| 3yesa + 2C3 B,
VE2 5C2E?
8tth+1||Hs+2 >~ 4E2 ”VUTL||H9+2 Z/E2 ||hn+1||H€+2
Taking integration from 0 to ¢ yields
i1 Oz + v g t—THVunH(T)||§{s+2dT < Nt Q) esaet + te'2GBlv

1 ()| < e!5COETY B2 (th+1<0)lle+2+4Ez Jo IV (@) 3esadt’).



By the definition of (w1, hnt1)|t=0 We kno

Hun+1(0)HH5+2 < HUOHHS

Thus, the choose of T give that

Hun—i—l(t)H%oo([o’TlLHerQ) + V”VU”“Fl(T)H
||hn+1(t)H%oo([o,Tl},HSH) =

We have proved the proposition 3.1.

Convergence for small norm

Proposition 3.2 Let (ug(x), ho(z)) € H*T?(R?) for s >
exists a positive time T5(< T1) which independent of n,
Cauchy sequence in X([0,T5],s + 1, Ey, E») if s # 1, an
1>e>0ifs=1.

Proof : From the equations(3.1) and (3.2), we have

at(un—‘rl - un) - VA(UTL—"-I - u'rL)
O¢(hpy1 — hn) + upV(hpy1 — hy)

where

571F3=;ﬂ%;thvxun—zm_9 1
g, Ve = )V + (5 — 57,7V
*unv(un - unfl) - (un - unfl)vunfl + v(hn

23‘)21 JJ = (un - un—l)Vh'rL + (1 + hn)div(un -

As in the proofs of proposition 3.1, applying the operator
multiplying the first by Ay (u,+1 — u,), and the second
over R2, we obtain

O Dk (ung1 — un) |22 + 20]| D (tn g1 — v
|| Dk (hng1 — B3 = 2?:1 R AVESTAY

Below we only consider the case of 0 < s <
2.3 and the fact of ||u,(t)|| gs+1 < E7 and ||h,(t
@

=l gt R — )| g
ln = tnsy| g n=huslg,
lunsr — b g Gt bl a0t

Hun — Un~ ||H



atth—i-l - hnH?;[erl S A%||hn+l - hn”?{erl

E2 vE2 (3.9)
+ﬁ”“ﬂ - “n—IH%{sH + ﬁ”v(un - Un—1)||2Hs+1 + ||y — hn—l”%{sﬂa
o E2
where A3 = 4A42%(1 + )
We prove now that there exist a positive time T5(< T1), such that for any n
|un — un—1l| Lo (0,15, 11541y F VIV (Un — un—1)l| L2 (0,15, 1r541) < EA 27T, ©,)
n

[hn = Bn—1l Lo (o, 1) 51y < E227".

We will prove (C),,) by induction on n. In fact, it is easy to see that (C7) is valid if Ty, < T3.
We suppose now that (C,,) is holds and prove that (C,, ;1) is valid by using the estimations
(3.8) and (3.9). Taking integration from 0 to ¢ on both side of (3.8), we deduce

[ (un+1 — un)(t)”%{sﬂ + Vj(f et_t/!v(umrl - Un)(t/)HJQL[stt/
A _
< etH(un-l—l - un)(O)H?{sH + tetTO(E% + E22)2 .,

If o = min{Ty,v(6A2)~} and t < T3, we have e < 3/27tet2A7% < 3/2, we have also
1
[ ng1 — wn) )| o1 < 27 VA, L1ug|| gore < §E12_(n+1)-

Using (C},), we obtain

1 = wnd | Foo (0150 541y + VIV @t = wn) 1720 1), o1y < E727200. (3.10)

Taking integration from 0 to ¢ on both side of (3.9), and using ((C,,), we deduce

||(~hn+1 - hn)(t)”?—]sﬂ .
< M (1 — h)(0)||3es + 2t 5P EZ2720,

Finally if 7, = min{T},v(6A42)~!, A;%} and t < Ty, we obtain
(i1 = Bl F oo o1y < E527200HD, (3.11)

Proposition 3.2 is proved now with T, = O(E; 12 ES).

Regularity and uniqueness of solutions

From the Proposition 3.2, the approximative sequence (uy, h,) of problems (3.1)-(3.3) is
a Cauchy sequence in X([0,T5],s + 1, Fq1, E5) with s > 0. So that the limiter (u,h) is a
solution of Cauchy problem (1.1)-(1.3). From the Proposition 3.1, this sequence is bounded
in X([0,T],s + 2, B, E»), so that it is also the Cauchy sequence in X ([0, T3], s’ + 2, E, E»)
for all s’ < s by interpolation, and the limiter is in X' ([0, 5], s+2, E1, E»). So we have proved
the existence of solution for Theorem 3.1.

The proofs of uniqueness of solution is similar with the proofs for the convergence of
approximative sequence. In fact, we consider

O (u —v) —vA(u—v) = Gi(u, h) — Gi(v, 9), (3.12)
O (h —g) —uV(h —g) = (u —v)Vg + Ga(u, h) — Ga(v, 9), (3.13)



with initial data u(x,0) = v(z,0) = uo(z) € H**? and h(zx,0) = g(x,0) = ho(z) € H*2.
As in the proofs of Proposition 3.2, we obtain that

[(u — U)HQLOO([O’TQ]’HS-H) + | V(u— U)||%2([0’T2]7Hs+1)
S ZH(U - U)(O)H%{ﬁLl + %G(HU - UH%"O([O,TQLHSJA) (314)

+|h - 9”%00([07T2],Hs+1) +vfu— UH%?([()’TQLHsH)),
and

(g — W)D1Fe0r < 2[[(h — 9)O)[[3:42

3.15
s (U= 12 e o gy + 1 — 912 o gy ery + Ve = 0oy ey )

Which give the uniqueness of solution.

4 The global existence for small initial data

We prove firstly a priori estimates for local solutions.

Theorem 4.1 (a priori estimate) Suppose that the problem (1.1)-(1.3) has a solution (u, k) €
L*([0, 7], H**Y), Vu € L2([0,T], H*T'(R?)) for some T > 0 with initial data ug,hg €
H*TY(R?),s > 0, and

N(T) = ([ullfoo oz a1y + 1Pl oo o7 0501) * VIV 20 9804102 < Eo.

Then there exist positive constants £ and Cy with eC; < Ey, which are independent of T such
that, if N(T) < ¢, then
N(T) < C1N(0). 4.1)

A combination of local existence theorem 3.1 and above a priori estimate give the following
theorem.

Theorem 4.2 Suppose that ug, hg € H5T2(R?),s > 0. Then there exists ¢ > 0 such that if
woll grs+2 + ||holl rs+2 < e,

then the Cauchy problems (3.1)-(3.1) has a unique global solution (u, h) € L>®([0, +oo[, H*T2(R?)), Vu €
L*([0, oo, H*T*(R?)).

For the proof of this theorem see for example Sundbye [11].

Remark: We get the global solution with index s+2, since we have only the local solution
with index s + 2 in theorem 3.1. But we have proved the a priori estimate for small index
s+ 1, so if we can get the local solution for s + 1, we get also the global solution for small
index s + 1.

We prove now the theorem 4.1. We linearize the equations (1.1) and (1.2) on (h,u) = (1,0)
as following

(4.2)

ur —vAu+Vh = Hy,
h; + divu = Hs,



where

Hy = lJ%}LVhVu —(u- V)u,
Hy = —div(hu),

In the following, we will estimate (u, h) under the a priori assumption

N(T) = (7l oo 0,77, m151) + 1l Zoe 0,77, 211y < G0 (4.3)

where s > 0 and 0 < §g << 1.

Applying the operator A, on (4.2), and multiplying first equation of (4.2) by Ax(u —
Au + A\Vh), second equation by Ay (h — AR), then summing them and integrating over R?
yields

3O (lwellz + [1kl30) + vl Vurll7z + vl AugllFz + N[ Vi 12
= ng (AL F1AL(u — Au+ AVR) + A Fs A (h — Ah))dz (4.4)
-2 ng (8tuthk - I/Authk)da;,

where 0 < A << 1, up = Agu, hy, = Agh.

High vertical frequencies estimates

Now we will give some estimates to the right hand of (4.4) for the case of high wvertical
frequencies. That means for certain M big enough, we study (4.4) for k > M. By lemma 2.4
we have

| Jre Dk(15 VAV W)y dz|
< CodzZ—kaHuHHs(l + HhHHsﬂ)(HAuH%{S + ”Vh”%s) (4.5)

Similar we have

| Jr2 Di( VAVU) Auyd|
< Codp2™ || Vh| s (L+ ||l s [ Al 3o, (4.6)

and
Al Jre Dk (135 VAV u) Vhyda|

4.7
< COAE2 | Vh|| g (L + [ et )| Al + [VRIZ2). (47)

We have also

| frz Dk ((u - V)u) Augdzl,

(| [gz k(T Vu + Ty u) Aug, + R(u, Vu) Augdz|

Z|q,k|§Nl(| Jrz D (SquVug) Augdx| + | [gr2 Di(Se(Vu)ug) Augdr|
+ 2 gk N je{-1,01} | Jr2 Du(ugVug—;) Auyda|
Codi2 s ({lull | Al + [Vl [Vl | Sul 22)

Codi 272" ||ul| gros1 || V|| Fpesa-

IA I

ININ

Similarly
Al frz D ((u - V) Vhyda]
< CoAdZ2 M |full o (I VullFpass + [IVAIIZ)-

Since || fqllzs < ||V fqllms for ¢ > 0, we can obtain that

| /RQ A ((u - VYuyugdz| < Cdi2™ > |[ull = [|Vul s,
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and
|fR2 dIVAk(uh)hkd$| = |fR2 Ak(uh)thd:d

< Cd27?M(|lull gz + [Pl 2)(IVullZs + IVA[IZ:)-

By lemma 2.5, we have
| /R A (div(h) Ahydz| < Cdi2 ||V (| VAl + [Vl o).
It is easy to see

Ay[/m NV hpdz| < CAvd22-25 (| A%y + ]|V ).

Noting
/ (8tuk)(th)dx = 8t/ uthkda: —/ ukat(th)da:,
R2 R2 R2
we have
Al Jgz uk0:(Vhy)dx|
< CAGR27 (|| Va3 + (Rl s + [l o)V ullFre + [[VA][F:))-
and

A S8 0, (fpz ue Vhgdz)dr|
< CAZ2725([|u®) || = || VR | s + [[w(O) || s | VR(O) || 1)

Multiplying inequality (4.4) by 2%%s and integrating over (0, t), we obtain

lur @301 + [PE@N o1 + JoWIVur( 1 + AV i) )dr

< CA([[u(Q) 3211 + A0 3o1:) + CAvd [ |Vul%uss + || VAI|3.)dr
+Cdi(HhHL°°([O,T],HS+1) + ||h”%oo([o7TLHs+1) + ||U”L°°([O,T},HS+1) + ||U”%oo([o,T},Hs+1))

X JoUIVull3en + (IVR|F)dr + CAR([u@) I + [P F041)- “s)

Low vertical frequencies estimates

Now we will consider the low vertical frequencies. Denoting Syr = >, Dk, and applying
the operator Sy, on (4.2), and multiplying first equation of (4.2) by Si(u + AVh), second
equation by Sk, then summing them and integrating over R? yields

30 Sarul 72 + 1Skl 72) + vIIVSarullZ. + N[V Sarhl7
= Jre(Su(F)Sar(u + AVh) + Sar(F2)Sarh)da (4.9)
—-A fRz (3tSMUVSMh — Z/ASMUVSMh)dl‘,

where 0 < A << 1. As in the proofs of (4.8), we will give some estimates to the right hand
of (4.9). It is easy to see that

1
1+h

Vh
[, Sulyr VadSaruda] < Cll oI 9hl c2lfull= [ V]2
R2 1+h

and
Al Jre Su(£55 Vu — (u - V)u) S (Vh)dz|
< CMl gz Il IVAIZ IV oo + [l oo [ Vul| L2 [ VA £2)-

11



Using the estimates (2.2), we have
[, SurtCa- Vy)Sasuda| < Cllulds|Vulze < Cllulla[Vula,

and
| Jre Snm(div(uh))Snrhdz| < Cllull gz 1Bl g2 IV A L2
< C(llullg2 + [|h]l L2)(IVull22 + [[VA]3,).

Note that ||Sy Aullr2 < 2M | Sy Va2, we have
'A”/Rz Sar (L) Sar(Vh)da| < Chv(e [ Vul2z + 2| Vh|22).

As in the above proofs, we have
Al frz SuuSa (@ (Vh))da| < CA([A] g2 + [l L) Vull7. + [ VA]Z2)
+OMe™ [ VullZ + €[ VA[|72),
and .

N [0 [ SaruSa(Thdadr] < CAul 2 [ Thl2 + 1012 VA 2).
Integrating both side of (4.9) over (0,t), and summing above estimates to the right hand of
(4.9), we have

(ISnrull7z + 1Sah]172) + oIV Sarullfz + N[V Sarhl[72)dr

< Cllullposorme+1y * 1Bl Lo oy, ms+1)) Jo UV ul|3e + [ VR|[3.)dr
+CA(lu@®) |22 + [[VA@®)]122) + C([u(0)[|2 + [[VA(0)]]32)
+C\ [5(e7Y|Vu|2, + || VA|2,)dr.

Since ||Sas fllzs < 2M#||Sas £ 2, we can write

(SarullFross + 1Sl 3e1) + foUIVSaru|Fpen + MV Sarh|p)dr

< Clullpos oy me+ry * 10l oo oy, ms41)) Jo UV ul2peen + VR0 dT
+COM([[u@®) 77 + [VR@)I37:) + C([[u(0)[[7: + [VR(0)]|F:)
+A Jo eIV ulFs + e[| VA3 )dr.
Thus we obtain from (4.8) and above inequality
w1301 + 1RO Fo1 + Jo (V@30 + MIVRE) |1 Fe)dr
< C(HhHLOO([O,T},HSH) + ||“||L°°([0,T],HS+1) + ||h||%oo([g,T],Hs+1) + HUH%m([o,T],HsH))
< oV ulfy o + (VR + CQu(Q) s + [0 1)
+CAu(® s + 1ONFe0) + CN [ [ Vulln + £l V2|3 )dr

Taking e and A small enough, such that Ce = 5 and Cle 1l = %, we get

w22 + 1RO e + fo @IV Zeir + M VA3 )dr
< C(||h||L°°([0,T],HS+1) + HhH%oo([o,T],HsH) + HU||L°°([O,T],HS+1) + HU‘|%oo([o,T]7Hs+1))
% o Vullpin + MVA[3)dr + CLu0)[3er + [7O)2s).

For fixed ), taking dg small enough, such that C'§y < %min{l, A}, we obtain

lu@[3e1 + 1RO 1 + [o@IVa@ s + N VR )dr
< O(u@)[Fosr + 172(0)1Fs)-

Which prove the theorem 4.1
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5 Losing energy estimates

We prove now the losing energy estimates of the section 2, the proofs in this section are
technique.

Lemma 5.1 Let 7 > 1 and -1 < k < +oo, then there exists C > 0 such that for all
v,Vv,g,Vg € H™, we have

[, D1V Bigdal < Ca2-7 ol gy,

with {dk} € ¢? and H{dk}Hﬁ <1
Proof. By the paraproduct calculation, we have

Jr2 Dk (V) ALgdr = [g2 Dp(Tvgv)Argdr + [g2 Dp(T,V g)Argda
+fR2 AkR(U, Vg)Akgd:E =1+ 1)+ Is.

Then there exists N7 > 0 such that for any fixed M > N; and k& > M,
L] < X mki<m 1SV L 1DV L2 [| Ak gl 22
< Ylgmriem 18agll e 18g(VO) | 2 1Bkl 2 < Cdz272M || gl Fr 0] e+

Here we have used Sobolev inequality for ||g||z~ since 7 > 1. For k < M, by using
Plg—kl<ny 154(V) L < C2M|\g|| L, we can get the same results.
For the term I, since we want pass the operator V from g to v, we rewrite

Iy =3 k< Jr2 Dk(SqvDg(V9))Axgdx
= 3 g—kl<ny Ur2[Dk: SgulD(V 9) Ay gda
+ [r2(Sq — S)vALA(V9)Argdr) + [r2 kvl (V9)Argdz).

Note that the operator A, are convolution operators in R?, so
[Dr, SulA(Vg) = 2% /R L (Squ(@) = Squ(y)) f "z — )L (V9)()dy,
where f(x) = (F 'p)(z). Using the fact |¢ — k| < N; and Hausdor [=¥ang inequality, we

have
Dlg—kl<ny 1[D%; SgulDg (V)| L2
< O jgmben 2251V (Sq) e 277125 ) f @) 11 1D (V )| 2
< Cdp2 7|Vl o< || gl o

Similar calculus for the other terms, we get
|I2| < Cdi27 ||Vl - |91 -
Finally, for I3, there exists N; > 0 such that

3] < Xgmh-Noje{-1,01} | Jrz Dk(BqvDg—;(Vg)) Ay gdz|
< CX sk, 1] 2| B (V) || Lo | Dk gll L2
< Cdrp2™ 2 (C sk ny 2T 0]l e |91

Denote dj, = (X >x_n, dg2~979)7), then {d},} € (*> since ¢ > k and 7 > 1. For convenience
sake, we also denote d). by dj below. Thus

[I3] < Cdi2™ ol s |9 -

The lemma 5.1 is proved.
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Lemma 5.2 () Let 7 > 2 and —1 < k < +oo, then there exists C' > 0 such that for all
frv,9,u, Vu € H™, we have

Joo

with {dy} € ¢2, where

22 T Ho @z vl e @+ gl i)l g1,

Ho(g) =1+ |1+ g) "z + Bo(llgll ),

and By is the function give in (2.1). (b) Let 1 < 7 <2 and —1 < k < +00, then there exists
C > 0 such that for all f, g,u, Vu,v, Vv € H™, we have

| Jr2 Ak( Vv)Akudx]
< Cdi2- szHo(g)”fHHT(l"' gl z7)Ux(u, v),

with {d;} € ¢2, where
Ur(u,v) =2 [[Vol|poe lull v + [Vl (IVull g2+ [Jul| 7).

Proof. (a) As the proof of Lemma 5.1, we have

Vf

+
R(1+g

, Vo)) Agudz.

/ Ak( Vf VU)Ak’LLd:L' = Ak(TVf Vv + Ty, Vf
R2 1+ g

149 1
For &k > M, we have
| Jre Ak(T%Vv)Akud:r! < Ylg—kl<M ||1+9HLoo||A (V)| 2 (| Akl 22

< Slgonen 155 129 Bgv] 227 Ak V| 2
< Cd2 2’”||1+gum||f|rmu oll e |Vl g

YA



(b) Firstly, we write
| Jrz O(TE Vo) Drudz| < | [ge Ak(Tvu V) Agudz|
+ | [ge Dr(Tvy 1+9)AkUde| +| g2 AkR(HZ , VINAudz|,
The estimation for the first term and the third term is easy, so we discuss only the second
term, we consider also two cas, if £ > M, we have
Vo
e LT D DR EX A P N S e
R 1+yg lo—HI<Ny

Since 1 < 7 < 2, we have

1Se(V Al < 30 2P0l < €272 £ g,
p<q+2

and
<IIWIIHT(1+II7IIHT)<HWHHT(1+H( )HL gl 7)),

one has
\/ A (T w )Akuda:\ < Cdi27 > Ho(9) (A + gl a1 f | 1V o)l | V]| 1.

If £ < M, itis easy to see that

[ AT ) | < Cd2™ Ho(a)+ gl 90l -
The lemma is proved.

Lemma 5.3 (a) Let 7 > 2 and —1 < k < +o0, then there exists C' > 0 such that for all
f,U,U,VU,gl,QQ S HT, we have

| e D o5ty VI V) Dguda

< Cdp27 Hi(g1, )| e Wl e llgr = g2ll i (IVull e + lullz-),
with {d;} € ¢2, and

Hi(g1,92) = (A+ 11+ g) [ Tellgrllar)A + 12+ g2) " I7e< g2l m-)
@+ ) T 1A+ g2) e

() Let 1 < 7 < 2and -1 < k < +oo, then there exists C > 0 such that for all
f,v, 91,92, u, Vu,v, Vo € H™ ,we have

| fR2 AV (% Vva)Akudx\

< Cd227* Hi(g1, 9)|I f | i~ llg1 — 92l = Ur (u, v),

with {dy} € 2, and U, (u,v) as in Lemma 5.2, (b).
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The proof of this lemma is similar to Lemma 5.2, just remark that if F; = ngj,ﬁj =

1?% (j =1,2), we have

— 91 — 92 _ _ — _ o e
F= T (91 — 92)F1F5 = (g1 — 92)(1 — F — Fo + F1 FY).

And we have the following estimates

[Fllzee < Cligr — gallzee | Fyll oo || F2l| Loe
18gF|l 2 < Cdz24||gy — goll e (1 + | Fr[[Zoe lon | ) (A + [ B2l T oc g2l 7).

Below we will consider the losing energy estimate for the case of high vertical frequencies,
i. e., k> M. Here, we assume that M > Ny + Ns.

Lemma 5.4 Let 7 > 0 and M < k < oo, then there exists C > 0 such that for all
g,u,v,Vg,Vu € H”, we have

| Jrz D (135 VRV U) Avdzl
< Cdz277 Ho(h)(L + ||l )| Al e | VR e 0] 17

with {dk} e 2.
The proof of this lemma is similar with lemma 5.2 and the following lemma.

Lemma 5.5 Let 7 > 0 and M < k < oo, then there exists C > 0 such that for all g € H™*!
and u € H™+2, we have

| fre Au(div(hu)) A(D ) dz]
< CdR2 || VA = (| VAl + [ VullZm),

with {dx} € 12.
Proof. Firstly we write

| fR2 A (div(hu)) A(ARh)dz|
< | fre DR(VAAivi) A (VR)d| + | 2 Dr(AV (divu) Ay (Vh)dz|
+| Jre Dk (uVh)A(Ah)da|.

It is easy to estimate the first and the second terms by
Cdp 27" (| Vull || VR + IV 2| Aull s [ VA 7).
for the third term, since we can’t control Ah, we first need to write

Jr2 Dk (Tu V)AL (AR)dz = 3 ki< Ny Jrz Dr(SquVh)Ar(Ah)dz
ig—kj<n Jr2 ((SqudpDg(VR)) + [Dy, SqulDg(VR) AR (AR)dzx

= Xjg—kl<n, Jr2((Sq — S)ulLDG(VE) + [Ag, SqulDg(VR)) Ay (Ah)dx
+ fRQ SruV(ARR)A(ALh)dr = Ky + Ko + K.

Since (S; — Sk)u = — > cpci1 Dpti,

K1 < O3, [Bpull = [[VARA] 2] AAk | 2

Cdi2* || Al | VA 2 [ VI -

IAIN
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As the proof of lemma 5.1, we have
Ky < Cdz272%|| V| oo | VA%~
Using the following calculus
1 ;
[ SV @A@Y = [ GAVS)I V@ = 30 05(5u )0k, )i,
. r

we get immediately
Ky < Cdi27*M | Vul| oo ||V |-

The Lemma has been proved.
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