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1 Introduction

We consider in this work the Cauchy problems for viscous shallow water equations as
follows:

h(ut + (u · ∇)u)− ν∇ · (h∇u) + h∇h = 0, (1.1)
ht + div(hu) = 0, (1.2)

u|t=0 = u0, h|t=0 = h0; (1.3)

where h(x, t) is the height of fluid surface, u(x, t) = (u1(x, t), u2(x, t))t is the horizontal
velocity field, x = (x1, x2) ∈ R2, and 0 < ν < 1 is the viscous coefficients.

The equations form a quasi-linear hyperbolic-parabolic system. For the initial data h0(x),
we suppose that it is a small perturbation of some positive constant h̄0. We study the Cauchy
problem (1.1)-(1.3) in the Sobolev function space.

The main theorems of this paper is :

Theorem 1.1 Let s > 0, u0, h0− h̄0 ∈ H2+s(R2), ‖h0− h̄0‖H2+s << h̄0. Then there exists a
positive time T , an unique solution (u, h) of Cauchy problem (1.1)-(1.3) such that

u, h− h̄0 ∈ L∞([0, T ]; H2+s), ∇u ∈ L2([0, T ]; H2+s).
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Furthermore, there exists a constant c such that if ‖h0 − h̄0‖H2+s + ‖u0‖H2+s ≤ c, then we
can choose T = +∞.

The local existence and uniqueness of classical solutions to the Cauchy-Dirichlet problem
for the shallow water equations using Lagrangian coordinates and Hölder space estimates with
initial data in C2+α was studied in [2]. Kloeden [5] and Sundbye [10] proved global existence
and uniqueness of classical solutions to the Cauchy-Dirichlet problem using Sobolev space
estimates by following the energy method of Matsumura and Nisshida [7, 8, 9]. Sundbye
[11] proved also the existence and uniqueness of classical solutions to the Cauchy problem
using method of [7, 8, 9]. But all of those results consider only the problems for small initial
date. In general, the problems of existence of solutions for large initial date is difficult, since
there are stronger non-linearization than small initial date. We use the Littlewood-Paley
decomposition theory (see [1, 3]) for Sobolev space to obtain the losing energy estimates
in Hs+2 for any s > 0, and we get the local existence of solution for all size initial data.
Moreover, we also improve the global existence of solution and regularity for small initial
date. Basing the result of global existence, we can give some decay estimate as in [6, 12] by
the method of Green function. For brevity, we left it to the future.

The structure of the paper is the following:

1. In the second section we recall Littlewood-Paley theory for Sobolev space.

2. In section 3, we prove the first part of main theorem : local existence of solution for all
size initial date.

3. In section 4, we prove the global existence of solution for small initial data.

4. Finally in section 5, we prove the losing energy estimates for nonolinear terms.

2 Littlewood-Paley theory

Let us recall the Sobolev space defined by Littlewood-Paley theory (see J.-M. Bony [1] and
J.-Y. Chemin [3]). There exist the functions ϕ and ψ in C∞

0 (Rd) with respectively in a fixed
ring of Rd far from the origin C = {ξ; 5/6 ≤ |ξ| ≤ 12/5}, and in a fixed ball containing the
origin B = {|ξ| ≤ 2}, such that

∀ξ ∈ Rd \ {0},
∑

j∈Z

ϕ(2−jξ) = 1 and ∀ξ ∈ Rd, ψ(ξ) +
∑

j∈N

ϕ(2−jξ) = 1.

Let us note that if |j− j′| ≥ 2, then suppϕ(2−j ·)∩ suppϕ(2−j′ ·) = ∅. We define the following
operators of localization in Fourier space

∆̇ju = F−1(ϕ(2−j ·)û(·)) = 2jd
∫

Rd
f(2jy)u(x− y)dy, for j ∈ Z,

and
∆−1u = F−1(ψ(·)û(·)), ∆j = ∆̇j , for j ∈ N,

where û denote the Fourier transformation of u, and f = F−1(ϕ). So that for u ∈ S ′, we
have that ∆ju, ∆−1u ∈ C∞ ∩ L2. Then the Sobolev space con be defined as following, for
s ∈ R,

Hs(R2) = {u ∈ S ′(R2); ‖u‖2
Hs =

∞∑

j=−1

22js‖∆ju‖2
L2 < +∞}.
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In the low vertical frequencies estimates, we have to use the homogeneous Sobolev spaces,

Ḣs(R2) = {u ∈ S ′(R2); ‖u‖2
Ḣs =

∑

j∈Z

22js‖∆̇ju‖2
L2 < +∞}.

For d = 2, we have that H2+s(R2) ⊂ L∞(R2) for any s > −1, and

‖f‖L∞(R2) ≤ Cs‖f‖H2+s(R2),

Cs is the so-called Sobolev constant in R2. We have also that, for any q ≥ 0,

‖∆qf‖L∞ ≤ C‖∇(∆qf)‖L2 ,

and
‖∆qf‖L2 ≤ C2−q‖∇(∆qf)‖L2 .

We set Sq(u) =
∑
−1≤p≤q−2 ∆pu, then Sq : Hs → H+∞ and

∆p(Sq(u)∆qu) = 0, if |p− q| ≥ 4; and ‖Sq(∇u)‖L∞ ≤ 2q‖Squ‖L∞

For the product of two functions, we have the decomposition :

uv =
∑
q

Sq−1(u)∆qv +
∑
q

Sq−1(v)∆qu +
∑

|p−q|<2

∆pu∆qv = Tuv + Tvu + R(u, v).

Here Tu is a linear operator, and we have that :
if u ∈ L∞, then for all s ∈ R,

‖Tu‖L(Hs,Hs) ≤ C‖u‖L∞ ;

if u ∈ Hτ , τ < d/2, then for all s ∈ R,

‖Tu‖L(Hs,Hs+τ−d/2) ≤ C‖u‖Hτ ;

if u ∈ Hs1 , v ∈ Hs2 , s1 + s2 − d/2 > 0, then

‖R(u, v)‖Hs1+s2−d/2 ≤ C‖u‖Hs1‖v‖Hs2 .

For the nonlinear composition, we have that, for F ∈ C∞(I) such that F (0) = 0, u ∈
Hτ (R2), τ > 1 with u(x) ∈ I for all x ∈ R2. Then there exists a function of one variable B0

depending only on τ, F, I such that

‖F (u)‖Hτ ≤ B0(‖u‖L∞)‖u‖Hτ . (2.1)

In our equation, we have the products of 3 functions, so that we need the following precise
estimates :

|(ab, c)L2 | ≤ C‖a‖L∞‖b‖L2‖c‖L2 ,
|(ab, c)L2 | ≤ C‖a‖Ḣ1/2‖b‖L2‖c‖Ḣ1/2 ,
‖a‖2

Ḣ1/2 ≤ ‖a‖L2‖∇a‖L2 .
(2.2)

For the detail of those results, we send to the reference [3].
In the prove of main theorem, we need to estimate the nonlinear term in the equations,

this is so-called “Losing energy estimates”

3



Lemma 2.1 Let τ > 1 and −1 ≤ k < +∞, then there exists C0 > 0 such that for all
v,∇v, g,∇g ∈ Hτ , we have

|
∫

R2
∆k((v · ∇)g)∆kgdx| ≤ C0d

2
k2−2kτ‖v‖Hτ+1‖g‖2

Hτ ,

with {dk} ∈ `2 and ‖{dk}‖`2 ≤ 1.

Lemma 2.2 (a) Let τ > 2 and −1 ≤ k < +∞, then there exists C0 > 0 such that for all
f, v, g, u,∇u ∈ Hτ , with ‖g‖L∞ ≤ 1/4, we have

|
∫

R2
∆k(

∇f

1 + g
∇v)∆kudx| ≤ C0d

2
k2−2kτ‖f‖Hτ ‖v‖Hτ (1 + ‖g‖Hτ )‖u‖Hτ+1 ,

where ‖{dk}‖`2 ≤ 1.
(b) Let 1 < τ < 2 and −1 ≤ k < +∞, then there exists C0 > 0 such that for all

f, g, u,∇u, v,∇v ∈ Hτ , with ‖g‖L∞ ≤ 1/4, we have

|
∫

R2
∆k(

∇f

1 + g
∇v)∆kudx| ≤ C0d

2
k2−2kτ‖f‖Hτ (1 + ‖g‖Hτ )Uτ (u, v),

with ‖{dk}‖`2 ≤ 1, and

Uτ (u, v) =: ‖∇v‖L∞‖u‖Hτ+1 + ‖∇v‖Hτ (‖∇u‖H1 + ‖u‖Hτ ).

Lemma 2.3 (a) Let τ > 2 and −1 ≤ k < +∞, then there exists C0 > 0 such that for all
f, v, u,∇u, g1, g2 ∈ Hτ , with ‖g1‖L∞ , ‖g2‖L∞ ≤ 1/4, we have

| ∫R2 ∆k( (g1−g2)
(1+g1)(1+g2)∇f∇v)∆kudx|

≤ C0d
2
k2−2kτ‖f‖Hτ ‖v‖Hτ ‖g1 − g2‖Hτ ‖u‖Hτ+1 ,

with ‖{dk}‖`2 ≤ 1.
(b) Let 1 < τ < 2 and −1 ≤ k < +∞, then there exists C0 > 0 such that for all

f, v, g1, g2, u,∇u, v,∇v ∈ Hτ , with ‖g1‖L∞ , ‖g2‖L∞ ≤ 1/4, we have

| ∫R2 ∆k( (g1−g2)
(1+g1)(1+g2)∇f∇v)∆kudx|

≤ C0d
2
k2−2kτ‖f‖Hτ ‖g1 − g2‖Hτ Uτ (u, v),

with ‖{dk}‖`2 ≤ 1, and Uτ (u, v) is as in Lemma 2.2, (b).

In the proofs of existence of global solutions, we need the following high vertical frequencies
estimates.

Lemma 2.4 Let τ > 0, then there exists M > 0, C0 > 0 such that for all h, u, v,∇h,∇u ∈
Hτ ,M ≤ k < +∞, with ‖h‖L∞ ≤ 1/4, we have

| ∫R2 ∆k( 1
1+h∇h∇u)∆kvdx|

≤ C0d
2
k2−2kτ (1 + ‖h‖Hτ+1)‖4u‖Hτ ‖∇h‖Hτ ‖v‖Hτ ,

with ‖{dk}‖`2 ≤ 1.

Lemma 2.5 Let τ > 0, then there exists M > 0, C0 > 0 such that for all h ∈ Hτ+1 with
‖h‖L∞ ≤ 1/4, and u ∈ Hτ+2,M ≤ k < +∞, we have

| ∫R2 ∆k(div(hu))∆k(∆h)dx|
≤ C0d

2
k2−2kτ‖∇h‖Hτ (‖∇h‖2

Hτ + ‖∇u‖2
Hτ+1),

with ‖{dk}‖`2 ≤ 1.

We will prove this five lemmas in the last section.
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3 The local existence of solution

In order to study the local existence of solution, we define the function set, (f, g) ∈
X ([t1, t2], σ, E1, E2) if (f, g) ∈ L∞([t1, t2], Hσ(R2)),∇f ∈ L2([t1, t2], Hσ(R2)) and

‖f‖2
L∞([t1,t2],Hσ(R2)) + ν‖∇f‖2

L2([t1,t2],Hσ(R2)) ≤ E2
1

‖g‖L∞([t1,t2],Hσ(R2)) ≤ E2.

The main result of this section is the following local existence theorem for any initial data :

Theorem 3.1 Let s > 0, (u0, h0 − h̄0) ∈ Hs+2(R2) with ‖h0 − h̄0‖H2+s ≤ h̄0
4Cs

, then there
exist a positive time T and a solution

(u, h− h̄0) ∈ X ([0, T ], s + 2, E1, E2)

for the Cauchy problem (1.1)-(1.3). Here E1 = 2‖u0‖Hs+2 , E2 = 2‖h0 − h̄0‖Hs+2, and Cs is
the Sobolev constant.

For convenience sake, we take h̄0 = 1. Substitute h by 1 + h in (1.1)-(1.3), we have

ut + (u · ∇)u− ν∇·((1+h)∇u)
1+h +∇h = 0,

ht + divu + div(hu) = 0,

u(x, 0) = u0(x), h(x, 0) = h0(x).

We suppose now h0 ∈ Hs+2(R2), ‖h0‖H2+s ≤ 1
4Cs

, and E1 = 2‖u0‖Hs+2 , E2 = 2‖h0‖Hs+2 .
The proof of Theorem 3.1 involves the method of successive approximations. We define

the sequence {un, hn} by following linear systems:

(u1, h1) = S2(u0, h0),
∂tun+1 − ν4un+1 = G1(un, hn), (3.1)
∂thn+1 + un∇hn+1 = G2(un, hn), (3.2)
(un+1, hn+1)|t=0 = Sn+2(u0, h0), (3.3)

where
G1(un, hn) = ν

1+hn
∇hn∇un − un∇un +∇hn

G2(un, hn) = −(1 + hn)divun.

Since Sq are smooth operators, the initial data Sn+2(u0, h0) are smooth functions. If
(un, hn) ∈ X ([0, T ], s + 2, E1, E2) and smooth, we have

‖hn‖L∞ ≤ Cs‖hn‖H2+s ≤ CsE2 = 2Cs‖h0‖H2+s ≤ 2Cs

4Cs
≤ 1

2
,

then G1(un, hn) and G2(un, hn) are also smooths functions. Note that (3.1) is heat equations
for un+1, (3.2) is transport equation for hn+1, then the existence of the smooth solutions for
the Cauchy problems (3.1)-(3.3) is evident. We denote by Pn the application from (un, hn)
to (un+1, hn+1) the solution of problem (3.1)-(3.3).

Now the proof of theorem 3.1 is in two steps : “Estimation for big norms” and “conver-
gence for small norms”.
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Estimation for big norms

Proposition 3.1 Suppose that (u0, h0) ∈ Hs+2(R2) for s > 0 and ‖h0‖Hs+2 ≤ 1
4Cs

, then
there exists a positive time T1 such that for any n ∈ N, Pn is an application from X ([0, T1], s+
2, E1, E2) to X ([0, T1], s + 2, E1, E2) for E1 = 2‖u0‖Hs+2 , E2 = 2‖h0‖Hs+2.

Proof : For convenience sake, we suppose that 1 ≤ E1 (the proof for E1 < 1 is easy), and
remark that 0 < E2 < 1, 0 < ν < 1. We take now

T1 = min{(12
5

K)−2,
νE2

2

16C2
0E4

1

},

where K = ‖F−1(ϕ)‖L1 . We prove the proposition by induction. Firstly, (u1, h1) =
S2(u0, h0), then

‖u1‖Hs+2 ≤ ‖u0‖Hs+2 , ‖h1‖Hs+2 ≤ ‖h0‖Hs+2 ,

ν
∫ T1
0 ‖∇u1‖2

Hs+2dτ ≤ νT1(12
5 K)2‖u0‖2

Hs+2 ≤ ‖u0‖2
Hs+2 .

Thus (u1, h1) ∈ X ([0, T1], s + 2, E1, E2).
Now, we assume that (un, hn) ∈ X ([0, T1], s+2, E1, E2) is valid, and prove that Pn(un, hn) =

(un+1, hn+1) ∈ X ([0, T1], s + 2, E1, E2) is also valid.
Applying the operator ∆k to the equations (3.1), (3.2), multiplying the first by ∆kun+1,

and the second by ∆khn+1, integration over R2 yields

∂t‖∆kun+1‖2
L2 + 2ν‖∇∆kun+1‖2

L2 = 2
∫
R2 ∆kG1(un, hn)∆kun+1dx,

∂t‖∆khn+1‖2
L2 − 2

∫
R2 ∆k(un∇hn+1)∆khn+1dx = 2

∫
R2 ∆kG2(un, hn)∆khn+1dx.

By using Lemma 2.1, Lemma 2.2 (a) and hypotheses on (un, hn), we obtain

∂t‖∆kun+1‖2
L2 + 2ν‖∆k(∇un+1)‖2

L2 ≤ C0d
2
k2−2k(s+2)

×(‖hn‖Hs+2‖∇un+1‖Hs+2 + V1(t)(‖un+1‖Hs+2 + ‖∇un+1‖Hs+2)), (3.4)
∂t‖∆khn+1‖2

L2 ≤ C0d
2
k2−2k(s+2)

×(‖un‖Hs+2‖hn+1‖2
Hs+2 + (1 + ‖hn‖Hs+2)‖∇un‖Hs+2‖hn+1‖Hs+2), (3.5)

where

V1(t) = ‖hn(t)‖Hs+2‖un(t)‖Hs+2(1 + ‖hn(t)‖Hs+2) + ‖un(t)‖2
Hs+2 ≤ 3

4
E2

1 .

Multiplying both sides of (3.4) and (3.5) by 22k(s+2), and taking the sum over k gives respec-
tively

∂t‖un+1‖2
Hs+2 + ν‖∇un+1‖2

Hs+2 ≤ ‖un+1‖2
Hs+2 + 2C2

0E4
1ν−1,

∂t‖hn+1‖2
Hs+2 ≤ νE2

2

4E2
1
‖∇un‖2

Hs+2 + 5C2
0E2

1

νE2
2
‖hn+1‖2

Hs+2 .

Taking integration from 0 to t yields

‖un+1(t)‖2
Hs+2 + ν

∫ t
0 et−τ‖∇un+1(τ)‖2

Hs+2dτ ≤ ‖un+1(0)‖2
Hs+2et + tet2C2

0E4
1ν−1,

‖hn+1(t)‖2
Hs+2 ≤ et5C2

0E2
1ν−1E−2

2 (‖hn+1(0)‖2
Hs+2 + νE2

2

4E2
1

∫ t
0 ‖∇un(t′)‖2

Hs+2dt′).
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By the definition of (un+1, hn+1)|t=0 we know that

‖un+1(0)‖Hs+2 ≤ ‖u0‖Hs+2 , ‖hn+1(0)‖Hs+2 ≤ ‖h0‖Hs+2 .

Thus, the choose of T1 give that

‖un+1(t)‖2
L∞([0,T1],Hs+2) + ν‖∇un+1(τ)‖2

L2([0,T1],Hs+2) ≤ E2
1

‖hn+1(t)‖2
L∞([0,T1],Hs+2) ≤ E2

2 .

We have proved the proposition 3.1.

Convergence for small norm

Proposition 3.2 Let (u0(x), h0(x)) ∈ Hs+2(R2) for s > 0 and ‖h0‖Hs+2 ≤ 1
4Cs

, then there
exists a positive time T2(≤ T1) which independent of n, such that {(un(x, t), hn(x, t))} is a
Cauchy sequence in X ([0, T2], s + 1, E1, E2) if s 6= 1, and in X ([0, T2], 2 − ε,E1, E2) for all
1 > ε > 0 if s = 1.

Proof : From the equations(3.1) and (3.2), we have

∂t(un+1 − un)− ν4(un+1 − un) =
∑6

j=1 Fj , (3.6)

∂t(hn+1 − hn) + un∇(hn+1 − hn) =
∑3

j=1 Jj , (3.7)

where
∑6

j=1 Fj = 1
1+hn

∇hn∇(un − un−1)
+ 1

1+hn
∇(hn − hn−1)∇un−1 + ( 1

1+hn
− 1

1+hn−1
)∇hn−1∇un−1

−un∇(un − un−1)− (un − un−1)∇un−1 +∇(hn − hn−1),∑3
j=1 Jj = (un − un−1)∇hn + (1 + hn)div(un − un−1) + (hn − hn−1)divun−1.

As in the proofs of proposition 3.1, applying the operator ∆k to the equations (3.6) and (3.7),
multiplying the first by ∆k(un+1 − un), and the second by ∆k(hn+1 − hn), then integrating
over R2, we obtain

∂t‖∆k(un+1 − un)‖2
L2 + 2ν‖∆k(un+1 − un)‖2

L2 =
∑6

j=1

∫
R2 ∆kFj∆k(un+1 − un)dx,

∂t‖∆k(hn+1 − hn)‖2
L2 =

∑3
j=1

∫
R2 ∆kJj∆k(hn+1 − hn)dx.

Below we only consider the case of 0 < s < 1. By using Lemma 2.1, Lemma 2.2, Lemma
2.3 and the fact of ‖un(t)‖Hs+1 ≤ E1 and ‖hn(t)‖Hs+1 ≤ E2 when t ≤ Tdx;

@

‖un+1 − h)‖kH2+ 2t k(un+1 − un)‖kHs t ·;hn

‖un − un−)‖H
1;h n − hn−)‖HnEn

‖un+1 − h ‖H
1tk(un+1 un0‖Hx, t1(hn+1 − h)‖kH s +1≤∅ h\(hn+1 − h)‖kHn

‖un − un−)‖H
1tk(un − un−1)‖H

1;hn− hn−)‖Hn(hn+1(h)‖H1

(3610.91 Tf 177.53 Tf 13.A6 0.1 TD[(·)]TJ/18Tf 4.34 0 TD[(,)-166(h)]TJ/F111 7.97 Tf 6.3Tf 8J/F7a 8J/F722 Tta 10.917 -1.105 -1.64 T.91 Tf 8.0688F7 10.91 TA6 0.1 TD[(·)]TJ/18Tf 4.34 0 TD[(,)-166(h)]TJ/F17J/F9 4.34 0 T/.48 0 TD[(t)]TJ/F10 10.91 Tf O[(,)-166(h)]TJ/F111334(case)9 -1.78 TD[(k)]TJ/F7 10.91 Tf 2 3.75 TD[(·)]TJ/F6 10.91 Tf 41.51 0 TD[(E)]TJ/F11 1.97 Tf 8.68 3.96 TD[(2)]TJ -0.6E0.91 0 TD[(h)]TJJ/F6 4r s 6.24 -1.64 TD[(n)]TJ/F3 7.97 Tf11.51 07D[(,-7Tf 13.139.95 3.96 TD[(s)]TJ/F91 7.9.98 Tf 5)-2794s 2



∂t‖hn+1 − hn‖2
Hs+1 ≤ Ã2

0‖hn+1 − hn‖2
Hs+1

+ E2
2

4E2
1
‖un − un−1‖2

Hs+1 + νE2
2

4E2
1
‖∇(un − un−1)‖2

Hs+1 + ‖hn − hn−1‖2
Hs+1 ,

(3.9)

where Ã2
0 = 4A2

0(1 + E2
1

νE2
2
).

We prove now that there exist a positive time T2(≤ T1), such that for any n

‖un − un−1‖L∞([0,T2],Hs+1) + ν‖∇(un − un−1)‖L2([0,T2],Hs+1) ≤ E12−n,

‖hn − hn−1‖L∞([0,T2],Hs+1) ≤ E22−n.
(Cn)

We will prove (Cn) by induction on n. In fact, it is easy to see that (C1) is valid if T2 ≤ T1.
We suppose now that (Cn) is holds and prove that (Cn+1) is valid by using the estimations

(3.8) and (3.9). Taking integration from 0 to t on both side of (3.8), we deduce

‖(un+1 − un)(t)‖2
Hs+1 + ν

∫ t
0 et−t′‖∇(un+1 − un)(t′)‖2

Hs+1dt′

≤ et‖(un+1 − un)(0)‖2
Hs+1 + tet A2

0
ν (E2

1 + E2
2)2−2n.

If T2 = min{T1, ν(6A2
0)−1} and t ≤ T2, we have et ≤ 3/2, tet2A2

0
ν ≤ 3/2, we have also

‖(un+1 − un)(0)‖Hs+1 ≤ 2−(n+1)‖∆n+1u0‖Hs+2 ≤ 1
2
E12−(n+1).

Using (Cn), we obtain

‖(un+1 − un)‖2
L∞([0,T2],Hs+1) + ν‖∇(un+1 − un)‖2

L2([0,t2],Hs+1) ≤ E2
12−2(n+1). (3.10)

Taking integration from 0 to t on both side of (3.9), and using ((Cn), we deduce

‖(hn+1 − hn)(t)‖2
Hs+1

≤ eÃ2
0t‖(hn+1 − hn)(0)‖2

Hs+1 + 2teÃ2
0tE2

22−2n.

Finally if T2 = min{T1, ν(6A2
0)−1, Ã−2

0 } and t ≤ T2, we obtain

‖(hn+1 − hn)‖2
L∞([0,T2],Hs+1) ≤ E2

22−2(n+1). (3.11)

Proposition 3.2 is proved now with T2 = O(E−10
1 ν2E6

2).

Regularity and uniqueness of solutions

From the Proposition 3.2, the approximative sequence (un, hn) of problems (3.1)-(3.3) is
a Cauchy sequence in X ([0, T2], s + 1, E1, E2) with s > 0. So that the limiter (u, h) is a
solution of Cauchy problem (1.1)-(1.3). From the Proposition 3.1, this sequence is bounded
in X ([0, T1], s + 2, E1, E2), so that it is also the Cauchy sequence in X ([0, T2], s′ + 2, E1, E2)
for all s′ < s by interpolation, and the limiter is in X ([0, T2], s+2, E1, E2). So we have proved
the existence of solution for Theorem 3.1.

The proofs of uniqueness of solution is similar with the proofs for the convergence of
approximative sequence. In fact, we consider

∂t(u− v)− ν4(u− v) = G1(u, h)−G1(v, g), (3.12)
∂t(h− g)− u∇(h− g) = (u− v)∇g + G2(u, h)−G2(v, g), (3.13)

8



with initial data u(x, 0) = v(x, 0) = u0(x) ∈ Hs+2 and h(x, 0) = g(x, 0) = h0(x) ∈ Hs+2.
As in the proofs of Proposition 3.2, we obtain that

‖(u− v)‖2
L∞([0,T2],Hs+1) + ν‖∇(u− v)‖2

L2([0,T2],Hs+1)

≤ 2‖(u− v)(0)‖2
Hs+1 + 1

16(‖u− v‖2
L∞([0,T2],Hs+1)

+‖h− g‖2
L∞([0,T2],Hs+1) + ν‖u− v‖2

L2([0,T2],Hs+1)),
(3.14)

and

‖(g − h)(t)‖2
Hs+1 ≤ 2‖(h− g)(0)‖2

Hs+1

+ 1
16(‖u− v‖2

L∞([0,T2],Hs+1) + ‖h− g‖2
L∞([0,T2],Hs+1) + ν‖u− v‖2

L2([0,T2],Hs+1)).
(3.15)

Which give the uniqueness of solution.

4 The global existence for small initial data

We prove firstly a priori estimates for local solutions.

Theorem 4.1 (a priori estimate) Suppose that the problem (1.1)-(1.3) has a solution (u, h) ∈
L∞([0, T ],Hs+1),∇u ∈ L2([0, T ],Hs+1(R2)) for some T > 0 with initial data u0, h0 ∈
Hs+1(R2), s > 0, and

N(T ) = (‖u‖2
L∞([0,T ];Hs+1) + ‖h‖2

L∞([0,T ];Hs+1) + ν‖∇u‖2
L2([0,T ];Hs+1))

1/2 ≤ E0.

Then there exist positive constants ε and C1 with εC1 ≤ E0, which are independent of T such
that, if N(T ) ≤ ε, then

N(T ) ≤ C1N(0). (4.1)

A combination of local existence theorem 3.1 and above a priori estimate give the following
theorem.

Theorem 4.2 Suppose that u0, h0 ∈ Hs+2(R2), s > 0. Then there exists ε > 0 such that if

‖u0‖Hs+2 + ‖h0‖Hs+2 ≤ ε,

then the Cauchy problems (3.1)-(3.1) has a unique global solution (u, h) ∈ L∞([0, +∞[,Hs+2(R2)),∇u ∈
L2([0,∞[, Hs+2(R2)).

For the proof of this theorem see for example Sundbye [11].
Remark: We get the global solution with index s+2, since we have only the local solution

with index s + 2 in theorem 3.1. But we have proved the a priori estimate for small index
s + 1, so if we can get the local solution for s + 1, we get also the global solution for small
index s + 1.

We prove now the theorem 4.1. We linearize the equations (1.1) and (1.2) on (h, u) = (1, 0)
as following {

ut − ν4u +∇h = H1,
ht + divu = H2,

(4.2)
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where {
H1 = 1

1+h∇h∇u− (u · ∇)u,

H2 = −div(hu),

In the following, we will estimate (u, h) under the a priori assumption

Ñ(T ) = ‖h‖2
L∞([0,T ],Hs+1) + ‖u‖2

L∞([0,T ],Hs+1) ≤ δ0 (4.3)

where s > 0 and 0 < δ0 << 1.
Applying the operator ∆k on (4.2), and multiplying first equation of (4.2) by ∆k(u −

4u + λ∇h), second equation by ∆k(h −4h), then summing them and integrating over R2

yields
1
2∂t(‖uk‖2

H1 + ‖hk‖2
H1) + ν‖∇uk‖2

L2 + ν‖4uk‖2
L2 + λ‖∇hk‖2

L2

=
∫
R2(∆kF1∆k(u−4u + λ∇h) + ∆kF2∆k(h−4h))dx

−λ
∫
R2(∂tuk∇hk − ν4uk∇hk)dx,

(4.4)

where 0 < λ << 1, uk = 4ku, hk = 4kh.

High vertical frequencies estimates

Now we will give some estimates to the right hand of (4.4) for the case of high vertical
frequencies. That means for certain M big enough, we study (4.4) for k > M . By lemma 2.4
we have

| ∫R2 ∆k( 1
1+h∇h∇u)ukdx|

≤ C0d
2
k2−2ks‖u‖Hs(1 + ‖h‖Hs+1)(‖4u‖2

Hs + ‖∇h‖2
Hs). (4.5)

Similar we have

| ∫R2 ∆k( 1
1+h∇h∇u)4ukdx|

≤ C0d
2
k2−2ks‖∇h‖Hs(1 + ‖h‖Hs+1)‖4u‖2

Hs , (4.6)

and
λ| ∫R2 ∆k( 1

1+h∇h∇u)∇hkdx|
≤ C0λd2

k2−2ks‖∇h‖Hs(1 + ‖h‖Hs+1)(‖4u‖2
Hs + ‖∇h‖2

Hs).
(4.7)

We have also

| ∫R2 ∆k((u · ∇)u)4ukdx|,
= (| ∫R2 ∆k(Tu∇u + T∇uu)4uk + R(u,∇u)4ukdx|
≤ ∑

|q−k|≤N1
(| ∫R2 ∆k(Squ∇uq)4ukdx|+ | ∫R2 ∆k(Sq(∇u)uq)4ukdx|

+
∑

q≥k−N2,j∈{−1,0,1} |
∫
R2 ∆k(uq∇uq−j)4ukdx|

≤ C0d
2
k2−2ks(‖u‖L2‖4u‖2

Hs + ‖∇u‖L2‖∇u‖Hs‖4u‖Hs)
≤ C0d

2
k2−2ks‖u‖Hs+1‖∇u‖2

Hs+1 .

Similarly
λ| ∫R2 ∆k((u · ∇)u)∇hkdx|

≤ C0λd2
k2−2ks‖u‖Hs+1(‖∇u‖2

Hs+1 + ‖∇h‖2
Hs).

Since ‖fq‖Hs ≤ ‖∇fq‖Hs for q ≥ 0, we can obtain that

|
∫

R2
∆k((u · ∇)u)ukdx| ≤ Cd2

k2−2ks‖u‖Hs‖∇u‖2
Hs ,
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and
| ∫R2 div∆k(uh)hkdx| = | ∫R2 ∆k(uh)∇hkdx|

≤ Cd2
k2−2ks(‖u‖L2 + ‖h‖L2)(‖∇u‖2

Hs + ‖∇h‖2
Hs).

By lemma 2.5, we have

|
∫

R2
∆k(div(hu)4hkdx| ≤ Cd2

k2−2ks‖∇h‖Hs(‖∇h‖2
Hs + ‖∇u‖2

Hs+1).

It is easy to see

λν|
∫

R2
4uk∇hkdx| ≤ Cλνd2

k2−2ks(ε−1‖4u‖2
Hs + ε‖∇h‖2

Hs).

Noting ∫

R2
(∂tuk)(∇hk)dx = ∂t

∫

R2
uk∇hkdx−

∫

R2
uk∂t(∇hk)dx,

we have

λ| ∫R2 uk∂t(∇hk)dx|
≤ Cλd2

k2−2ks(‖∇u‖2
Hs + (‖h‖Hs+1 + ‖u‖Hs+1)(‖∇u‖2

Hs + ‖∇h‖2
Hs)).

and
λ| ∫ t

0 ∂τ (
∫
R2 uk∇hkdx)dτ |

≤ Cλd2
k2−2ks(‖u(t)‖Hs‖∇h(t)‖Hs + ‖u(0)‖Hs‖∇h(0)‖Hs).

Multiplying inequality (4.4) by 22ks and integrating over (0, t), we obtain

‖uk(t)‖2
Hs+1 + ‖hk(t)‖2

Hs+1 +
∫ t
0(ν‖∇uk(τ)‖2

Hs+1 + λ‖∇hk(τ)‖2
Hs)dτ

≤ Cd2
k(‖u(0)‖2

Hs+1 + ‖h(0)‖2
Hs+1) + Cλνd2

k

∫
(ε−1‖∇u‖2

Hs+1 + ε‖∇h‖2
Hs)dτ

+Cd2
k(‖h‖L∞([0,T ],Hs+1) + ‖h‖2

L∞([0,T ],Hs+1) + ‖u‖L∞([0,T ],Hs+1) + ‖u‖2
L∞([0,T ],Hs+1))

× ∫ t
0(‖∇u‖2

Hs+1 + ‖∇h‖2
Hs)dτ + Cλd2

k(‖u(t)‖2
Hs + ‖h(t)‖2

Hs+1).
(4.8)

Low vertical frequencies estimates

Now we will consider the low vertical frequencies. Denoting SM =
∑

k<M ∆k, and applying
the operator SM on (4.2), and multiplying first equation of (4.2) by Sk(u + λ∇h), second
equation by Skh, then summing them and integrating over R2 yields

1
2∂t(‖SMu‖2

L2 + ‖SMh‖2
L2) + ν‖∇SMu‖2

L2 + λ‖∇SMh‖2
L2

=
∫
R2(SM (F1)SM (u + λ∇h) + SM (F2)SMh)dx
−λ

∫
R2(∂tSMu∇SMh− ν4SMu∇SMh)dx,

(4.9)

where 0 < λ << 1. As in the proofs of (4.8), we will give some estimates to the right hand
of (4.9). It is easy to see that

|
∫

R2
SM (

∇h

1 + h
∇u)SMudx| ≤ C‖ 1

1 + h
‖L∞‖∇h‖L2‖u‖L∞‖∇u‖L2 ,

and
λ| ∫R2 SM ( ∇h

1+h∇u− (u · ∇)u)SM (∇h)dx|
≤ Cλ(‖ 1

1+h‖L∞‖∇h‖2
L2‖∇u‖L∞ + ‖u‖L∞‖∇u‖L2‖∇h‖L2).
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Using the estimates (2.2), we have

|
∫

R2
SM ((u · ∇)u)SMudx| ≤ C‖u‖2

Ḣ1/2‖∇u‖L2 ≤ C‖u‖L2‖∇u‖2
L2 ,

and
| ∫R2 SM (div(uh))SMhdx| ≤ C‖u‖Ḣ1/2‖h‖Ḣ1/2‖∇h‖L2

≤ C(‖u‖L2 + ‖h‖L2)(‖∇u‖2
L2 + ‖∇h‖2

L2).

Note that ‖SM4u‖L2 ≤ 2M‖SM∇u‖L2 , we have

|λν

∫

R2
SM (4u)SM (∇h)dx| ≤ Cλν(ε−1‖∇u‖2

L2 + ε‖∇h‖2
L2).

As in the above proofs, we have

λ| ∫R2 SMuSM (∂t(∇h))dx| ≤ Cλ(‖h‖L2 + ‖u‖L2)(‖∇u‖2
L2 + ‖∇h‖2

L2)
+Cλ(ε−1‖∇u‖2

L2 + ε‖∇h‖2
L2),

and
λ|

∫ t

0
∂t

∫

R2
SMuSM (∇h)dxdτ | ≤ Cλ(‖u‖L2‖∇h‖L2 + ‖u(0)‖L2‖∇h(0)‖L2).

Integrating both side of (4.9) over (0, t), and summing above estimates to the right hand of
(4.9), we have

(‖SMu‖2
L2 + ‖SMh‖2

L2) +
∫ t
0(ν‖∇SMu‖2

L2 + λ‖∇SMh‖2
L2)dτ

≤ C(‖u‖L∞([0,T ],Hs+1) + ‖h‖L∞([0,T ],Hs+1))
∫ t
0(‖∇u‖2

Hs + ‖∇h‖2
Hs)dτ

+Cλ(‖u(t)‖2
L2 + ‖∇h(t)‖2

L2) + C(‖u(0)‖2
L2 + ‖∇h(0)‖2

L2)
+Cλν

∫ t
0(ε−1‖∇u‖2

L2 + ε‖∇h‖2
L2)dτ.

Since ‖SMf‖Hs ≤ 2Ms‖SMf‖L2 , we can write

(‖SMu‖2
Hs+1 + ‖SMh‖2

Hs+1) +
∫ t
0(‖∇SMu‖2

Hs+1 + λ‖∇SMh‖2
Hs)dτ

≤ C(‖u‖L∞([0,T ],Hs+1) + ‖h‖L∞([0,T ],Hs+1))
∫ t
0(‖∇u‖2

Hs+1 + ‖∇h‖2
Hs)dτ

+Cλ(‖u(t)‖2
Hs + ‖∇h(t)‖2

Hs) + C(‖u(0)‖2
Hs + ‖∇h(0)‖2

Hs)
+λ

∫ t
0(ε−1‖∇u‖2

Hs + ε‖∇h‖2
Hs)dτ.

Thus we obtain from (4.8) and above inequality

‖u(t)‖2
Hs+1 + ‖h(t)‖2

Hs+1 +
∫ t
0(‖∇u(τ)‖2

Hs+1 + λ‖∇h(τ)‖2
Hs)dτ

≤ C(‖h‖L∞([0,T ],Hs+1) + ‖u‖L∞([0,T ],Hs+1) + ‖h‖2
L∞([0,T ],Hs+1) + ‖u‖2

L∞([0,T ],Hs+1))
× ∫ t

0(‖∇u‖2
Hs+1 + ‖∇h‖2

Hs)dτ + C(‖u(0)‖2
Hs+1 + ‖h(0)‖2

Hs+1)
+Cλ(‖u(t)‖2

Hs+1 + ‖h(t)‖2
Hs+1) + Cλν

∫ t
0(ε−1‖∇u‖2

Hs+1 + ε‖∇h‖2
Hs)dτ.

Taking ε and λ small enough, such that Cε = 1
2 and Cλε−1 = 1

4 , we get

‖u(t)‖2
Hs+1 + ‖h(t)‖2

Hs+1 +
∫ t
0(ν‖∇u(τ)‖2

Hs+1 + λ‖∇h(τ)‖2
Hs)dτ

≤ C(‖h‖L∞([0,T ],Hs+1) + ‖h‖2
L∞([0,T ],Hs+1) + ‖u‖L∞([0,T ],Hs+1) + ‖u‖2

L∞([0,T ],Hs+1))
× ∫ t

0(ν‖∇u‖2
Hs+1 + λ‖∇h‖2

Hs)dτ + C(‖u(0)‖2
Hs+1 + ‖h(0)‖2

Hs+1).

For fixed λ, taking δ0 small enough, such that Cδ0 < 1
5 min{1, λ}, we obtain

‖u(t)‖2
Hs+1 + ‖h(t)‖2

Hs+1 +
∫ t
0(ν‖∇u(τ)‖2

Hs+1 + λ‖∇h(τ)‖2
Hs)dτ

≤ C(‖u(0)‖2
Hs+1 + ‖h(0)‖2

Hs+1).

Which prove the theorem 4.1
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5 Losing energy estimates

We prove now the losing energy estimates of the section 2, the proofs in this section are
technique.

Lemma 5.1 Let τ > 1 and −1 ≤ k < +∞, then there exists C > 0 such that for all
v,∇v, g,∇g ∈ Hτ , we have

|
∫

R2
∆k(v∇g)∆kgdx| ≤ Cd2

k2−2kτ‖v‖Hτ+1‖g‖2
Hτ ,

with {dk} ∈ `2 and ‖{dk}‖`2 ≤ 1.

Proof. By the paraproduct calculation, we have
∫
R2 ∆k(v∇g)∆kgdx =

∫
R2 ∆k(T∇gv)∆kgdx +

∫
R2 ∆k(Tv∇g)∆kgdx

+
∫
R2 ∆kR(v,∇g)∆kgdx = I1 + I2 + I3.

Then there exists N1 > 0 such that for any fixed M > N1 and k > M ,

|I1| ≤
∑
|q−k|≤N1

‖Sq(∇g)‖L∞‖∆qv‖L2‖∆kg‖L2

≤ ∑
|q−k|≤N1

‖Sqg‖L∞‖∆q(∇v)‖L2‖∆kg‖L2 ≤ Cd2
k2−2kτ‖g‖2

Hτ ‖v‖Hτ+1 .

Here we have used Sobolev inequality for ‖g‖L∞ since τ > 1. For k ≤ M , by using∑
|q−k|≤N1

‖Sq(∇g)‖L∞ ≤ C2M‖g‖L∞ , we can get the same results.
For the term I2, since we want pass the operator ∇ from g to v, we rewrite

I2 =
∑
|q−k|≤N1

∫
R2 ∆k(Sqv∆q(∇g))∆kgdx

=
∑
|q−k|≤N1

(
∫
R2 [∆k, Sqv]∆q(∇g)∆kgdx

+
∫
R2(Sq − Sk)v∆k∆q(∇g)∆kgdx) +

∫
R2 Skv∆k(∇g)∆kgdx).

Note that the operator ∆k are convolution operators in R2, so

[∆k, Sqv]∆q(∇g) = 22k
∫

R2
(Sqv(x)− Sqv(y))f(2k(x− y))∆q(∇g)(y)dy,

where f(x) = (F−1ϕ)(x). Using the fact |q − k| ≤ N1 and Hausdorff-Yang inequality, we
have ∑

|q−k|≤N1
‖[∆k, Sqv]∆q(∇g)‖L2

≤ C
∑
|q−k|≤N1

22k‖∇(Sqv)‖L∞2−k‖(2k·)f(2k·)‖L1‖∆q(∇g)‖L2

≤ Cdk2−kτ‖∇v‖L∞‖g‖Hτ ,

Similar calculus for the other terms, we get

|I2| ≤ Cd2
k2−2kτ‖∇v‖Hτ ‖g‖2

Hτ .

Finally, for I3, there exists N1 > 0 such that

|I3| ≤
∑

q≥k−N2,j∈{−1,0,1} |
∫
R2 ∆k(∆qv∆q−j(∇g))∆kgdx|

≤ C
∑

q≥k−N2
‖∆qv‖L2‖∆q−j(∇g)‖L∞‖∆kg‖L2

≤ Cdk2−2kτ (
∑

q≥k−N2
dq2−(q−k)τ )‖v‖Hτ+1‖g‖2

Hτ .

Denote d′k = (
∑

q≥k−N2
dq2−(q−k)τ ), then {d′k} ∈ l2 since q > k and τ > 1. For convenience

sake, we also denote d′k by dk below. Thus

|I3| ≤ Cd2
k2−2kτ‖v‖Hτ+1‖g‖2

Hτ .

The lemma 5.1 is proved.
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Lemma 5.2 (a) Let τ > 2 and −1 ≤ k < +∞, then there exists C > 0 such that for all
f, v, g, u,∇u ∈ Hτ , we have

|
∫

R2
∆k(

∇f

1 + g
∇v)∆kudx| ≤ Cd2

k2−2kτH0(g)‖f‖Hτ ‖v‖Hτ (1 + ‖g‖Hτ )‖u‖Hτ+1 ,

with {dk} ∈ `2, where

H0(g) = 1 + ‖(1 + g)−1‖L∞ + B0(‖g‖L∞),

and B0 is the function give in (2.1). (b) Let 1 < τ < 2 and −1 ≤ k < +∞, then there exists
C > 0 such that for all f, g, u,∇u, v,∇v ∈ Hτ , we have

| ∫R2 ∆k( ∇f
1+g∇v)∆kudx|

≤ Cd2
k2−2kτH0(g)‖f‖Hτ (1 + ‖g‖Hτ )Uτ (u, v),

with {dk} ∈ `2, where

Uτ (u, v) =: ‖∇v‖L∞‖u‖Hτ+1 + ‖∇v‖Hτ (‖∇u‖H1 + ‖u‖Hτ ).

Proof. (a) As the proof of Lemma 5.1, we have
∫

R2
∆k(

∇f

1 + g
∇v)∆kudx =

∫

R2
∆k(T ∇f

1+g
∇v + T∇v

∇f

1 + g
+ R(

∇f

1 + g
,∇v))∆kudx.

For k > M , we have

| ∫R2 ∆k(T ∇f
1+g
∇v)∆kudx| ≤ ∑

|q−k|≤N1
‖ ∇f

1+g‖L∞‖∆q(∇v)‖L2‖∆ku‖L2

≤ ∑
|q−k|≤N1

‖ ∇f
1+g‖L∞2q‖∆qv‖L22−k‖∆k∇u‖L2

≤ Cd2
k2−2kτ‖ 1

1+g‖L∞‖f‖Hτ ‖v‖Hτ ‖∇u‖Hτ .

)∆



(b) Firstly, we write

| ∫R2 ∆k( ∇f
1+g∇v)∆kudx| ≤ | ∫R2 ∆k(T ∇v

1+g
∇f)∆kudx|

+ | ∫R2 ∆k(T∇f
∇v
1+g )∆kudx|+ | ∫R2 ∆kR( ∇v

1+g ,∇f))∆kudx|,

The estimation for the first term and the third term is easy, so we discuss only the second
term, we consider also two cas, if k > M , we have

|
∫

R2
∆k(T∇f

∇v

1 + g
)∆kudx| ≤

∑

|q−k|≤N1

‖Sq(∇f)‖L∞‖∆q(
∇v

1 + g
)‖L2‖∆ku‖L2 .

Since 1 < τ < 2, we have

‖Sq(∇f)‖L∞ ≤
∑

p≤q+2

22p‖∆pf‖L2 ≤ C2−q(τ−2)‖f‖Hτ ,

and
‖ ∇v

1 + g
‖Hτ ≤ ‖∇v‖Hτ (1 + ‖ g

1 + g
‖Hτ ) ≤ ‖∇v‖Hτ (1 + ‖( 1

1 + g
)2‖L∞‖g‖Hτ ),

one has

|
∫

R2
∆k(T∇f

∇v

1 + g
)∆kudx| ≤ Cd2

k2−2kτH0(g)(1 + ‖g‖Hτ )‖f‖Hτ ‖∇v‖Hτ ‖∇u‖H1 .

If k ≤ M , it is easy to see that

|
∫

R2
∆k(T∇f

∇v

1 + g
)∆kudx| ≤ Cd2

k2−2kτH0(g)(1 + ‖g‖Hτ )‖f‖Hτ ‖∇v‖Hτ ‖u‖Hτ .

The lemma is proved.

Lemma 5.3 (a) Let τ > 2 and −1 ≤ k < +∞, then there exists C > 0 such that for all
f, v, u,∇u, g1, g2 ∈ Hτ , we have

| ∫R2 ∆k( (g1−g2)
(1+g1)(1+g2)∇f∇v)∆kudx|

≤ Cd2
k2−2kτH1(g1, g2)‖f‖Hτ ‖v‖Hτ ‖g1 − g2‖Hτ (‖∇u‖Hτ + ‖u‖Hτ ),

with {dk} ∈ `2, and

H1(g1, g2) = (1 + ‖(1 + g1)−1‖2
L∞‖g1‖Hτ )(1 + ‖(1 + g2)−1‖2

L∞‖g2‖Hτ )
+‖(1 + g1)−1‖2

L∞‖(1 + g2)−1‖2
L∞ .

(b) Let 1 < τ < 2 and −1 ≤ k < +∞, then there exists C > 0 such that for all
f, v, g1, g2, u,∇u, v,∇v ∈ Hτ ,we have

| ∫R2 ∆k( (g1−g2)
(1+g1)(1+g2)∇f∇v)∆kudx|

≤ Cd2
k2−2kτH1(g1, g2)‖f‖Hτ ‖g1 − g2‖Hτ Uτ (u, v),

with {dk} ∈ `2, and Uτ (u, v) as in Lemma 5.2, (b).
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The proof of this lemma is similar to Lemma 5.2, just remark that if Fj = 1
1+gj

, F̄j =
gj

1+gj
(j = 1, 2), we have

F =
g1 − g2

(1 + g1)(1 + g2)
= (g1 − g2)F1F2 = (g1 − g2)(1− F̄1 − F̄2 + F̄1F̄2).

And we have the following estimates

‖F‖L∞ ≤ C‖g1 − g2‖L∞‖F1‖L∞‖F2‖L∞ ,
‖∆qF‖L2 ≤ Cd2

q2−2qτ‖g1 − g2‖Hτ (1 + ‖F1‖2
L∞‖g1‖Hτ )(1 + ‖F2‖2

L∞‖g2‖Hτ ).

Below we will consider the losing energy estimate for the case of high vertical frequencies,
i. e., k > M . Here, we assume that M > N1 + N2.

Lemma 5.4 Let τ > 0 and M ≤ k < ∞, then there exists C > 0 such that for all
g, u, v,∇g,∇u ∈ Hτ , we have

| ∫R2 ∆k( 1
1+h∇h∇u)∆kvdx|

≤ Cd2
k2−2kτH0(h)(1 + ‖h‖Hτ+1)‖4u‖Hτ ‖∇h‖Hτ ‖v‖Hτ ,

with {dk} ∈ l2.

The proof of this lemma is similar with lemma 5.2 and the following lemma.

Lemma 5.5 Let τ > 0 and M ≤ k < ∞, then there exists C > 0 such that for all g ∈ Hτ+1

and u ∈ Hτ+2, we have

| ∫R2 ∆k(div(hu))∆(∆kh)dx|
≤ Cd2

k2−2kτ‖∇h‖Hτ (‖∇h‖2
Hτ + ‖∇u‖2

Hτ+1),

with {dk} ∈ l2.

Proof. Firstly we write

| ∫R2 ∆k(div(hu))∆(∆kh)dx|
≤ | ∫R2 ∆k(∇hdivu)∆k(∇h)dx|+ | ∫R2 ∆k(h∇(divu)∆k(∇h)dx|

+| ∫R2 ∆k(u∇h)∆k(4h)dx|.
It is easy to estimate the first and the second terms by

Cd2
k2−2kτ (‖∇u‖L∞‖∇h‖2

Hτ + ‖∇h‖L2‖4u‖Hτ ‖∇h‖Hτ ),

for the third term, since we can’t control 4h, we first need to write
∫
R2 ∆k(Tu∇h)∆k(4h)dx =

∑
|q−k|≤N1

∫
R2 ∆k(Squ∇hq)∆k(4h)dx

=
∑
|q−k|≤N1

∫
R2((Squ∆k∆q(∇h)) + [∆k, Squ]∆q(∇h))∆k(4h)dx

=
∑
|q−k|≤N1

∫
R2((Sq − Sk)u∆k∆q(∇h) + [∆k, Squ]∆q(∇h))∆k(4h)dx

+
∫
R2 Sku∇(∆kh)4(∆kh)dx = K1 + K2 + K3.

Since (Sq − Sk)u = −∑
q≤p≤k−1 ∆pu,

K1 ≤ C
∑

p ‖∆pu‖L∞‖∇∆kh‖L2‖4∆kh‖L2

≤ Cd2
k2−2kτ‖4u‖Hτ ‖∇h‖L2‖∇h‖Hτ .
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As the proof of lemma 5.1, we have

K2 ≤ Cd2
k2−2kτ‖∇u‖L∞‖∇h‖2

Hτ .

Using the following calculus
∫

R2
(Sku∇(∆kh))4(∆kh)dx =

∫

R2
(
1
2

div(Sku)|∇(∆kh)|2 −
∑

i,j

∂j(Sku
i)∂i(∆kh)∂j(∆kh))dx,

we get immediately
K3 ≤ Cd2

k2−2kτ‖∇u‖L∞‖∇h‖2
Hτ .

The Lemma has been proved.
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